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INTRODUCTION 


Some fifty years ago an excellent little book was 
published bearing the title, “The Calculus Made Easy." 
The author adopted as his motto, " What one fool can do 
another can," intending thereby to encourage a diffident 
student. As the author, however, disclosed the fact that 
he was a " Fellow of the Royal Society " it is doubtful 
whether the words would bnng much comfort to those 
who were proposing to study the subject. 

In those days the calculus was looked upon by many as 
abstruse and lying beyond the boundaries of elementary 
mathematics. But the increasing use of the subject in 
engineering and science, and consequently the desirability 
of bringing such a powerful mathematical instrument 
within the reach of a wider circle of students, led to the 
gradual simplification of its presentation. 

The present volume is in the line of this development. 
It aims at making it easier for the private student, who is 
unable to obtain the guidance and help of a teacher, to 
acquire a working knowledge of the calculus. Like other 
books in the series, it attempts, within the inevitable 
limitations of space, to provide something of the presenta- 
tion and illustrations employed by a teacher of the subject, 
especially in the earlier stages when the student is trying 
to discover what it is all about. 

Those who propo:^ to use the book will naturally want 
to know what previous knowledge of other branches of 
mathematics are necessary. It is assumed that the readers 
possess an elementary knowledge of algebra, trigonometry 
and the fundamental principles of geometry such as is 
contained, for example, in the companion books on these 
subjects in the same series. To assist the student, cross 
references to the relevant parts of these books are given 
wherever they may be of assistance to him. 

Perhaps the greatest difficulty in writing a book of this 
character is to determine what to include and what to 
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omit. The calculus is so wide and deep in its ramifications 
and applications, that the temptation is continually present 
to include much that the limitations imposed by the avail- 
able sp)ace, make impossible. The author, therefore, has 
been guided by the policy of including what seems to him 
to be necessary to enable and encourage the student to 
proceed further in his study of the subject or to utilise it 
in its application to science and engineering. It was only 
after much hesitation that the book was lengthened by the 
inclusion of the last three chapters. They were inserted 
in the hope that they would convey to the student some 
idea of the possibilities of the calculus and lead him to 
continue his study of it. 

As far as possible the '' proofs of many of the theorems 
have been simplified and curtailed. In consequence of 
this simplification they may frequently be lacking in the 
mathematical rigidity and exactitude which are possible 
in a larger and more ambitious volume. It is hoped, how- 
ever. that they will supply the student with a sufficiently 
logical basis for an intelligent study of the subject. 

A considerable number of “ routine " exercises have been 
included, and the student is urged to omit very few of 
them. They are necessary to give him a working know- 
ledge of the calculus and facility in the manipulation of it. 

The majority ol the tables at the end of this book are 
taken from Mr. Abbott's Mathematical Tables and Formulae^ 
by courtesy of the publishers, Messrs. Longmans, Green & 
Co., Ltd. 


P. Abbott 
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CHAPTER I 
FUNCTIONS 
I. What Is the calculus t 

The word "calculus** is the Latin name for a stone which 
was employed by the Romans for reckoning — i.e., for " cal- 
culation **. When used as in the title of this book, it is an 
abbreviation for " Infinitesimal Calculus **, which implies a 
eckoning, or calculation, with numbers which are infinitesi- 
nally small. This, in all probability, will not convey much 
to the beginner, and the real meaning of it will in many cases 
not be understood until the student has made some head- 
way with his study of the subject. The following example 
may help to throw a little light on it. 

Consider the growth of a small plant. In the ordinary 
way we know that it grows gradually and continuously. If 
it be examined after an interval of a few days, the growth 
will be obvious and readily measured. But if it be observed 
after an interval of a few minutes, although growth has 
taken place the amount is too small to be distinguished. If 
observation takes place after a still smaller interval of 
time, say a few seconds, although no change can be detected, 
we know that there has been growth, which, to use a mathe- 
matical term, can be regarded as infinitesimally small, or 
infinitesimal. 

The process of gradual and continuous growth or increase 
may be observed in innumerable other instances, of which 
the case of a living organism referred to above is but one. 
!•; What is of real importance in most cases is not necessarily 
I the actual amount of growth or increase, but the rate of 
i growth or Increase. It is this problem, closely connected 
ias it is with infinitesimal increases, that is the basis of the 
Infinitesimal Calculus, and more especially that part 
/of it which is called the Differential Calculus. The 
[ meaning of differential will be apparent later. 

Historical Note. The calculus is the most powerful 
mathematical invention of modem times. The credit for 
its discovery has been claimed for both Sir Isaac Newton 

9 
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and Leibnitz, the great German mathematician, and a 
controversy raged for years in England and Germany 
as to who was the first to invent it. Leibnitz was the first 
to publish an account of it, in 1684, though his notebookr 
showed that he used the method for the first time in 1676. 
Newton published his book on the subject in 1693, but he 
communicated his discovery of it to friends in 1669. It is 
generally agreed now that the fundamental basis of the 
invention was reached independently by the two mathe- 
maticians. 

2, Functions. 

The student will realise, from his knowledge of Algebra, 
that the example cited above of the growth of a plant is 
an instance of a functional relation. It may be affected by 
variations in temperature, moisture, sunlight, etc., but if 
these remain constant the growth Is a function of time, 
although we are not able to express it in mathematical form. 

It is desirable, therefore, that we should begin the study 
of calculus by clarifying our ideas about the meaning of a 
function, since this is fundamental in understanding the 
subject. The student will have become acquainted with 
the meaning of ‘‘function" in his Algebra (Algebra, Chaps. 
XIII and XVIII), but a brief revision is given below for the 
benefit of those who may not be quite clear on this very 
important matter. 

3. Variables and constants. 

Of the letters and symbols used to represent quantities 
or numbers in an algebraical expression or formula, some 
represent variable quantities, others represent constants. 

Thus in the formula for the volume of a sphere, viz. 

where V represents the volume and r represents the radius 
of the sphere, 

(1) V and r vary with different spheres and are 
called variables. 

(2) Tz and J are constants whatever the size of the 
sphere. 
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Again, in the formula for a falling body, viz. i 

s = W' 

in which s represents the distance fallen in time t, 

s and t are variables. 

J and g are constants. 

4. Dependent and Independent variables. 

It will be seen that in each of the above examples the 
variables are of two kinds. 

Thus in V = Irrr* if the radius (r) be increased or 
decreased, the volume (F) will increase or decrease in 
consequence. 

i.e,, the variation of V depends upon the variation of r. 
Similarly in s = ^gt^, the distance (s) fallen depends on 
the time (t). 

So, generally, it will be found that in all such formulae 
and mathematical expressions there are two kinds of 
variables : dependent and Independent. 

(1) That variable whose value depends upon the value 
assigned to the other is called a dependent variable, as V 
and s above. 

(2) The variable in which changes in value produce 
corresponding changes in the other is called the Independent 
variable, as r and t in the above formulae. 

In a general form of an expression of the second degree 
such as 

y = ax* + bx + c 

a, b and c represent constants, and the value of y depends 
on the value of x. Consequently x is an independent 
variable, and y a dependent variable. The constants a, b, 
and c are used to inoicate the relation which exists between 
the two variables. 

5. Functions. 

This connection between two variables — viz. that the 
value of one is dependent upon the value of the other — is 
expressed by the statement that the dependent variable Is 
a function of the independent variable. When the variables 
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represent quantities we say that one quantity is a function 
of the other. Thus in the examples above 

(1) The volume of a sphere is a function of its radius. 

(2) The d istance moved by a falling body is a function 
of time. 

Note . — For the use of the word " quantity ** see Algebra, § 6. 
Innumerable examples might be given of the functional relation 

between quantities. Here are a few common examples : 

The logarithm of a number is a function of the number. 

The volume of a fixed mass of gas is a function of the tem- 
perature while the pressure remains constant. 

The sines, cosines and tangents of angles are functions of the 
angle. 

The time of beat is a function of the length of the pendulum. 

The range of a gun, with a constant propelling force, is a 
function of the angle of projection. 

Definition of a function. 

Generally if two variable quantities X and Y are so 
related that, when any value is assigned to X there is thus 
determined a corresponding value of Y, then Y Is termed 
a function of X, 

6. Expression of functions. 

When treating generally of functional relations letters 
such as X and y are commonly employed to represent 
variable quantities. Thus, in the expression y == x* + 3x 
if, when any value be assigned to x there is always a corre- 
sponding value of y, then y is said to be expressed as a 
function of x. Similar examples are: 

y = 5 

y = logio% 
y = sin X + cos x. 

It is usual, when dealing generally with functions in this 
way, to employ letters at the end of the alphabet to re- 
present the variables ; when x and y are so employed the 
mdependent variable is generally expressed by x and the 
dependent by y. 

/ For constants, other than actual numbers, letters at the 
'^beginning or middle of the alphabet are usually selected. 
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Thus fn the equation of the straight line in general form 
y mx + h, 

X and y are variables, m and b are constants. 

When expressing functions of angles, the Greek letters 
0 {theta) or {phi) as well as x are often employed to 
represent the angle. 

7. General notation for functions. 

When it is necessary to denote a function of x in general, 
without specifying the form of the function, the notation 
f(x^ is employed. In this notation the letter “ f " is used 
as oeing the first letter of function while the letter " x " 
*^t)r other letter which might be employed indicates the 
independent variables. Thus /{6) would be a general 
method of indicating a function of ** 0 
Other forms of this notation are F{x), p{x), ^{x). 

A statement such as /{x) = — 7x + S 

or /(0) = sin^ 0 — cos* 0 

defines the specific function of the variable concerned. 

This convenient notation is employed when it is desired 
to indicate that in a particular function, which has been 
defined, a numerical value Is to be substituted. 

Thus if f{x)=x^ — 4Lx+3,/{l) would stand for the 
numerical value of the function when " 1 " is substituted 
for X. 

Thus /(I) = 1* -- (4 X 1) 4- 3 = 0. 

f{2) = 2* - (4 X 2) + 3 = - 1. 

/(O) = 0- 0+ 3 = 3. 
f{a) = a* — 4a + 3. 
f{a + A) = (a + A)* - 4(a + A) + 3. 

Again, if ^(0) =2 sin 0. 

= 2 sing =2. 

^(0) = 2 sin 0 = 0, 

^(J)=2sin| = 2 = 
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8. Notation for Increases In functions. 

If X be any variable, the symbol 6x (sometimes AxJ is 
used to denote an increase in the value of x. A similar 
notation is employed for any other variable. The S5anbol 
^ “ 8 ” is the Greek small " d ”, and is pronounced ” delta ". 
Contrary to the ordinary usage of Algebra, 6x does not 
mean (8 x x). The letters should not in general be 
separated. Thus " Sx ” means " an Increment of x ”. 

In accordance with the definition of a function, if y be a 
function of x, and if x be increased by 6x, then y will be 
increased in consequence and its increment will be denoted 
by 6y. 

Accordingly, if y = f{x) 

then y + Sy — f\x + 8x) 

whence 6y = f(x + Sx) — f(x). 

If for example y = x® — 7x® + 8x 

and X receives the increment Sx, y will receive the increment 
8y. Then 

y + 5y = (x + 6x)® - 7(x + 6x)» + 8(x + 8x). 

Again, if s = ut + 

and t receive an increment U, then s will receive the incre- 
ment 8s. 

Then s -f 6s = u(t + 6t) -t- if(t -f 6t)*. 

Single letters are sometimes employed to denote incre- 
ments instead of the above method. For example 

Let y =/(x). 

Let X receive the increment h and k be the corresponding 
increment of y. 

Then y -f- k = f(x -f h) 

whence k = f(x -|- h) — f(x). 

9. Graphic representation of functions. 

Let /(x) be a function of x. 

Then by the definition of a function (§ 5), for every value 
assigned to x there is a corresponding value of /(x). Thus 
by giving a series of values to x a corresponding set of values 
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of f(x) is obtained. If these pairs of values of x and f(x) 
are plotted as shown in Algebra, § 108. a graphical repre- 
sentation of f(x) may be drawn. 

Consider the example of f(x) = x*, ory = x^. 

Assigning to x the values 0, 1, 2, 3, — 0, — 1, — 2, 
— 3, ... we obtain the corresponding values of f[x^] ox y. 

Thus /(O) = 0 

/(i) = i,/(-i) = i 
/(2) =4,/(-2) =4 
/(3)=9./(-3)=9. 

From these values we deduce the fact that /(—a) has 
the same value as /(a). Hence the curve must be sym- 
metrical about the axis of y. It is a parabola [Algebra, 
§ 108), and is shown in Fig. 1. At the points on the 



Fig. 1. — Curve of f { x ) « x ^, 

x-axis where x = 1, 2. 3 . . . the corresponding ordinates 
are drawn, the lengths of these represent /(I), /(2),/(3) . . . 
and the ordinate drawn where x = a, represents f[a). 
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In Fig. 2, which represents part of the curve of /(*) = 
** or^ = **, 



Fig. 2. 


points L and N are taken on OX. so that 
OL = a. ON = b. 

Drawing the corresponding ordinates KL, MN, 
then KL = f{a) MN = /(6). 

In general, if L be any point on OX so that OL = x, let * 
be increased by LN where LN = 8a;. 

MP represents the corresponding increase in f{x) or y, 

MP = Sy. 

Since KL = f\x) 

MN ==/(* 4- Sif). 

MP =f{x + hx) -f(x) 
or 6y =/(x + Sx) — f{x). 

10. Inverse functions. 

Let y = X*; then x = Vy- 

In the first equation y is expressed in terms of x and is a 
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function of x. In the second x is expressed in terms of 
y — that is, as a funct^n of y. The two functions — 
y = and X = y/y — are called Inverse functions. 
Similar examples will occur to the student, as for example: 

If y ^ a*, then x = log® j'. 

If y ^ sin X, „ x = sirr^y. 


IL Implicit functions. 

If an equation such as 


X* — 2xy — 3jy = 4 


can be satisfied by values of x and y, but x and y are 
together on the same side of the equation, i.e., y is not defined 
directly in terms of x, y Is said to be an Implicit function 
of X. In this particular case it is possible to solve for y in 

4 — X* 

terms of x, giving jy =3 — ^ which is an explicit 


function of y. But the solution is not always possible. 
Further examples of implicit functions are : 

X® — 3x^ + —7=0 

X log y + y^ = 4xy . 


12. Functions of more than one variable. 

We have been dealing with quantities which are functions 
of a single variable, but there are also quantities which are 
functions of two or more variables. 

For example, the area of a triangle is a function of both 
base and height; the volume of a fixed mass of gas is a 
function of both pressure and temperature; the volume of 
a rectangular^shaped room is a function of three variables, 
the length, breadth and height of the room; the resistance 
of a wire to electrical current is a function of both the 
length of the wire and its sectional area. 

In this book, however, we shall confine ourselves in the 
main to functions of a single variable. 


Exercise I. 

1, If /(x) = 2x* — 4x 4 - 1 , find the values of 

/(i). m. m. /(- 2). /(«), f{x + ax). 
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2. If f{x) = {x — + 6), find the values of 

/(2)./(l)./(0)./(fl + 1), /(!),/(- 5). 

3. If /(0) = cos 0, find the values of 


4. If f{x) = X*, find the values of 

/(3)./(3-1)./(3-01)./(3001). 

Also find the value of 

6. If ^{x) — 2*. find the values of <^(0), ^(1), ^(3), 4>{0’S). 

6. If F{x) — 0 ^ — 5x^ — 3* + 7, find the values of 

F(0). F(l). F(2), F{- X). 

7. If /(t) — 3<* + 5t — 1, find an expression for /(f + 8/). 

8. If /(x) = X* + 2x + I. find an expression for 

fix + S^) -fix). 

9. If f(x) = X®, find expressions fori 


(1) f{x + ^x). 

(2) fix + Sx) -fix). 

fi* + ~/ W 






CHAPTER II 

VARIATIONS IN FUNCTIONS. LIMITS 
13. Variations in functions. 

From the definition of a function we leam that when the 
independent variable changes in value the function changes 
its value in consequence. We now proceed to examine in 
a few examples how the function changes. We shall 
consider its variations as the independent variable changes 
through a range of numerical values. The graph of a 
function provides a revealing way of observing these 
changes. 

As our first example we will consider the familiar function : 
f{x) = X* or y == X* 

and refer to the graph as shown in Fig. 1. It shows within 
the limits of the values plotted how the function changes 
as X changes. In the conventional way x Is represented as 
Increasing through the complete number scale which is 
marked on the x axis OX (see Algebra, §§ 35, 36, 67). The 
values of the function x* are similarly shown on another 
complete number scale on the y axis (OY). 

Remembering that the values of x are shown as con- 
tlnously Increasing from left to right, we see, from examina- 
tion of the curve, that 

(1) As X Increases continuously through negative 
values to zero, values of y are positive and decrease 
to zero, at the origin. 

(2) As X Increases through positive values, y also 
Increases and Is positive. 

(3) At the origin y ceases to decrease and begins 
to Increase. This is called a turning point on the 
curve. 

(4) If X be Increased without limit, y will also 
Increase without limit. For values of x which are 
negative, but numerically very great, y is also very great 
and positive. 


19 
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14. Variations In the function y = 

In considering this function we recall the effect on a 
fraction of changes in the value of the denominator. It is 
seen that if the numerator of a fraction remains constant: 

(1) When the denominator Increases, the fraction 
decreases. 

^ (2) When the denominator decreases, the fraction 
increases. 

Thus in the function y 

(1) If X is very large, say, 10^®, y is a very small 

number. i 

(2) If X = (10^®) 1®, y == TTmwio. exceedingly 

small number. ^ 1 


These numbers, both very large and very small, are 
numbers which can be specified in arithmetical form. They 
are finite numbers. 

If, however, we conceive of x being increased so that it is 
greater than any number which can be specified or expressed 
in arithmetical form, then we speak of it as being increased 
without limit. It is said to approach Infinity, and is 
expressed by the symbol oo . 

This is not a number with which we can operate. Multi- 
plication or division of it by any finite number leaves it 
still infinite. 

It is evident from the above reasoning that when x 

becomes infinitely large the function which can now be 
1 ^ 

represented by — , becomes an infinitely small magnitude. 


smaller than any finite number which can be specified or 
represented in arithmetical terms. 

This is denoted by zero — i,e., 0. 

We mu$t therefore in this connection conceive of zero. 


not as a number, but as an infinitely small mamitude. 
Multiplication or division by any finite number does not 
'^l ter it; it remains zero. 


If, however, a finite number be divided by zero — e,g., the 



VARIATIONS IN FUNCTIONS. LIMITS 


21 


above function becomes i — then by the converse of the 
above reasoning, the result will be infinitely large. 

These conclusions can be expressed as follows, using the 
notation employed in Algebra (Algebra, § 201). 

When X — > oo , i — > 0 

X 



It may be noted that the same conclusions will be reached 
if the numerator is any finite number — e.g., ~. 

X 

The above conclusions can be illustrated by drawing the 
graph of y = ^ 



Fig. 3. 

Plotting the curve from the usual table of values. Algebra, 
§ 173, we obtain the curve shown in Fig. 3. 

The curve is known as a hyperbola, and consists of two 
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branches of the same shape, corresponding to positive and 
negative values of x. 

Considering the positive branch, we note the graphical 
expression of the conclusions reached above. 

(1) As X increases, y decreases and the curve 
approaches the x-axis. Clearly as x approaches infinity, 
the distance between the curve and OX becomes 
infinitely small and the curve approaches coincidence 
with 0 .Y at an infinite distance. In geometrical terms 
the x-axis is tangential to the curve at infinity. 

(2) For values between 0 and I it will be noted that 
the curve is approaching coincidence with OY at an 
infinite distance — i.e,, the y-axis is also tangential to 
the curve at infinity. 

A straight line which meets a curve at an infinite distance, 
and is thus tangential to the curve, is called an asymptote 
to the curve. 

Thus the two axes are asymptotes to the curve y 

The arguments employed above apply equally to the 
branch of the curve corresponding to negative values of x. 
Both axes are as 5 rmptotes to the curve in negative directions. 
We may further note the following characteristics of the 

function y — 

Throughout the whole range of numerical values of x, 
from — 00 to + 00 , y Is always decreasing. The sudden 
change from — oo to + oo as x passes through zero is a 
matter for consideration later. The same feature occurs 
in the curve of y = tan x (Trigonometry, p. 160). 

15. Limits. 

If in a fractional function of x, both numerator and 
denominator involve x, and if each approaches infinity as x 
approaches infinity, then the fraction ultimately takes the 

form — . 

00 

For example, if /(x) = 
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both numerator and denominator become infinite when x 
becomes infinite. The question then arises can any 
meaning be given to the fraction when it assumes the form 

— ? In this case a meaning can be found as follows. 

Dividing both numerator and denominator by x 




2 * 

x + 1 



If now 


00 , then - ■ 

X 


0 . 


Consequently in the limit the fraction approaches j-^tq 

or 2, but clearly it cannot exceed this number — i.e., 

2x 

— T—f approaches the limiting value 2 as x approaches ' 
* ' Infinity. 


Thus 2 is said to be the limit which 


2x 

X + 1 


approaches 


as X approaches infinity ; it is called the limiting value, or 
the limit of the function. 


The following notation is employed to denote a 
of a function] 


Lt 

M >-«0 


2 ^ 
x+ I 


2 . 


limit 


99 


The value towards which x approaches when a limit is 
approached is indicated by x — >■ oo , placed beneath Lt. 

The idea of a limit is one of very great importance not 
only in the Differential Calculus, but in all advanced forms 
of mathematics. 


16. Limit of a function of the form 
Let us examine the function 


Ax) = 


X* — 4 
x-2‘ 
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The value of this function for any value of x is readily 
found. But if the value assigned to x is 2, both numerator 
and denominator become zero, and the fraction takes the 
form of This form is said to be indeterminate, and it 
would be a mistake to suppose that its value is 0. 

The form J is of great importance, and we must carefully 
investigate it further. 

Let us begin by assigning to x a number of values which 
are slightly greater or slightly less than that which produces 
the indeterminate form — viz., 2: 


( 1 ) 

Then 


Let X = 2*1. 

x*-4_4-41 -4 0-41 

X - 2 ~ 21 - 2 ~ 01 


( 2 ) 

Then 


Let x= 2 01. 

X* — 4 _ 4 0401 - 4 _ 0 0401 _ 
X — 2 201 — 2 001 


(3) Let x= 2 001. 

x» - 4 _ 4 004001 - 4 _ 0 004001 
X— 2~ 2001 —2 ~ 0 001 

Or, taking values less than 2: 

(4) Let X = 1-9. 

x*-4 3-61-4 -0-39 


4-001. 


Then 


X - 2 ~ 1-9 - 2 


- 0-1 


= 3-9. 


(5) 

Then 


Let X = I -99. 

X* — 4 3-9601 — 4 — 0-0399 

X — 2 “ 1-99 - 2 - 0-01 


A comparison of these results leads to the conclusion that, 
as the value of x approaches 2 the value of the fraction 
approaches 4, and that ultimately when the vaJue of x differs 
from 2 by an infinitely small number, the value of the 
fraction also differs from 4 by an infinitely small number. 
This might be expressed in the form employed previously — 
viz.: 



as 


X 


X -2 


»4. 
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It will thus be seen that the function ^ a limiting 

value as x approaches 2, or with the notation for limits. 

X* — 4 

Lt ^^r-^=4. 

X — y 1 ^ ^ 

17. Let us next investigate the problem in a more 

0 * 

general form, taking as our example the fraction 

and find its value when x = a, for which value of x the 
fraction takes the form 

Following the method employed above, but in a general 
form: 

Let X = a + h, 

i.e., h is the variable amount by which x differs from a for 
any assigned value of x. 

Substituting in the fraction 

X* — g* _ (a + h)* — g* 

X — a (a + h) — a 
_ 2ah + A* 

“ h • 

Dividing numerator and denominator by h which is not 
zero, 

jf* — flS 

= 2a+h. 

X — a 

As h decreases, x approaches in value to a, or when x 
approaches infinitely near in value to a, h approaches zero. 

then 2a + h approaches 2a, 

x^ " ~ 

i.e., as X approaches in value to a, — approaches 2o. 

Or, using the symbols previously employed, 
when X — > a, h — y 0, 

X* — a* . n_ 


i.e., 2a is the limiting value of the function. 
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With the notation employed above: 


It will be seen, therefore, that the expression as used 
in the above examples, can be regarded as representing the 
ratio of two infinitely small magnitudes. The value of this 
ratio approaches a finite limit as the numerator and 
denominator approach zero. 

18. Limit of a series. 

In the foregoing Sections we have considered a simple 
example of the limit of a function. But the student will 
have learned from Algebra that the term “ limit " is also 
applied in certain cases to the sum of a series. In a 
Geometrical Progression, if the common ratio is a proper 
fraction, the sum of the terms of the series, as the number 
of them becomes great, approaches a finite number, which 
is called the limit of the sum. A more detailed examination 
of this will be found in Algebra, §§201-205. In this 
chapter, however, we will confine ourselves only to the 
expression for this limit as deduced from the general 
formula for the sum of n terms. 

If a be the first term of the series, 

n be the number of terms, 
r be the common ratio, 

Sn be the sum of n terms, 

then = 

1 — r 

~ 1 - r 1—r 

If f be a proper fraction, the value of r" decreases as n 
increases. Using the notation employed above 
as n — 00 , — yO 

and ar“ — > 0. 

Hence Lt f = o. 

Consequently it is evident from (A) that Sn approaches 
YZI~r ^ ^ » becomes infinitely great. 
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Thus YZrj becomes the limit of the series as n becomes 

infinitely great, and is called the sum to Infinity. 

If r is numerically greater than unity, the magnitude of 
the terms increases as n increases; and if n approaches 
infinity, so also does the sum. 

As the student extends his knowledge of Mathematics he 
will be concerned with many series of different kinds and 
he will find that it is important to know the following about 
the sum of n terms, when n becomes infinitely great* 

(1) Does it approach a finite limit? 
or (2) Does it become infinite ? 

If the sum of the series approaches a finite limit it is 
called Convergent, but if its sum becomes infinite it 
is called Divergent. 

With a limited number of exceptions most series are 
either Convergent or Divergent, and we will return to the 
matter in Chap XIX. 

19, A trigonometrical 

limit, L< i!^*-l. 

Note. — Through- 
out this volume it 
will be assumed, 
unless specified to 
the contrary, that 
angles are measured 
in radians — t\e., in 
circular measure. 

It is clear that as 0 
becomes very small, so 
also does sin 0, so that 
ultimately when 0 and 
consequently sin 0 ap- 
proach zero, the ratio approaches the form i. The 

limit of this ratio can be found as follows. In Fig. 4 let 
0 be the centre of a circle of unit radius. Let BAC be 
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an arc of this circle and BC its chord. Let OA be the 
radius which bisects BC at right angles and consequently 
bisects the arc BC. From B and C, draw BT, CT tangents 
to the circle. They will meet on OA produced. 

Let AAOB be 6 radians. 


Then 

also 


TB +TC > arc BAC, 
arc BAC > chord BC. 


Considering halves of these 

BT > arc BA > BD 
BT 


. . (A) 


Now, tan 6 = ^ = BT, since OB is of unit length. 


3.rc 

similarly 6 = —Tys — = arc BA, since OB is of unit 

length. 


BD 

and sin 0 = ^ = BD, since OB is of unit length. 

.*. from (A), tan 0 > 0 > sin 6 
sin 0 


or 


cos 0 


> 0 > sin 0 


Dividing throughout by sin 0. 

1 . 0 


cos 0 ^ sin 0 ^ 


1 


But, since when 0 — > 0, cos 0 — > 1, and .•. „ 

’ 0 j cos 0 

, s always lies between ^ and 1 

and as sin 0 i cos 0 

0 — y 0, and — 5 — y 1 
A cos 0 

>1, 

oSine 


.’. when 
i.e., as 0 — ■ 


0 


sin 0 

approaches unity as a limit. 


or 


a !ii?« - 1. 


e->o 6 

It is left as an exercise to the student to prove, using the 
above, that as 0 — y 0, approaches unity as a limit. 
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20. A geometrical Illustration of a limit. 

Let OAB be a circle. 

Let OB be a chord intersecting the circumference at 
0 and B. 

Suppose the chord OB to rotate in a clockwise direction 
about 0. The point of intersection B will move along the 
circumference towards 0 . Con- 
sequently the arc OB and chord 
OB decrease. 

Let the rotation continue 
until B is infinitely close to 0 
and the chord and arc become ^ 
infinitely small. 

It can be conceived that in 
the limiting position when B 
moves to coincidence with 0 — 
i,e,, the two points of inter- 
section coincide — the straight 
line does not cut the circum- 
ference in a second point. Therefore In the limiting 
position the chord becomes a tangent to the circle at 0. 

21. Theorems on limits. 

We now state, without proofs, four theorems on limits, 
to which reference will be made later. 

[This can be omitted, if desired, on a first reading.] 

(1) If two variables are always equal, their limits are 
equal, 

(2) Limit of a sum. 

The limit of the sum of any number of functions is 
equal to the sum of the limits of the separate functions. 

Let u and v be functions of the same variable x. 

Then Lt[u + v) ^Lt[u) +Lt{v), 

(3) Limit of a product. 

The limit of the product of any number of functions 
is equal to the product of the limits of the separate 
functions. 

u and V standing for functions as above 
Lt[u X v) ^Lt{u) X Lt[v). 
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(4) Limit of a quotient. 

The limit of the quotient of the functions is equal 
to the quotient of the limits of the functions provided 
that the limit of the divisor is not zero. 

Thus Lt = Lt{u) -T- Lt{v) 

unless Lt(v) = 0. 


22. Worked examples. 

Example I. Find the limit 
infinite. 


r, x* + Zx_ 


of 


x^ + Zx 
2x^—5 


when X becomes 


Lt 

X 00 



+ 

li 

Lt 

1 

1 

1+0 
“2 -0 ~ 

X — ^ 00 X} 

1 

T 



(Th.4J 


Example 2. Find the value of Lt 

X — a 

When X = a, the function is of the form §, and therefore 
indeterminate. 


Let X = a -j- h, where h is small. 

Then == 

X — a {a +h) — a 

Expanding (a + /r)» by the Binomial Theorem (Algebra 

p. 281) 






= ^na’^^ + 


n{n — 1) 

11 . 


h 

d^^h + . 


■} 


X -- a 
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But since % = a + A 

when X — > a, h — y 0. 

/. Limit becomes 


Lt 


oc^ -- 

a X a 


Lt i 11 + 

= na^^K 



since all other terms have a power of A as a factor and 
therefore vanish when A — y 0. 

^ 3 

Example 3. Find the limit of — r- r... 7^, — when 

*' - 2 - \/4 - a; 


it = 3. 


Both numerator and denominator vanish when x = 
Then the function takes the form 
Rationalising the denominator [Algebra, p. 252), 

^ -3 ^ [x - Z) {V^r^ + \/T^) 

Va; — 2 — \/4'^ ~ ~ 2) ~ (4 — ijf) 

_(x — Z) {V x — 2+ V^—x) 
2 :^ — 6 

^\/^“-2-f‘\/4 — a; 

2 

and limit when :i: = 3 becomes 

vr + VT _ . 

2 


Exercise 2. 

1. [a) What number does the function — approach 
as X becomes infinitely large ? 

(6) For what values of x is the function negative ? 

(c) What are values of the function when the values 

of X are 2, 1*8, 1-5, 1*2, M, 0*5, 0, ~ 1, ~ 2 ? 

(d) What limit is approached by the function as x 

approaches unity ? 

{e] Using the values of the function found in (c) 
draw its curve. 
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3x I I 

2. (a) Find the values of the function — - — when x 

has the values 10, 100, 1000, 1,000,000. 

(b) What limit does the function approach as x becomes 
very great ? 

Find the limit of the function by using the method 


of § 17. 
3. (a) Find 


5x “1“ 2 


t/. X'XIXU 

*—>•00 X 1 ^ 

(b) Find the limit of the function as x approaches + 1. 

• • • 1 

4. (a) Find the values of the function when x has 

the values 10, 4, 2, 1-5, 1-1, 1*01. 

. . — 1 

(b) Find the limit of as x approaches unity. 

^ ^ X* + 1 

6. Find the limit of the function as x approaches 

infinity. ^ 

6. Find Lt . 

x~-^2X^ — 2X 

7. Find the limit of ~ ^ as h — > 0. 

8. Find the limit of the function ^ as x ap- 

proaches 00 . * 

9. Find the limit Lt 

+2a: - h 1 i.„„0 

10. Show from the proof given in § 19 that Lt — - - = 1. 



CHAPTER III 

RATE OF CHANGE OF A FUNCTION. GRADIENTS 

23. Rate of change of a function. 

We have seen that a function changes in value when the 
variable upon which it depends is changed. The important 
question which next arises is, how to determine the rate 
of change ? 

In the Calculus we are fundamentally concerned with the 
rate of variation of a function with respect to the change in 
the variable on which it depends. 

We will illustrate the problems which arise by examining 
a few simple cases, and in doing so will make use of the 
graph of a function, since the graph makes visible the 
changes in the function. 

24. Uniform motion. 

When a body moves so that it covers equal distances In 
equal Intervals of time it is said to move unifonniy. The 
distance is a function of the time, and from the above 
definition the rateof change of thefunction must be constant. 
This will appear in what follows. 

Let s be the distance moved, and 
t be the time taken. 

Then it is shown in books on Mechanics that 

s = vt 

where v, the velocity, is a constant, and is the distance 
moved in each second. 

The ratio of the two variables — viz. - — is constant for 

t 

all corresponding values of them. 

Consider the following graphical example: 

A motor-car travels distances in times as shown in the 
following table: 


Time (t) (in secs.) 

1 

2 


4 

5 

Distance (s) (in ft.) . 

20 

40 

60 

80 

100 


B (cal.) 


33 
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These quantities are reckoned from a fixed point in the 
motion. 



Tboe (in secX 
Fig. 6. 


Let OQ, OS, represent two intervals of time (<). Then 
PQ, RS represent the corresponding distances (s). From 
the above general statement it follows that 

OQ~OS' 

This is true for any positions of P and R, and therefore the 
graph must be a straight line. 

Let 0 be the angle made by this line with OX — i.e., /.POQ. 


PQ-^ 

OQ~OS 


— tan 0. 


Then 
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/. represents the gradient of the line (Algehra, § 72). 

Let PM be drawn parallel to OX. 

Then, between the time intervals represented by OQ 
and OS 

PM represent the increase in time. Let this be 6t. 

RM represent the increase in distance. Let this be Ss. 

- increase in distance 3s 

ratio of : — ^ 

increase m time U 

= tan 0 

= gradient of the line. 

Hence — for any corresponding values of s and t the 
ratio of Increase of the distance with respect to the 
Increase In time is constant and equal to the gradient of 
the line. 

In the example above of uniform motion, this gradient is 
seen to be 20 ft. per sec. This is the velocity of the car. 

25. Gradient of a linear function. 

Generalising the above: 

Let y be a function of x. The straight line representing 
the function may be of two forms: 

(1) The function y == mx. 

The graph is a straight line passing through the 
origin. Comparing with the above example, if By and 

5x be increments of y and x, is a constant and 

ox 

represents the gradient of the line. But this is 
represented by m (Trigonometry, § 67). 


m represents the rate of Increase of y with 
respect to x. 

(2) The function y = mx -f- b. 

This straight line does not pass through the origin, 
but has an intercept b on the y axis. 
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Fig. 7, 


Let 0 be the an^le made with OX. 

Let P be any point on the line, its co-ordinates being 
(*. 3')- 

Then OA = x, PA = y. 

Let X be increased by 6x from OA to OB. 

Let y be increased correspondingly by from AP 
to BQ. 

Drawing PR parallel to OX, QR — 8y. 
co-ordinates of Q are 

(* -f y -f 8y). 

i.e., OB = X + QB =y + 8y. 

Substituting their values in the equation, 

y = mx -f 6 (1) 

y -f 8y = tn(x -h 8;f) 6 . . . (2) 

Subtracting (1) from (2) 


8y = m{Sx) 

tn = ^ = tan QPR — tan 0 

oX 

represents the gradient of the line. 


the ratio of the increase of y to the increase of x 
Is equal to the gradient of the line and is constant for 
all points on the line. 
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It will be clear that the addition of the constant b 
to the right-hand side of the equation does not affect 
the gradient. In both y = mx and jy = wa; -f 6, the 
gradient is m, and for any given value of m the lines 
are parallel (Algebra, § 74). 

26. Meaning of a negative gradient. 

The angle which a straight line makes with the A;-axis is 
always measured in an anti-clockwise direction. When 
this angle is greater than a right angle, as is the case of the 
angle 6 made by the straight line CD in Fig. 8, Its tangent Is 
negative (Trigonometry, § 69). 



the gradient of the line Is negative. 

Let P be the point (x, y), so that OA = x and PA = y. 

Let X be increased by ^x to OB. 

The value of the corresponding ordinate is represented 
by QB. Draw QR parallel to OX, i.e., the ordinate PA is 
decreased by 8y to QB. 

Thus while x Is Increased by 6x, y Is decreased by 6y, or, 
as we might express it, there is negative increase. 

Sy , 

.*. ^ Is negative — t.e., tan 0 is negative. 

the rate of increase of y with respect to x Is now 
negative. 
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Summarising this result with the foregoing we conclude : 

(1) When y Increases as x Increases, the gradient is 
positive. 

(2) When y decreases as x increases, the gradient is 
negative. 

27. Gradient of a curve. 

The straight line, representing the graph of a function of 
the first degree, is the only graph in which the gradient is 
constant — i.e., the same at all points on the line. 

If the graph is a curve, the gradient is different at 
different points on the curve. It is not obvious, therefore, 
what is meant by the gradient of a curve, since it is con- 
tinuously changing, or what is the meaning of the gradient 
at a point on a curve. It is necessary, therefore, to spend 
some little time in investigating these difficulties. 

28. Graph of the motion of a body moving with uniformly 
increasing velocity. 

In § 24 we said that if a body is moving with uniform — 
i.e., constant — velocity, the graph which connects distance 
and time is a straight line. We will now consider a body 
moving with uniformly Increasing velocity — i.e., in equal 
intervals of time its velocity is increased by equal amounts. 
In such a case it is clear that in equal intervals of time the 
distances passed over are not equal. As the velocity 
increases, the distances passed over will also increase. The 
greater the velocity, the greater the distance moved. As 
an example we will consider the case of a falling body, in 
which it IS clear that the velocity increases with tune. The 
following table gives the distances passed over in successive 
intervals of time from rest by a body falling freely. 


Time {t) (in 
secs) • 

0 

0*25 

0*6 

0*76 

■ 


B 

1*75 

2 

Distance (s) 

(in ft.) 

0 

B 

B 

9 

16 

25 

36 

49 

64 


When the corresponding values of distance and time are 
plotted, the graph is seen to be a smooth curve, as shown in 
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Fig. 9. Clearly the curve slopes more and more steeply as 
time increases — the ratio of distance to time, or 



Fig. 9. 


velocity. Is Increasing. The smooth curve indicates that 
this increase of velocity is uniform. Let us consider the 
ratio of increase of distance to increase of time over three 
successive intervals, as shown in the following table : 


Time interval 
(in secs.). 

Distance 

(ft.). 

Distance 

Time 

0-5 to 1 

12 


1 to 1-6 

20 


1-6 to 2 

28 

0 “-“ 


These ratios represent the average velocities for the 
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corresponding intervals. They are the distances which 
would be passed over during the intervals, if the body were 
moving with uniform velocities equal to these average 
velocities. It is evident that the average velocity over 
equal successive intervals is increasing uniformly. 

It should be noted, as shown in § 24, that the gradients of 
the chords joining the appropriate points on the curve will 
be equal to these average velocities. 

To generalise these conclusions, take any point P on the 
curve and through it draw a chord cutting the curve again 
in another point A. 

Draw the ordinate AB meeting at B the straight line PB 
drawn parallel to the time axis. 

Let increase in time between the two positions be 5t — i.e,, 
PB = 6t. 

Let increase in distance between the two positions be 5s — 
i.e,, AB = 6s. 

Then average velocity over the interval = 


This is equal to the gradient of the chord PA. 

Now suppose that the interval of time, represented by 5t, 
continually diminishes. Then the distance 5s will also 
diminish, but their ratio continues to represent the average 
velocity during the interval and also the gradient of the 
chord PA, which also diminishes. 

Imagine now the interval of time to become infinitely 
small. The interval of distance will also become infinitely 
small. In the limit, when A is infinitely close to P — i.e,. 


coincides — the ratio of ^ approaches a finite limit, and 


the chord becomes a tangent at P (see § 20). 

The limit which ^ approaches will be the gradient of 


this tangent, and also the velocity at P. 

Hence the term velocity at a point is the limit of the ratio 

~ when these each become infinitely small. It is also the 


gradient of the curve at the point P. 

^ Thus the gradient of the curve at any point on the curve 
is equal to the gradient of the tangent to the curve drawn 
at that point. 
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In Fig. 9 draw PQ, tangent to the curve, at P. 

Draw PR of unit length parallel to OX, and from R draw 
RQ perpendicular to PR. 

Z.QPR = 6 = angle made by PQ with OX. 

Gradient of PQ == ^ = ^ = 32. 

JrJK 1 

/. velocity at the point P = 32 ft. per sec. 

i.e,, the velocity at the end of one second is 32 ft. per sec. 

Students of mechanics will be able to verify this. 

29. Gradients of the curve of y = 

The methods employed above for obtaining the gradient 
at any point on a curve will now be employed to solve the 
problem more generally in the case of an algberaical 
function. The curve of y = x* has been chosen as a simple 
example, and one which is familiar to the student. A more 
general form of this function would be y = ox*, but for 
simplicity we will take the case where o = 1. The methods 
adopted can be readily adapted for any value of a. 

Fig. 10 represents the curve of y = x*. 



Fig. 10. 
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Let P be the point (1, 1). 

Draw a chord PQ cutting the curve again in Q. 

Draw PR parallel to OX to meet the ordinate from Q at R. 
Let PR, the increaise in x between P and Q, be 6x. 

Let QR, the corresponding increase in y, be 6y. 

Then gradient of the chord PQ = tan QPR. 

6y 

Also, Is equal to the average rate of increase of y per 

unit Increase of x between P and Q. 

The algebraical expression for ^ can be obtained as 
follows: 

In the function y = x* (1) 

when X is increased by 5x and y correspondingly increased 
by 8y we get l 

y + Sy = (x + 6x)* .... (2) 

Subtracting (1) from (2) 

Sy = {x + 8x)* — X* 

.*. 6y = 2x5x + {6x)». 

Dividing by Sx = 2x + 5x. 

From this the value of ^ can be calculated for any 

value of 8x at any point on the curve where the value of 
X is known. 

Thus when x = I , as in the case of the point P on the 
curve above, 


If 

6x 

= 0-3, 

8x 

= 2 

+ 

o 

= 2-3. 

If 

5x 

= 0-2, 

8y 

8x 

= 2 

6 

+ 

= 2-2. 

If 

5x 

= 01, 

8y 

8x 

= 2 

+ 0-1 

= 2-1. 

If 

8x 

= 001, 

8y 

8x 

= 2 

+ 

O 

o 

= 201. 

If 

8x 

= 0 001, 

8x 

= 2 

+ 0-001 

= 2 001. 
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These results exhibit the gradient of the chord PQ when 
6x diminishes and Q moves nearer to P. Then it is evident 
that the gradient of the chord approaches 2. We can 
therefore conclude that when Q moves to coincidence with 
P and the chord becomes the tangent to the curve at P, 

the gradient of the tangent is 2. 

We may also say that 

The rate of increase of y per unit Increase of x at the 
point P is 2. 

Similar conclusions follow for any point on the curve, but 
the gradient of each tangent will depend on the value of x at 
the point; the gradient is therefore a function of x. 

Thus at the point on the curve where x = 3, the gradient 
of the tangent will be 6. 

It is evident that the conclusions reached hold for any 
curve whose equation is known. In general, therefore, we 
arrive at the following important conclusion : 

The gradient at any point on a curve representing 
a function is equal to that of the tangent drawn to 
the curve at the point. It is also the rate of increase 
of the function for the value of x at the point. 

30. Negative gradient. 

In Fig. 10 let a point S be taken on the curve, correspond- 
ing to a negative value of x. Draw the tangent to the 
curve and produce it to meet the axis. The angle made 
with the axis is greater than a right angle. Consequently the 
gradient is negative. As was shown in § 26, this indicates 
that the rate of increase of the function is negative — i.e., 
the function decreases. An examination of the curve shows 
that as X increases through negative values from — 00 to 0, 
the function as represented by the curve is decreasing from 
-f CO to 0 at the origin. At this point OX is tangential to 
the curve and the gradient of the curve is zero. 

Exercise 3. 

1. Draw the straight line 3x — 2y = 6 and find its 
gradient. If P and Q are two points on the line such that 
the value of * at Q is greater by 0*8 than the value of x at P, 
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by how much is the value of at ^ greater than the value 
atP? 

2. Find the gradients of the straight lines 


(«) 

( 6 ) 

(c) 


^-Z-4 
2 5 ~ * 

4x + 5y = 16. 

^+y = i 

a^d 


3. The gradient of a straight line is 1 -2. It passes through 
a point whose co-ordinates are (5, 10). What is the 
equation of the line ? 

4. The distance passed over by a body falling from rest 
is given by the formula s = 1 6t*. Representing an increase 
in time by 6t and the corresponding increase in distance by 
8s, frnd by the method used in § 29 an expression for Ss in 

terms of 6t for any value of t. Hence find the value of 

Using this result find the average velocity for the following 
intervals; 


(1) 2 secs, to 2-2 secs. (2) 2 secs, to 2*1 secs. 

(3) 2 secs, to 2-01 secs. (4) 2 secs, to 2-001 secs. 

From these results, deduce what the velocity at the end of 
2 secs, appears to be ? 

6. In the curve of y = x®, using the notation employed 

in § 29, find the value of ^ as the value of x is increased 

from 3 to 3-1, 3-01, 3-001 and 3-0001 respectively. Deduce 
the gradient of the tangent to the curve at the point where 
X = 3. 

6. Draw the curve of y = for values of x between 0 
and 2. 

Find an expression for Sjy in terms of x and 8x. 

Hence find an expression for 

Taking the values of x as 2-1, 2-01, 2-001, and 2-0001, find 
the limit which ^ approaches as the value of x approaches 2. 
Hence find the gradient of the tangent to the curve at the 
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point where x = 2. Check by drawing the tangent to the 
curve at this point. I 

7. For the function Y — - (see Fig. 3) find an expression 
for 8y in terms of x and 5x. Hence find an expression for 

Taking the values x = 1*1, 1-01, 1-001, 1-0001, find the 
Sy . 

limit which ^ is approaching as x approaches unity. Hence 

find the gradient and angle of slope of the curve at the point 
where x = 1. Check your result by drawing the curve and 
constructing the tangent at this point. 

8. Find the gradient of the tangent drawn at the point 
where x = 1 on each of the curves 

(1) y = X* + 2 

(2) y = X* — 3 (see Algebra, § 112) 

9. Find the gradient of the tangent drawn at the point 
where x = 2 on each of the following curves: 

(1) y = 3x* 



CHAPTER IV 

DIFFERENTIAL COEFFICIENT. DIFFERENTIATION 

31. Algebraical aspect of the rate of change of a function. 

In this chapter we take a very important step forward 
in the development of our subject. It follows logically 
from the work of the preceding chapter. To make this 
clear we will briefly summarise the steps by which the 
subject has advanced. They are as follows: 

(1) The value of a function changes as the variable 
changes upon which it depends. 

(2) The rate at which the function changes is of 
great practical importance and it is necessary to 
be able to calculate it. 

(3) The rate of change (whether of Increase or 
decrease) can be found geometrically as follows: 

(a) When the function Is of the first degree. 
Such a function can be represented by a straight- 
line graph, and the gradient of this straight line is 
equal to the rate of change of the function. 

If y is a function of x, and 6x and 6y are 
corresponding increases of x and y, the gradient 

Is equal to This is constant throughout the 

line, i,e„ the rate of change Is uniform. 

(J) When the function Is not of the first degree 
its graph will be a curve, and the rate of change 
of the function will differ in different parts of the 
curve. Its value at any point is equal to the 
gradient of the tangent at the point on the curve 
corresponding to any assigned value of x. 

The geometrical method has many important applica- 
tions, and is suggestive as an illustration, but in practice 
the gradient is not easily found by this method. For 
practical purposes, and for accuracy, an algebraic method 
IS necessary. 


46 
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The determination by algebraic methods in the case of 
the function y = x® has in effect been indicated in § 29, 
when, by means of arithmetic calculations, the values of 

^ were shown to be approaching nearer to a limit, as * 

approached an assigned value. For convenience the 
working is repeated. 

Let y = X®. 

Then y + Sy = (x + 8x)®. 

Subtracting Sy = \x + Sxj® — x* 

= 2x{Bx) + {Sxy. 

Dividing by Sx, ^ = 2x + 5x (A) 


We can now carry this a step further. 

It has been shown geometrically that when 5x approaches 
zero, the gradient of the chord, which represents the 
average rate of increase of the function over the intervsd 
represented by 5x, gradually approaches the gradient of 
the tangent at a point corresponding to any assigned value 
of x. 

Thus the gradient of the tangent, represented by the 
limit of Is equal to the rate of Increase of the function 

for the assigned value of x. 

Since from (A) above, for any value of Sx 


when Sx ■ 


^ = 2x + dx 
8x 

0, ^ approaches a limit and the limit of 

(B) 


|y = 2x 

8x 


i.e., when 5x- 


• 0 the limit of represents the rate of 
Increase of y with respect to x, for any assigned value of x. 

For example, when x = 1, limit of ^ == 2, i.e., the rate 
of increase of y, or ** with respect to x is 2. (Cf. § 29.) 
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Similarly, 

when X — 2, limit of ^ = 4. (Cf. Ex. 3, No. 8.) 

when X = 3, limit of ^ = 6. (Cf. Ex. 3, No. 6.) 


Using the notation of § 15, we may write (B) above as, 
Lt ^ = 2x. 

A still more convenient notation is employed to represent 
this limit. 

Lt is represented by 
«»— ox 

in which the English letter d is used instead of the Greek 8 
and the condition Bx — ^ 0 is understood. 

Thus (B) becomes 

^=2x. 

dx 


This limit is called the differential coefficient of 
the function with respect to x, the independent 
variable. 

Thus, when y = x^,lx is the differential coefficient of y, 
or X*, with respect to x. 

A similar procedure will enable us to find the differential 
coefficient of any other function. 


32. The Differential Coefficient. 

Summarising the foregoing section we may conclude: 

(1) If y be a continuous function of x, and 8x be any 
increase tn the value of x, there will be a corresponding 
increase {or decrease) in the value, denoted by 8y. 

(2) The ratio ^ represents the average rate of increase 

of y with respect to x, when x increased to x + 8x. 

(3) Since y is a continuous function of x, if 8x becomes 
infinitely small, so also does By. 

(4) When 8x — > 0, the ratio in general tends to 



DIFFERENTIAL COEFFICIENT. DIFFERENTIATION 49 


► 


t,e., 


a finite limit, and this limit is called the differential 
coefficient of y with respect to x. It is represented by 

the symbol 

Lt 

s,— >.0^^ dx' 


The Differential Calculus is fundamentally concerned 
with the variation of functions, and we can regard a 
differential coefficient as a rate-measurer in such variations. 
It measures the rate at which a function is changing its 
value compared with that of the variable upon which it 
depends. t 

Thus for the function y = x^, since ^ = 2x, when a; = 4, 

y, or x^, is changing its value at 8 times the rate at which 
X is changing. ^ 

The differential coefficient - 4 - is also called a derivative of 

dx 

y with respect to x, or the derived function. 

Except in the case of a linear function, the differential 
coefficient of y with respect to x Is Itself a function of x. 


Notation for the differential coefficient. 

Besides the form the differential coefficient of y with 

respect to x may also be denoted by y'. 

Thus if y ^ x^ 

y* = 2x. 

In general, the differential coefficient of y = f{x) may be 
denoted by f'(x). 

The same forms are used for other letters representing 
functions. Thus if s is a function of t, the differential 

ds 

coefficient of s with respect to t is written -g. 


33. Differentiation. Differentials. 

The process of finding the differential coefficient or 
derivative of a function is called Differentiation. 

The operation may be expressed by using the operating 
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symbol i . Thus the differentiation of x* with respect to 

X can be written in the form or ^ (x*). 

In general, the differentiation of f{x) with respect to x 

can be expressed by — or ^{f[x)). It may also be 

denoted by the form Dxy or Dy when there is no doubt as 
to what is the independent variable. 


Differentials. 


The infinitely small increments of x and y which are 

implied in the form ^ are called differentials. Thus ^ 

represents the ratio of the differential of y to the differential 
of X. 


In the example 
we have 




dx 


2x. 


This might be described by the statement that the ratio 
of the differential of y to the differential of x is equal to 2x, 
or the differential of y is 2x times the differential of x. This 
could be expressed by the equation 
cfy = 2x . dx. 

In this form 2x is shown as a coefficient of the differential 
of X, hence the term " differential coefficient 

The student should not at present regard ^ as a fraction 

in which the numerator and denominator can be separated, 
but as a limit, as shown above. 


General definition of a differential coefficient. 

It will now be seen, from what has been stated above, 
that the general expression for the differential coefficient 
of any function, /(x) is given by 

It r(>f + sx) - f(x) 

5x 


34. The sign of the Differential Coefficient. 

It has been shown above that the differential coefficient 
of a function is equal to the gradient of the tangent at a 
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point on the curve which represents the function. It was 
also shown in §26 that this gradient may be positive or 
negative. Consequently the differential coefficient may 
also be positive or negative. This will be examined further 
in a later chapter. For the moment the student is reminded 
of the conclusions stated in § 26 as to the sign of the gradient 
and the increase or decrease of the function. These con- 
clusions apply also to the differential coefficient. 

35. Differential coefficient of a constant. 

Since a differential coefficient measures the rate of change 
of a variable, and a constant has no change whatever, the 
differential coefficient of a constant must be zero. 


36. Differentiation of y = mx + b. 

As the student has learnt previously, this is the general 
form of a function of the first degree. Its graph is a straight 
line (§25), and therefore of constant gradient. This can 
be shown algebraically from first principles as follows: 

Let Sx be an increment of x. 

Let Sy be the corresponding increment of y. 

Substituting in y = mx + b 

y -f. §y = m{x + Sx) + b 
subtracting By = m{Bx). 


This is true for any value of 6x with the corresponding 
value of 6y, since m is a constant. 



It will be noticed that the value of ^ is independent of 

6. For different values of b the equation represents a 
series of parallel lines, having the gradient “ m." See § 25. 


37. Differentiation of y = x^ 

The following proof will provide another example of the 
general method which may be adopted for finding the 
differential coefficient of a function by first principles. 
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Let 8* be an increment of x. 

Let 8jy be the corresponding increment of y. 

Substituting in 

y = ^ ( 1 ) 

y -\-iy = (x + S:r)® 

= + 3jc®(S^) + + (8a?)® . (2) 

Subtracting (1) from (2) 

8jy = 3ic®(8Ac) + 3 a?(Sa:)® + (Sac)®. 

Dividing by 5x, which is not equal to zero, since it represents 
any increase of x 

= 3x® + 3x(Sx) + (Sx)®. 

Proceeding to the limiting value of when 8x — > 0 
both 3x(8x) and (Sx)® approach zero. 


i.e. 




38. Differentiation of y = x*. 

If the method of the foregoing section be applied toy 
this would involve the expansion of (x + Sx)*, which is: 

X* + 4x®(8x) + 6x®(8x)® + 4x(8x)® + (Sx)®. 

After subtraction of x® and division by 8x, there is left: 

4x® + 6x®(Sx) + 4x(8x)® + (Sx)®. 

On proceeding to the limit when 8x — > 0, every term 
after 4x® vanishes, and we are left with 4x® as the differential 
coefficient. 

Any function of the form y = x“ is dealt with in the same 
way, and it is evident that in the expansion of (x 8x)", 
the second term provides the differential coefficient. 

For example, with y = ^ ~ ^ 
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Generally when * is a positive integer it may be deduced 
that if 

y — 

-jf^ = nx"-^ 
dx 

A general proof of this follows. 

Let y = X". 

Let Sx be an increment of x. 

Let Sy be the corresponding increment of y. 

Substituting y -f- Sy = (x + Sx)”. 

Expanding the right-hand side by the Binomial Theorem 
{Algebra, p, 279). 

y 8y = X" -b (Sx) -f (Sx)® 

but y = X". ~ 

Subtracting 

8y = «*»-i (8x) + (Sx)* 

+ (8x)3 , 

Li- 

Dividing throughout by Sx. 

Let 8x — >- 0 ; then each term on the right-hand side after 
the first tends to zero. 

Lt (^) = MX^l, 

or = nx^\ 

dx 


The question now arises as to the values of n for which 
this result is true. Does it apply only to those cases when 
n is a positive integer? Evidently the validity of it 
depends on that of the Binomial Theorem. Does this hold 
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when n is negative, or fractional ? The question is briefly 
discussed in Algebra, p. 282. There it will be learned that, 
subject to certain numerical restrictions, which do not 
affect the above, the Theorem holds for all values of n. 

The differential coefficient oi y = can, however, be 
found by other methods, not involving the Binomial 
Theorem. If the student desires to study them, he should 
consult a larger treatise on the subject. 

The conclusion therefore is that for all values of n 


dx 


= nx^-^. 


39. Differentiation of y = ox”, where a is any constant. 
Compressing the proof given in § 38 we get the following: 
y == ax" 

3 ^ + Sy = a{x + 8x)" 

= a|x" + (5;*;)a , . .| 

Subtracting ~~ 

8y = (Sx) + (Sx)* + . . . J 

/. ^ = a|«x”-i + ^^ x"-g(8x) + . . .| 

Let 8x — >■ 0. 

Then Lt = a{«x”-*} 

tx-^oK^xJ 

The constant factor a thus is a factor of right-hand side 
throughout and remeiins as a factor of the differential 
coefficient. 

<Jx 


40. Worked examples. 

Example I. Find from first principles the differencial 
coefficient of 

I , 

y=- or y=x“L 

Let 8x be an increment of x. 
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Let 8y be the corresponding increment of y. 

Then y Sy = — ^-5- 

X + Bx 


Subtracting 


Dividing by Bx, 


y=-x 

Sy = _i— -1 

y (x + Bx) X 
E= ^ — (^ + Sa:) 

^ x{x + Bx) 

__ —Bx 
x{x + Bx)' 

By _ - 1 

Bx 4 - xBx 


Proceeding to the limit when Bx ■ 

x^ 

dy 

dx ~ x^' 


Example 2. Write down the differential coefficients of 
the following functions. 


(1) 

y 

= **; 

dy ^ 
dx ”” 

= = 8x\ 


(2) 

y 


dy ^ 
dx “ 

= ^x^-^ = Jat* = 

1 

2 V^ 

(3) 

y 

= ar®; 

dy 
dx ” 

= - 3x-^^ = - : 

3;r* 

(4) 

y 

= a;i5; 

dy _ 
dx ~~ 

= 15 X *1 = 

1-5x0 6. 

(6) 

y 

= 3r*', 

dy _ 
dx "" 

= (-i) X 

t 

1 

II 

(6) 

y 

= X'. 

^ = 
dx 

= *1-1 =*0=, 1. 



Example 3. Differentiate the following functionsi 
(1) y — 6 ^; ^ = 6 X 4 X x^~^ = 24x®. 
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(2) y = 4 "^ X ox y = 4x* 

^ — 
dx ~ 


4 X J X 


= -I - i^x^ = 




(3) y =px^‘, =p X 2q X x^K 
* = 2pqx^-K 


(4) s = 16/2; ^ = 2 X 16 X /2-1 = 32t. (Cf. § 28.) 


Example 4. Find the gradient of the tangent to the curve 
y = ^ at the point where x = 1. 

The gradient is given by the value of the differential 
coefficient at the point. 

a(j) = -F.- (Example 1.) 

when * = 1 

^ = -\ or tan 135°. 

dx 

(Cf. Ex. 3, No. 7.) 

Exercise 4. 

1. Write down the differential coefficients of the follow- 
ing functions with respect to x : 

x’; 6x; 006x; Ki l-5x*; {ix^. 

2. Differentiate with respect to *: 

bx4; axP; x*®; 2x2*’+ 

3. Differentiate with respect to x: 

6x +4; 0-64x — 6; — 3x +2; px+q. 

4. Of what functions of x are the following the differential 
coefficients: 

x; 3x; x®; Jx®; x®; x"; x*“; fx®; 4«x2? 
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5. If w = w + at, where u and a are constants, find 

ds 

6. If s = where /is a constant, find when / = 20. 

dA 

7. If^ =7rr2,find^. 

dr 

8. If F = find 

9. Differentiate the following functions of x: 


sVx; </2^. 


10. Differentiate with respect to x: 

x9*; 8a;« 2; 6r-^; x-r>. 


11. Differentiate with respect to x: 

qx3 2; 2x-^^; 29a;» »; ■ 

12. If ^ find 

^ w® dv 


6 

v^* 


13. Find the gradient of the curve of y = ^x^ at the 
point on the curve where ^ = 3. For what value of x is the 
gradient of the curve equal to zero ? 

14. Find the gradient of the curve of y =■- 2x^, at the 

point where x ^2. 2 

15. Find the gradients of the curve ofy = -- at the points 

where x = 10, 2, 1, J. ^ 

16. Find from first principles the differential coefficient 

17. At what point on the curve of x^ is the gradient of the 
curve equal to 2 ? 

18. At what point on the curve of ^ = x^ does the tangent 
to the curve make an angle of 46® with the ;t-axis ? 

19. At what point on the curve ofy = \/x is the gradient 
equal to 2 ? 

20. It is required to draw a tangent to the curve y = 
0-6^2 which shall be parallel to the straight line 2x —4y = 3. 
At what point on the curve must it be drawn ? 



CHAPTER V 

SOME RULES FOR DIFFERENTIATION 
SUCCESSIVE DIFFERENTIATION 

41. DlfTerentlation of a Sum. 

The functions which were differentiated in the preceding 
chapter were expressions of one term only, with the excep- 
tion of y = mx + b {§ 36). This was found from first 
principles. 

We now proceed to consider in general the differentia- 
tion of a function which is itself the sum of two or more- 
functions of the same variable, such as y = 5x* -f- 14x* — 
7x. The proof given below is a general one for the sum 
of any number of functions of the same variable. 

Let u and v be functions of x. 

Let y be their sum, so that 

y = u y. 

Let X receive the increment 6x. 

Then u, v and y, being functions of x, will receive corre- 
sponding increments. 

Let 6u, 6v and 6y be these increments, so that 
u becomes u -f- du 

V „ y + Bv 

Y .. Y + 6y. 

From y = « -f u 

we have y -|- 8y = {« -f 8m) -}- (w -|- 8i;). 

Subtracting 8y = 8m 4- 8i;. 

Dividing by 8x | = + 

This is true for all values of 6x and the corresponding 
increments 8m, Sv, 8y. 

Also their limits are equal. (Th. I, Limits, § 21.) 

If Sx — >0 

58 
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Replacing these forms by the corresponding symbols for 
differential coefficients 

dy 

dx dx^ dx 

clearly the theorem will hold for any number of functions. 
Hence the Rule for differentiation of a sum. 

The differential coefficient of the sum of a number of functions 
is equal to the sum of the differential coefficients of these 
functions. 

42. Worked examples. 

Example I. Differentiate with resfect to x. 

y = 3x® + 7x® — 9x + 20. 

Using the above rule 

^ = 9x2 + |4x _ 9. 
dx ' 

Example 2. Find the gradient at that point on the curve 
of y = x* — 4x + 3 where x = 3. 

What is the point of zero gradient on this curve ? 

If y = x^ — 4x + 3. 

^ = 2*-4. 

dx 

When X = 3, = (2 X 3) — 4. 

*=2. 

When the gradient is zero 

2x - 4 = 0. 

X = 2. 

Example 3. If s = m - 16f2, find When ^ = 16, 
find i. at at 

s = 80t — 16f2 

i.e. 80 - 32t = 16 

32f = 64 

t = 2. 


Then 
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Exercise 5. 


Differentiate the following functions of xt 

6 


1. 6x* + 5x. 

2. 3x^ + x — 1. 

3. 4x* + 3** — X. 

4. ix* + + i. 

Find ^ when 
at 

9. s = «^ + yfi. 
10. s = 6^ + 16/a. 


6 . ^+ 4 ^. 

* 4 2 

6. 7 + - - 

X x^ 

7. x{5 — X + 3x*). 

8. 3Vx + vlO. 


11 . s = 3f» - 4/ + 7. 


12. Find when y = ax^ + bx^ cx d. 

. / i\* 

13. Differentiate with respect to x, ( * + ^ • 

14. Differentiate with respect to x, y/x + 

15. Differentiate with respect to x, (1 + *)®. 


dy 


16. liy — x*" — «x® + 6», find t-. 

ax rt 

^/x ^^Vx 


dy 


17. Find when y 

18. Find the gradient at that point on the curve of 
y = 2x* — 3x + 1 where x = 1*6. For what value of x 
will the curve have zero gradient ? 

19. For what values of x will the curve ofy = x(x* — 12) 
have zero gradient ? 

20. What are the gradients of the curve 

y = X® — 6x* + llx — 6 
when X has the values 1, 2, 3 ? 

21. What are the points of zero gradient on the curve of 

V = X + -? 

X 

43. Differentiation of a Product. 


The differential coefficient of some products such as 
(x + 2)® or 3x(x + 2) can be found by mmtiplying out and 
using the rule for the differentiation of a sum. In most 
case s, how ever, that cannot be done, as, for example, 
x*Vl — X and x* sin x. 
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The differential coefficient of a product is not equal to 
the product of the differential coefficients of the factors, 
as will be apparent on testing such an example as 
3x(x + 2). 

A general rule for use in all cases is found as follows: 
Let u and v be functions of x. 

Let y = u X V, 

consequently y is also a function of x. 

Let dx be an increment of x. 

Let 8u, 8v and 8y be the corresponding increments of u, 
V and y. 

Substituting the new values of u, v and y in 

y u X V (1) 

y Sy = (w + 

or y + 8y = uv + u{8v) + v . {8u) + (Sw)(Sz;) 

Subtracting (i) 8y == «(St;) + v(8u) + (§«)(§?;). 

Dividing by SAf. ^ + V . + S« . 

Let Sa: — >■ 0. 


Then Stt, 8v, 8y all approach zero, 
by Limits Th. 2. 



Sy 

oSi 





+ Lt 

Sx — 0 



In the limit, since Sm — >■ 0, the last term- 


5 . 8v 

-VIZ. Sux^ 


— also approaches zero, 

with the usual notation 


dy dv , 

/ = u T- + V 

dx dx 


du 

dx 


This important rule may be expressed as follows: 

(1) Differentiate each factor in turn and multiply 

by the other factor. ^ 

(2) The sum of the products is 

This rule may be extended to more than two factors. 
Thus if y = uvw 

where «, v, w are factors of x 
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| = X m)+(* X u>v) + (^ X u.). 

44. Worked examples. 

Example I. Differentiate — 6* + 2) (2** + 7}. 

Let 

y = (** — 5 ji: -f- 2) (2 a;* + 7). 

Then 

X (*’-5*+2} 

= (2x - 5)(2x* + 7) + 4x(x* - 5x + 2). 

This result can be simplified, if necessary. 

Example 2. Differentiate {x* — 1) (2x + 1) (x® + 2x* + 1). 

I = ^ + 1 ){^ + 2x* + 1)} 

+ X (X* - I)(x* + 2x* + 1)} 

+ X (X* - l)(2x + 1)} 

= 2x(2x + l){x» + 2x* + I) + 2(x* - 1) 

(X* + 2x* + I) + (3x* + 4x)(x* - l)(2x -f I}. 
This can be further simplified. 

Exercise 6. 

Differentiate the following by means of the rule for 
products. 

1. (3x + 1) (2x + 1). 10. (x* — X + 1) (x* + X — 1). 

2. (x* + l)(Jx + l). 11. (x-2)(x» + 2xH-4). 

3. (3x — 6) (x* -i- 2x). 12. (2x* — 3) (3x* + x — 1). 

4. (x* + 3)(2x»-l). 13. (x-l)(x + l)(x* + l). 

6. (x*+4x){3x»-xj. 14. (x + l)(2x + l)(3x + 2}. 

6. (X* -i- * + l)(^if — !)• Ifi* (<*^ + 6x H- c)(/>x + ?). 

7. (x* — X + 1)(* + !)• 16. V *(2x — 1) (x* + X + 1). 

o rl tf/t 9 17. 2xl(v^ + 2) (V? - 1). 

9. (x* — 6)(x* +6). 
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45. Differentiation of a quotient. 

In § 40 the differential coefficient of a simple example of 

a quotient, viz. was found by first principles. This 

method, however, is apt to become very tedious in more 
complicated examples. The general rule which is explained 
below is that which is usually employed. 

Let u and v be functions of x. 


i^et y = “• 

y is then a function of x. 

Using the notation employed in the preceding section for 
increments of these 

, . u + hu 
^ + = 

Ux X- - « + Sm M 

subtracting = 

— + ^v ) 

v(v^Sv) 

vBu — uBv 

~~ v(v + Bv ) ' 


Dividing by Bx, 


V . — — u.~~ 

Bx 8x 


Let 8x ■ 
Then 


Lt I 

5»-^0 


Bx v(v + Sv) 

0 ; in consequence 8u, Bv, and By tend to zero. 


Lt (w . I*) - Lt U . 5) 
Lt v{v + Bv) 


(Th. 4, Limits). 


The limits in the numerator can be expressed by 


V . X — w j - 
ax ax 

and the limit of the denominator is since Bv ■ 

. dy - dx 

" dx ?2 
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This can be written: 

dy (den. x d.c. of num.) — (num. x d.c. of den.) 
dx ~ (den.)* 


46. Worked examples. 

Example I. Differentiate-—^. 


Using 


du dv 

dy ^ 'dx ^ ’ dx 

dx iJ* 


where u — 2x and t> = — 1. 

dx (x — 1)* 

3* — 3 — 3as 

-3 


C IT + 1 

Example 1. y — ^ 

Using the formula quoted above 

dy ((^ - 1) X {3x^)) - {{x> + 1) X (3a:»)} 

dx (*® — 1)* 

3x'^ — 3x* — 3 *® — 3 ** 

(^ - 1)> 

— Gx’^ 

“ (*» - 1 ) 2 - 


Example 3. 


Differentiate 


y = 


x{x + 1) 
x^-3x-\- 2 - 

x^ + x 
— 3;r + 2' 


We have 
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Using the above rule 

iy _{{x*-3x + 2) {2x + 1)} -{(** + X) {2x - 3)) 
dx (*» — 3x+ 2)» 

_ {2x^ — 5x* x 2) — (2*® — X* — 3*) 

“ (;«* — 3;*; + 2)* 

_ — 4%® + + 2 

~ 1 *® - 3 « + 2 )® ' 


Exercise 7. 


Differentiate the 
3 


1 . 


4. 

7. 


10 . 


13. 

16. 


19. 


2x — V 

X I 

jr+2' 

X — b 
X + b' 

Vi 
x + r 
it® - 1 

+ r 

1 + y + it® 
X 

x(x - 1) 


following functions of x. 


2 . 

5. 

8 . 

11 . 

14. 

17. 

20 . 


1 

1 - 3it®‘ 

3it - 1 
2it + 3‘ 

it® 

x^‘ 
it 4- 1 
V« ' 

it® + a: + 1 

it® — it + 1' 
2it® 

a® — it®’ 

it* +2 
iti ' 


3. 

6 . 

9. 

12 . 


15. 


18. 


X 

it + 2’ 

it -f ft 

it — 6‘ 
it® 

it® —4’ 

ViT + 1 

Vi — 1* 

2it® — it + 1 

sx^ + x — r 

2it — 3 

2 -3it’ 


47. Function of a function. 

To understand the meaning of "function of a function " 
consider the trigonometrical function sin® x, i.e. (sin it)®. 
This function, being the square of sin x, is a function of 
sin X, just as x® is a function of x, or u® is a function of u. 

But sin X Is Itself a function of x. 

sin® X is a function of sin x, which is a function of x, 
i.e., sin® X is a fu nction , of a function of x. 

Similarly V^ + 4it is a function of x® 4- 4x, just as Vx 
is a function of x. 

But X® 4- 4x is itself a function of x. 

V X* 4* 4x is a function of x® 4- 4x, which is a function 
c (cal.) 
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of X. The idea of a "function of a function” may be 
extended. For example, we have seen that sin ‘x is a 
function of a function of x. But sin* (V*) is a function of 
sin V^. which b a fimction of Vx, which in its turn b a 
function of x. The idea of " a function of a function ” 
often puzzles the beginner, and there b a tendency to over- 
look it and to omit application of the rule for differentiating 
it which we shall discover later. For example, it may be 
overlooked that such a familiar function as sin 2x b a 
function of a function, since 2x is a function of x. 

We cannot proceed further with the example above of 
sin*x, since the rules for differentiating trigonometrical 
^Junctions are dealt with in a subsequent diapter. 

An algebraic function, say y = (x* — 6)*, will be used 
as an example in dbcovering the rule for differentiating a 
function of a function. 

Now (x* — 5)* is a function — ^the fourth power— of 
X* — 5, which b itself a function of x. 


If 

we can write 


u {x* — 6 ) 

y = u*. 


Differentiating y with respect to u, according to nile 

= 4u*. 
du 

But we require therefore the following method is 
adopted to find it. 


Let 8x be an increment of x. 

„ 8u be the corresponding increment of u. 

tt ®y n »» *» K‘ 

These being finite increments, it b obvious that by the 
law of fractions 

^ ^ ^ 


Let — > 0 ; in consequence 8u and 8y will proceed 

to zero. Then each of the ratios approaches a 

limit. 
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U U 

= Lt O') X Lt (I-) 
8,_^oV8«/ «,_>.o\5*/ 

by the third law of limits, § 21. 

• ^/ = V 

*• dx du^dx 

Applying this result to the above we have: 

= 4m* 
du 

and as M = ** — 6 


dy du 

dx du dx’ 


. dy - 

*• dx 


4 m ® X 2x 


i.e., ^ = 4(x® — 5)® X 2x = 8x(x® — 5)®. 

Worked Examples. 

Example I. Differentiate y = Vl — x* 

= (1 - x:®)*. 

Let u = 1 — X® ; then ^ = — 2x and y = m*. 
=1(1-*=)-*- 

Sinc^^ 

OlllCc X 

dx du dx 

substituting "" **)”* ^ (~ 2x) 

= - x(l - x®)-t 

_ — X 

“vr^T®- 
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Example 2. Differentiate y = {x^ — 3x + 6)^. 

Let u — 3x + 6; then ^ =^2x — 3 and y = w®. 


Substituting in 


dy 

du 


= 3w* 


= Z{x^ - 3^ + 6)*. 

^ ^ du 

dx~~~ du ^ dx 


^ = 3(;«® — 3* + 6)» X (2* - 3) 

= 3(2x - 3)(x* - 3x + 5)*. 

After some practice the student will probably find that 
usually he will be able to dispense with the use of " u ” and 
can write down the result. The above example is a con- 
venient one for tr3dng this procedure. 


Example 3. DiffermtiaU y = {3x* — 5x -f- 4)1. 

Working this without introducing u, the solution can be 
written down in two stages, as follows : 


^ = f (3x* — 6x -h 4)f-i X d.c. of (3x* - 6x •+• 4) 

= |(3x» - 5x 4- 4)t X (6x - 5). 

Example 4. Differentiate y = (x* -f 1. 

This being a product of two functions, we employ the rule 
d(uv) dv , du 


Hence 

^ = (*«H-6){d.c. of 

+ + i X d.c. of (x» + 6)} (A) 

Of these 4^. is a fimction of a function. 

It is better to work this separately and substitute after- 
wards: 


= i{*» 4- 1)*-^ X {(d-c.) of (x« 4- 1)} 

= i(** 4- l)-» X 2x 
2x 

“ 3(x“ 4- 1)»‘ 
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Substituting in (A) 

s = <*’ + ^ 

2x(x» + 5) ^ 

3^{x* + l)» 

This might be further simplified. 


Example 5. Differentiate 

Employing the formula for a quotient, viz. 1 


d /« 
du\v 




and substituting 

_ 4x X {d.c.ofVl + 3x} — {Vl +3x x d.c.of 4x} 
dx ~ (4x)* 

Of these Vl + 3x or (1 + 3x)l is a function of a function. 
Applying the method above 


£ (1+ 3x)* = J(1 + 3x)-* X 3 = 
Substituting in (A) 


2 V 1 + 3*’ 


dy ^ ^ 2 V 1 + 3x 
dx ~ 16x* 

fix , 

Ifix* 


fix — 4(1 + 3x) 

IfixVl + 3x 

fix — 4 — 12x _ — 4 — fix 

IfixVlTSx “ lfixVr+3x* 
2 + 3x 
8xVl + 3x 
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48. Differentiation of implicit functions. 

It was pointed out in § 11 that it frequently happens, 
when y is a function of x, that the relation between x and y 
is not explicitly stated, but the two variables occur in the 
form of an equation from which y can be obtained in terms 
of X, though sometimes this is not possible. Even when y 
can be found in terms of x, it is in such a form that differ- 
entiation may be tedious or difficult. This is apparent 
from the examples of Implicit functions given in § 11. 

In such cases the method adopted is to differentiate 
term by term throughout the equation, remembering that 
in differentiating functions of y we are differentiating a 
function of a function. 

Example I . Find ^ from the following equation. 

X* —yi^ -\-Sx = 5y. 

Differentiating 2x —2y .^ + 3 — 6^. 

The differential coefficient ^ remains, as we have not 

dx 

yet determined it. It will be seen, however, that the 
equation can be solved for 
Thus collecting terms involving it 

or ^{2y +6) = 2x + 3 

. ^ 2x -f 3 

•• dx~2y+S' 

It will be observed that the solution gives ^ in terms of 
the two variables x and y. When corresponding values of 
X andy are known, the numerical value of ^ can be deter- 
mined. An example of this follows. 
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Example 2. Find the slope of the tangent to the curve 
Af* + + 3^* = 4 a/ the point (2, — 2). 

Differentiating ac* + + 3;* = 4 as shown above, and 

remembering that xy is a product 

^+^'+*■ 1 + 24 =®- 

+ - P*+y) 

^ — 2a: -Hy 

dx X + 2y' 

X = 2,y == —2 

dy _ 4-2 

dx 2 — 4 

= 1 . 

.*. the gradient of the tangent to the curve at this point 
is 1 and the angle of slope is 45°. 

Exercise 8. 

Differentiate the following: 

1. t^x + 6)*; (1 - 5x)*; (3x + 7)K 


and 

when 


(l-2a:)a; Vl-2x. 


1 ~2x‘ 

3. {:c*-4)5; VSx^ - 7. 

^ ; Vl — 2a;*; x's/l — x^. 

1 1 


4. 

6 . 

6 . 


1 — 2a:*' 
1 


4 -a;' V4^’ 
1 1 


<4 


.^)*- 

X 


— 1 ' _ 1 ’ ^1 +x*' 

VI -*>' V(i^)' V(r+i;:)' 

8. Va» + «•; 

10. Vl - » + **; (1 — 2**)». 
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191 — ^ 

Vl + 2 a : 

• V1+X3’ 

X 

* 

\/l + 

• VI +X»’ 

X 

u 1 

• 1 

V2x^ — 3 x + 4 ’ 

15. 

1 — X ' 

a ; V 2a; + 3. 


Find ^ from the following implicit functions! 

16. 3** + Ixy + 9v* = 6. 

17. (*» + -y) = 0. 

18. it? 4- ^ = 3icy. 

19. it? -j- = <*”• 

20. Find the gradient, at the point (1, 1), of the tangent 
to the curve x‘ — 3a; + 4y — 3 = 0. 

49. Successive differentiation. 

It was pointed out in § 32 that the differential coefficient 
of a function of x, unless it be a linear function, is itself a 
function of x. 

For example, if y = 3x* 
dx 

Since 12a? is a function of x, it can be differentiated with 
respect to x and 

^(12x’)=36x*. 

This expression is called the second differential coefficient 
of the original function, and the operation can be indicated 



The symbol ^ is employed to represent the second 
differential coefficient. In this symbol the figure "2" in 
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the numerator and denominator x is not an index, but 
signifies that y, the original function, has been twice 
differentiated and each time with respect to x. 

Thus, ^ measures the rate at which ^ is changing with 

respect to x, just as ^ measures the rate at which y is 

changing with respect to x. 

The second differential coefficient is also a function of x, 
unless is a linear function or a constant. Consequently 
can also be differentiated with respect, and the result 

is the third differential coefficient of y with respect to x. 

d^y 

It is represented by 


Thus in the above example in which 

dy 

</x® 


72x. 


Thus it is possible to have a succession of differential 
coefficients. This process of successive differentiation can 
be continued indefinitely or until one of the differential 
coefficients is a constant. This can be illustrated by the 
example of y = x”, as follows: 


Successive differential coefficients of x". 


y = X" 

^ — nx” 
ax 


dx* 


= n{n — I)*"-* 


d^y 

dx^ 


= n{n — 1)(» — 2)x"-^. 


If n is a positive integer this process can be continued 
until ultimately n — n is reached as the index of x and the 
differential coefficient becomes »(n — 1) (n — 2) . . . 3, 2, 1 
— i.e., factorial n or [ji. The next and subsequent 
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differential coefficients are zero. If n is not a positive 
integer the process can be continued indefinitely. The 
following example will serve as an illustration. 

Find the successive differential coefficients of 


Then 


_ 7x» + 6x + 3. 
^ = 3x» - 14x + 6 


= 6x - 14 


dx* 

^ = 6 

^=0 
dx* "• 


50. Alternative notation for differential coefficients. 

The successive differential coefficients are also called the 
derivatives or derived functions of the original function. 
They may conveniently be denoted by the following 
alternative symbols: 

(1) When the functional notation is employed: 

If f{x) or ^{x) denotes a function of x, 

f (x) or <f>' {x) denotes the 1st diff. coefficient. 
r(x) or^''{x) 2nd 

f"(x)oTr'{x) „ 3rd 

f^{x) or ^^{x) „ 4th „ etc. 

(2) Or y may be retained with a suffix or an accent: 

Thus if y denotes the function. 

yi „ 1st diff. coefficient. 

yt M 2nd 

y$ 3rd II I etc. 

or sometimes the terms y', y" , y'" . . . are used. 

51. Derived curves. 

If has been shown above that successive differentiation 
of a function of x produces a set of derivatives each of which 
is also a function of x. These derivatives can be represented 
by their graphs. Consequently the derived functions give 
rise to a senes of derived curves, between which de^ite 
relations exist. 
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Consider the function 

y == —4x + 3 

then yj^ z=2x — 4 

and y^ = 2. 

Fig. 11 shows (1) the graph of y = x^ — 4x + 3, (2) the 
graph of = 2 a; — 4, and (3) y^ = 2, the graphs of the 
two derived functions. The following connections between 
the curve of the original function and of its two derivatives 
will be obvious. 



Fig. 11. 


(1) Sincey 1 , the first derived function, gives the rate of 
increase of y with respect to x. Its value for any assigned 
value of X equals the gradient at the corresponding 
point on the curve. 

Take any point A on OX where x = 3-6. Drawing 
the ordinate at il, P is the corresponding point on the 
curve, and Q the point on the straight lineyi = 2x — 4, 
the first derived function. 

Then, the value of the ordinate QA Is equal to the 
gradient of the curve at P. This value is seen to be 
3*2 units. By calculation, substituting x == 3*6 in 
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Vi =2x — 4, the differential coefficient, this is equal 
to (2 X 3*6) - 4 = 3-2. 

(2) The graph of the second derived function, viz. 
y, = 2, being parallel to OX and having a constant 
value for any ordinate, shows that the gradient of 
yi = 2x — 4 is constant, viz. 2. 

(3) At the lowest point B on the curve of y = x* — 
4x 3 the value of the ordinate at the corresponding 
point on the first derived curve, = 2x — 4 is zero ; 
it cuts OX at this point. Thus the gradient of the 
original function is zero, when x = 2. A tangent 
drawn to the curve at B will be parallel to OX. 

(4) For values of x less than 2, the function x* — 
4x + 3 is decreasing while the derived function values 
are negative. For values greater than 2, x® — 4x + 3 
Is increasing and the derived function 2x — 4 is positive. 

Exercise 9. 

Write down the first, second and third derivatives of 
the following functions of x: 

1. x*(x — 1). 2. x^. 

3. 5x* — 3x^ + 2x' — X + 1. 

4. lOx* — 4x® + 6x — 2. 

6. i. 6. Vx. 

7. V2F+T. 8. Ij. 


9. Find the nth differential coefficient of -2 __ 2 * 

[Hint. =^(-5- 

L a* — X* 2a\a + X a — x/J 

10. If /(x) = 6x* — 6x + 3, find /'(O). For what value 
of X is /' (x) = 0 ? To what point on the curve of /(x) does 
this correspond? 

11. If /(x) = x» - 6x* + 7. find /'(I) and /"(2). For 
what values of x does /'(x) vanish? 

12. Find the values of x for which the curve of /(x) = 
Jx* — |x* + 6x + 1 has zero gradient. For what value of 
X is the gradient of /'(x) equal to zero ? To what value of 
/'(x) does this correspond? 
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MAXIMA AND MINIMA VALUES. POINTS OF 
INFLEXION 

52. Sign of the differential coefTicient. 

The sign of the differential coefficient, to which brief 
references were made in §§ 34 and 51, must now be examined 
in more detail. 

If y is a continuous function of x, and if x receives an 
increment 5x, then y will be increased or decreased by a 
‘finite quantity 6y. 

If y is Increased, then 5y must be positive, and 6x being 
always positive, the rate of change as expressed by the 

limit of — i.e., ^ — must be positive. 

If, however, y is decreased, 6y must be regarded as 
negative. Hence the rate of change as expressed by the 

limit of ^ must also be negative — i.e,, ^ must be negative. 

' More concisely : 

(1) If y increases as x Increases, is positive. 

(2) If y decreases as x increases, is negative. 

Similar conclusions were reached in connection with the 
gradient of a curve at a point. Since algebraical functions 
can be represented graphically, the form of the curve, as 
shown below, will indicate whether the function is increasing 
or decreasing, and consequently whether the differential 
coefficient is positive or negative. 

A. Functions which are increasing are shown by portions 
of their curves in Figs. 12(a) and 12(6), where P is a point 
on the curve and Q the point corresponding to an increase 
of 8x in the value of x. 

(1) Curves may be concave upwards and rising, as in 
Fig. 12(a). Examples are y = (for positive values of 

x), y = 10*, y = tan x ^between 0 and 

77 
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(2) Or they may be concave downwards and rising, 
as in Fig. 12 (i). Examples are, y = y == log x, 

y == sin X ^between 0 and 



In both kinds the curve rises upwards to the right as x 
increases. 

As is evident from the figures, as x is increased by 6x, 
y is increased by 6y, 

Thus and its limit are positive. 

Geometrically it is evident that in each case the tangent 



MAXIMA AND MINIMA VALUES 79 

to the curve at P makes an acute angle with OX. Hence 
the gradient, given by tan 6, is positive. It is also evident 

that in Fig. 12(a) ^ is Increasing, in Fig. 12(6) decreasing. 

B. Functions which are decreasing can be similarly repre- 
sented by portions of their curves in Figs. 13(a) and 13(6). 



Using the same letters and notation as in Figs. 12 (a^ and 
12(6), it b evident that in each case, as x at the pomt P 
receives an increment 8x, the new value of the function at x 

b less. Hence ^ must be regarded as negative and with 
dv 

its limit are negative. 
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As before, there are two types: 

(1) The curve concave upwards falling, as in Fig. 

13(a). Examples are: j 

y — X* (for negative values of x), y = y = 

cot X ^between 0 and etc. 

(2) The curve concave downwards falling, as in 
Fig. 13(6). Examples are: 

y = sin * ^between ^ and y = — x* (positive 

values of *), etc. 

The tangents drawn to both of these curves make obtuse' 
angles with OX. Consequently tan 6, the gradient of the 
line, is negative. 

It is also clear that ^ is Itself Increasing In 13(a) but 
decreasing In Fig. 13(6). 


53. Stationary values. 

Two of the cases illustrated above — viz.. Figs. 12(a) and 
13(a) — occur in the graph ol y = x* —4x +3 which was 
shown in Fig. 11. This is repeated in Fig. 14, and we will 
examine it further. 


Since 


y = X* — 4x + 3 

|' = 2x-4. 
ax 


This latter is represented in Fig. 14 by the straight line 
AB. 

The following changes in the curve and function can be , 
seen from the graph : 


(1) While X Increases from — oo to + 2. y Is 
decreasing. Values of ^ — ^represented by the line 

AB — are negative (see Fig. 13(a)). 

(2) While X Increases from +2 to + oo , y Is 

Increasing (see Fig. 12(a)). Hence values of ^ are 
positive. ^ 

(3) At C the curve ceases to decrease and begins 
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to increase. Thus when x = 2, the value of y is 
momentarily not changing, but is stationary. There 

Is therefore no rate of change, and Is zero. The 

straight line AB thus cuts OX at this point. 

Hence when x = 2, the function is said to have a 
stationary value, and C Is called a stationary point on 
the curve. 



Fio. 14. 

These important conclusions may be summarised as 
follows: 

(1) If X <+ 2, y is decreasing and ^ is negative. 

(2) If X > + 2, y is increasing and ^ is positive. 

(3) When x = 2, at C y is momentarily neither in- 
creasing nor decreasing — ^i.e., the function has a stationary 

value and ^ 
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Next we will consider the function: 


y 

. dy 
" dx 


= 3 +2x~xK 

= 2 - 2x. 


The graphs of these are shown in Fig. 16, in which the 



Fig. 16. 

straight line AB represents the derived function 2 — 2x. 
Examining these, as was done above, we see: 

(1) When X <. A- I, y is increasing and ^ is positive, 

(2) When x> 1, y decreasing and ^ is negative. 

(3) When * = 1 (at C) y has ceased, to increase and 
begins to decrease. 

the value of the function at C is stationary and 
the curve has a stationary point. 
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54. Turning points. 

Comparing the stationarj^ points in Figs. 14 and 15 of 
the curves of 

y = + 3 

and y = 3-{-2x — x^ 

we note the following important differences. 

In y = X® — 4x + 3, at the stationary point, 

(1) The curve Is changing from concave upwards 
falling to concave upwards rising (Figs. 13(a) and 12(a). 
The slope, 0, changes from an obtuse angle, through 
zero, to an acute angle. 

(2) The values of the function are decreasing before 
and Increasing after. 

(3) Consequently ^ is negative before and positive 
after. 

In y = 3 + 2x — x^ 

(1) The curve Is changing from concave downwards 
rising, to concave downwards falling; but 0 is 
changing from an acute angle before the point to an 
obtuse after (cf. Figs. 12(6) and 13(6)). 

(2) The values of the function are Increasing before 
and decreasing after. 

(3) Consequently ^ is positive before and negative 
after. 

Thus at both points : 

(1) The function decreases before and increases 
after, or vice versa. 

(2) == 0 and changes sign. 

Such points on a curve are called "turning points". 
We shall see later that not all stationary points are turning 
points. 

It should be noted that for both stationary and turning 
points an essential condition is that ^ = 0- the 

behaviour of the function before and after, and conse- 
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quently that of the differential coefficient, which deter- 
mines the difference. 


55. Worked examples. 

Example I. For what value of x is there a 
on the curve of y = 2x^ — 6x +97 


If 


y = 2** — Qx + 9 


dx 


= 4x-G. 
dy 


For a stationary point ^ = 0. 


turning point 


and 


4x — 6=0 

x= 1-5. 


For values of * < 1-5, ^ is negative. 

.*. function is decreasing. 

For values oi x > 1'5, ^ is positive, 
function is increasing. 

As the function is decreasing before the stationary point 
and increasing after, 

/. there is a turning point when x = 1-5. 


Example 2. Examine y = 1 — 2x 
points. 


If 


y = 

dy 

dx 


I -2x-x* 
-2 ~2x. 


— X* 


for 


turning 


For stationary values ^ = 0- 

— 2x — 2 = 0 and x = — 1. 
there is a stationary point where x = — 1. 

If X < — 1, ^ is positive; y is increasing. 

If X > — 1, ^ is negative ; y is decreasing. 

y is increasing before and decreasing after the 
stationary point. 
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the stationary point is also a turning point when 

X = — I. 

Note. — ^The student is recommended to draw the 
curves of the above two functions. 

56. Maximum and minimum values. 

There is a very important difference between the turning 
points of the curves of the functions examined in § 63, viz. : 

y = X* — 4x + 3 
and y — 3 -{■ 2x — X*, 

as the student will have observed by an examination of 
“Figs. 14 and 15. 

(1) In y = X® — 4x + 3 (Fig. 14) the turning point 
C, is the lowest point on the curve — i.e., at that point 
y has its least value. If points are takeil on the curve 
close to and on either side of C, the value of the function 
at each of them is greater than at C, the turning point. 

Such a point is called a minimum point, and the 
function is said to have a minimum value for the 
corresponding value of x. 

It should be observed that values of the function 
decrease to the minimum point and increase after it. 

(2) In y = 3 + 2x — x* (Fig. 16) the turning point, 
C, IS the highest point on the curve — t.e., at that point 
y has its greatest value. If, again, points are taken 
on the curve, close to and on either side of C, the 
value of the function at each of them is less than at C. 

Such a point is called a maximum point, and the 
function is said to have a maximum value for the 
corresponding value of x. 

Values of the function increase to the maximum value 
and decrease after it. 

The values of the function at the maximum and minimum 
points, while greater or less than values at points close to 
them on the curve, are not necessarily the greatest and 
least values respectively which some functions may have. 
This will be apparent in a function such as that which is 
' examined in the next section. Examples of both maximum 
and minimum values may be found in the same graph. 
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57. The curve of y = (x — l)(x — 2)(x — 3). 

This function will vanish when x — 1=0, x — 2=0, 
and X — 3 = 0 — i.e., when x = 1, x = 2 and x = 3. 

Consequently the curve will cut the x axis for these 
values of x. If the function is a continuous one — i.e., 
small changes in x always produce correspondingly small 
changes in y — then, between two consecutive values for 
which the curve cuts the axis there must be a turning point. 

Consequently for the curve of the above function there 
must be two turning points. 

fl) Between the points x = 1 and x = 2. 

(2) Between the points x = 2 and x = 3. 

We note further by examination of the function: 

(1) If X < 1, y is always negative. 

(2) If X > 1 and < 2 y is positive. 

i3) If X > 2 and < 3 y is negative. 

(4) If X > 3, y is alwa 3 rs positive. 

These last two sets of results lead us to the conclusion 

(1) That there is a maximum point (positive) 
between x = 1 and x = 2. 

(2) That there is a minimum point (negative) 
between x = 2 and x = 3. 

Making the usual table of corresponding values of x and y 
and making use of the above conclusions, the curve can 
be drawn as shown in Fig. 16. It would need, however, 
much tedious calculation to obtain with any high degree of 
accuracy either the value of the maximum or minimum 
points, or the corresponding values of x. 

We therefore proceed to the algebraical treatment of the 
problem. Multiplying out the function, we have: 
y = *» — 6x* + 11* — 6. 

= 3** - 12x + 11. 

It is a necessary condition for turning points that 



3x* - 12x -h 11 = 0. 
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Solving the equation, the two roots are * = 142 and 
X — 2*68 (both approx.). 

> For these values of x, therefore (marked P and Q on 
Fig. 16), there are turning points on the curve. 
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Fig. 16. 

Substituting the values in the function, we get for the 
values of the turning points: 

y = + 0‘386 (P on Fig. 16) 
and y = — 0-385 \Q on Fig. 16). 

The conclusion therefore is that: 

(1) y has a maximum value of 0-386 when x = 1-42. 

(2) y has a minimum value of — 0-386 when x = 

2 - 68 . 
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58. To distinguish between maximum and minimum values. 

In the preceding example it was possible to decide which 
was a maximum and which a minimum value by reference 
to the curve of the function. This method, though valuable 
as an illustration, is not satisfactoiy for practical purposes. 
Accordingly, we proceed to examine algebraical methods, 
which are general in their application and can be employed 
with certainty and ease. 

Three methods can be used; they all follow from the 
conclusions previously reached. 

Test L Examination of changes in the function near the 
turning points. 

A maximum point was defined as one at which the value 
of the function is greater than for values of x, a little greater 
or a little less than that at the turning point. 

A minimum point was similarly defined as one at which 
the value of the function is less than for values of x slightly 
greater or less than at the turning point. 

Test I consists in the application of these definitions. 
Values of x slightly greater and less than that at the 
turning point are substituted in the function. From a 
comparison of the results we can decide which of the above 
definitions is satisfied. 

This might be expressed in general terms as follows: 

Let f{x) be a function of x. 

Let 0 be the value of x at a turning point. 

Then f(a) is the value of the function at the point. 

Let A be a small number. 

Then f(a + A) is a value of the function slightly greater 
than at the turning point and f[a — A) is a value of the 
function slightly less. 

Then for a maximum f{a) is greater than both f[a + A) 
and f{a — A). 

Test li. Changes in the value of the differential 
coefficient before and after the turning point. 

(1) Maximum point. We have seen above that: 

The function is increasing before and decreasing 
after. 

dv 

^ must be positive before and negative after. 
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To discover this, substitute in the differential coefficient 
values of X a little greater and a little less than the value at 
the point. 

If it is changing sign from positive to negative through 
the zero value the point is a maximum. j 

(2) Minimum point. Similarly, since ^ must be 

negative before and positive after, if on substitution as 
before it is changing sign from negative to positive, the 
point is a minimum. 

Test III. Sign of the second differential coefficient. 

This method is based upon the fact that is the 
differential coefficient of and indicates, therefore, the 
variations of that function. 


(1) Maximum point. 

(a) The function is increasing before and decreasing 


after. 

w 

(c) 

(d) 


^ is positive before and negative after, 
at a maximum point is decreasing. 

■ 


must be negative. 


(2) Minimum point. 

(a) The function is decreasing before and increasing 
after. j 

(b) ^ is negative before and positive after. 

UX Jy 

(c) at a minimum point In Increasing. 

.*. ^ must be positive. 


59. Graphical illustrations. 

All these conclusions can be exemplified by further 
consideration of the curve of 

y = (x-l)(x-2)(x-3) 
or y — — 6x* + llx — 6 

which was examined for turning points in § 67. 
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Since f(x) = *» — 6** + — 6 

/'(*) =3*»-12;k + 11 

/"(*) ==Qx- 12 . 

All three curves are shown in Fig. 17. 
Testing for turning points 

Zx* - 12;e + 11 = 0 

whence * = 1-42 and 2'68 (as above}. 



Fig. 17. 

Corresponding to these values of x, marked A and B in 
Fig. 17, are the turning points P and Q, and it was found 
in § 57 that at P,f(x) = 0'386 and at Q, f(x) = — 0*386. 

Test III above may be employed to distinguish alge- 
braically which is the maximum and which the minimwn. 
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Accordingly we substitute in ^ or f”{x) those values of * 
which produce turning points. 

From above ^ = 6* — 12 

(1) When X = 142, 6x — 12 = 8-52 - 12 

. dPy ~ 3‘48, 

t.e. ^ Is negative 


t.e. 


P must be a maximum point. 

(2) When x = 2-58. 6a; - 12 = 16-48 - 12 
<f*y = “h 3-48, 

^ Is positive. 


Q must be a minimum point. 

Turning to Fig. 17, we will now examine these turning 
points, comparing for the maximum and minimum values 

the corresponding curves, viz.,f{x),f'(x) or ^>/"(*) 

A. At the maximum point P. 

(1) f' (x) = 0, the essential condition of a turning point. 

(2) fix) is increasing before P, decreasing after. 
i3) f{x) is positive before P, negative after. 

(4) r(x) is decreasing. 

(5) f"(x) or is negative. 


B. At the minimum point Q. 

(11 f'{x) = 0, the essential condition. 

(2) f(x) is decreasing before Q, increasing after. 

(3) f'{x) is negative before Q, positive after. 

(4) f'(x) Is increasing. 

(6) f"(x) or is positive. 

All of these conclusions are illustrated in Fig. 17. 

Of the three methods given above for the discrimination 
between maximum and minimum values of a function: 

Test I is a sound one fundamentally, though the 
calculations are apt to be tedious. 



92 TEACH YOURSELF CALCULUS 

Test II is also sound, but often laborious. 

Test III is generally the easiest and most useful, but 
there is an exception which will be discussed later. 


6 . 


= 0 . 


60. Worked examples. 

Example I. Find the maximum or minimum value when 
y = 2x* — 6x + 3. 

^=4x- 
dx * 

For a maximum or minimum 
dx 

4x — 6 = 0 
* = 1-5. 

There is a turning point on the curve when x = 1*5. 

To distinguish between maximum and minimum: 

(а) Considering the expression for viz. 4x — 6: 

(1) If * < 1*5, ^ is negative. 

(2) If X > 1-5 ^ is positive. 

.'. is increasing as x increases. 

.'. by Test II y is a minimum when x = 1’5. 

(б) § = 4. 

This is always positive. 

.". by Test III y is a minimum when x = 1-6. 

Example 2. Examine y — 5 — x — x* for turning points 
and distinguish between maximum and minimum. 

Since y = 6 — x — x* 

4' _ _ 1 _ 2x 

For a turning point — 1 — 2x = 0, 
whence x = — 
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{a) If — 1 — is positive. 

If a; > — I, — 1 — 2a: is negative. 

dy 

is decreasing as x increases. 

by Test II y is a maximum when x = — 

(b) Also & = 

This is always negative. 

by Test III the turning point Is a 
maximum. 

Example 3. Fiiid the turning points on the curve of 
y — X? — 6x* + 9x — 2, and distinguish between maximum 
and minimum. 

y = X® — Gx* + 9x — 2. 

. dy 

" dx 

dx* 

For turning points, 

-/= 0 . 

dx 

3x* - 12x + 9 = 0 
or X* — 4x -j- 3 = 0. 

X = 3 or I. 

There are turning points when x = I and x = 3. 

To distinguish between maximum and minimum, we use 

Test III and examine 

From above ^ = 6x — 12. 
dx* 


and 


3x* - 12x + 9. 
6x - 12. 


If X = 1, 
If X = 3, 


6. .’. a maximum point. 


df^ _ 
dx* 
d*v 

= + 6. .*. a minimum point. 


.'. the curve has a maximum point when x = 1 and a 
minimum point when x = 3. 
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The values can be found by substituting these values for 
X in the function + 9 ap — 2. 

They are maximum value + 2. 

minimum value —2. 

Example 4. When a body is projected vertically upwards 
with a velocity of 80 ft. per sec., the height (s) reached after a 
time t secs., is given by the formula s = 80^ — 16^^. Find 
the greatest height to which the body will rise, and the time 
taken. 

s is a function of t and s = 80/ — 16/*. 

Differentiating s with respect to /. 

= 80 - 32/. 

But when s is greatest 



80 - 32/ = 0 

whence t = 2-5 secs. 

This is always negative, .'. there must be a maximum 
value for s when t = 2-5. 

Substituting in s — 80/ — 16/® 

we get s=l00ft. 

Example 5. The cost, £C, per mile of an electric cable is 
. 120 

given by C = 1- 600jc, where x is its cross-section in 

X 

sq. ins. Find the cross-section for which the cost is least, and 
the least cost per mile. 

c = — + 600*. 

••• + 

dC 

For a maximum or minimum value of C, — 0. 

ax 
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-t- 600 = 0 
•• 600 

^ = ± V0*2 = Jt: 0-447 sq. in. (approx.). 


The negative root has no meaning in this connection, and 
is disregarded. 

To discover whether this value of x corresponds to a 
maximum or minimum, we use Test III. 


Then 


dx^ X® * 


Wlien X = 0*447 this is positive. 

the cost is a minimum for this cross-section. 

120 

Substituting for x in h000x,we get the minimum 

cost. ^ 

120 

Thus C = + 600 X 0-447. 

0-447 

= £537 (approx.). 


Example 6. A cylindrical gasometer is to he constructed so 
that its volume is V cu. ft. Find the relation between the 
radius of the base and the height of the gasometer so that the 
cost of construction of the metal part, not including the base, 
shall be the least possible. Find also the radius of the base, 
r, in terms of V, 

Let h be the height of the gasometer. 

Let A be the area of surface, excluding the base. 

The cost will be least when A is least. 

Using the formulae for a cylinder, without base, 

^ = 7rr® + 27rrA (1) 

and V = Tvr^h (2) 

These equations contain two independent variables, r 
and h. We accordingly eliminate one of them, h, between 
the two equations and obtain A in terms of r and V, which 
is a constant. 



From (2) 
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Substituting in (1) 


A =nr^ + (2nr x 


2 r 

nr^ -] . 


i4 is a function of r ; /. differentiate A with respect to r. 
Then 




dr r» 

dA 

Since A is to be a minimum, j- must equal zero. 

2^1o. 


zr.r 


and 


Also since 


-j = itr 

r* 

F =rtr®. 

sjv 


V = Kr^h 
jtr® = rr*A. 
h = r. 


Note . — ^The student should not make the mistake of 
attempting to differentiate A with respect to r in 
Equation (1) as it stands. Care should be taken to 
distinguish between constants and variables in such 
equations. In addition to containing two variables, 
this equation does not contain the constant V, It is 
therefore necessary to eliminate h and obtain A in 
terms of r and<v. 


61. Points of Inflexion. 

When studying how to discriminate between maximum 
and minimum values of a function, one of the tests applied 

(Test III) was that of the sign of ^ ; viz., that for a 

maximum it is negative, and for a minimum, positive. To 
complete this test it is necessary further to consider what 
d*v 

happens when ^ = 0. 
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The following brief investigation will also include con- 

r^4 o i*r» ^ — Q but thc funCtlOU Is 


, sidcration of a case in which ^ = 

neither a maximum nor minimum. 

We will first illus- 
trate these points by 
considering the case of 
y = 


Then ^ = 
ax 






!■■■■■■■■■■■ 


The curves of the 
function and its first 
two derivatives are 
shown in Fig. 18. 

It will be seen that 
the curve of y = 
passes through the 
origin, and at that 
point its curvature 
changes from concave 
downwards and rising 
(Fig. I2b) to concave 
upwards and rising 
(Fig. 12a). Thus it is 
rising in each part — 

I.C., it is Increasing 
throughout, except at Fig. 18. 

the origin, when the 

curve is momentarilj^ stationary. At that point, there- 
fore, there is a stationary value, the gradient is zero, 
and the tangent to the curve is the axis of x. It does not 
therefore fulfil the condition for a turning point — viz., 
increasing before and decreasing after, or vice versa. 

The curve of its differential coefficient — of y* = 3z* 

is shown in the parabola, which is dotted. This curve is 
always positive, which was to be expected from the fact 
that the function y = x* is always increasing. Its value is 

D (cal.) 
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zero at the origin. This indicates that the gradient of 
^ is zero at that point, which is a minimum point for 
y -=• Bx*. It shows further that jy =» has a minimum 
gradient at the point. 

Such a point as this on a curve is called a Point of Inflex- 
ion, the word indicating a bending in the curve. The 
curvature is changing at such a point from concave down- 
wards to concave upwards, or vice versa, as would be the 
case for y 

This is an invariable condition for a point of inflexion, 

but at such a point ^ is not necessarily zero, as in the above 

example — i.e., the tangent at the point is not always 

parallel to OX. Nor does the zero value of ^ necessarily 

correspond to a turning point for the function. But for 
the point of inflexion the gradient is a minimum and the 

minimum value of ^ in this example is zero. 

As an example of a function for which the tangent to the 
curve at a pomt of inflexion is not parallel to OX, we can 
consider the case of the point C on the curve of 

y = {x-l)(x-2){x- 3). (Fig. 17.) 

From this curve we note: 

(1) At the point C the curvature is changing from 
concave downwards to concave upwards. 

(2) When the curve is concave downwards ^ is 
decreasing. 


<Py 

Is negative 


(§62). 


When the curve is concave upwards ^ is in- 
creasing. 

^ Is positive (§ 62). 

(3) At the point of diange — i.e., at the point of 
inflexion—^ is zero. 
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(4) Consequently ^ is changing sign at the point 
of inflexion. , 

(6) At the point of inflexion, C, y , is a minimum for 
the corresponding value of x. 

(6) This value of ^ — ^viz., — 1 — gives the gradient 

of the curve at the point of inflexion. It is therefore 
the gradient of the tangent at the point. If 0 be the 
slope of the tangent, then tan 6 = — 1, and 0 = 136®. 
Summing up, it may be stated that at a point of Inflexion 
on a curve : 


(1) The curvature changes from concave upwards to 
concave downwards, or vice versa. 

(2) Consequently will be increasing before and 

decreasing after, or vice versa. 
d*v 

(3) Therefore ^ will be positive before and negative 

after, or vice versa, 
dv 

(5) ^ will also be a maximum or minimum. 


• • dx^ 


= 0 . 


d^y 

Thus changes sign through the point of inflexion. 


62. The tests for discrimination between maximum and 
minimum values of a function may be summarised as 
follows: 



Maximtim. 

Minimum. 

Point of Inflexion. 

y-/W 

(1) lacreasiiig before. 
(S) Decreasing after. 

(1) Decreasing before 

(2) Increasing after. 

Changing from con- 
cave up to concave 
down or vice-versa. 

dy 

dx 

(1) Positive before 

12 ) Negative after. 

(3) Equal to 0 at the 
point, 
decreasing. 

(1) Negative before 

(2) Positive after. 

(3) Equal to 0 at the 

point. 

.*. increasing. 

A maximum or mini- 
mum. 

B- 

Negative. 

Positive. 
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Exercise 10. 

1. Draw the curve oiy = — 2x. Find ^ and obtain 

its value when » = — 1, 0, 2, 3, checking the values from 
the graph. For what value of is there a turning point on 
the curve? Is this a maximum or minimum point? 
d^v 

What is the sign of ^ ? 

2. Draw the curve of v = 3x — x\ Find and calculate 

dv 

its value when x = 0, 1, 2, 3. For what value of x is ^ 

dh/ 

zero ? What is the sign of ^ for the same value of x ? 

Is the function a maximum or a minimum for this value ? 

3. Find the turning points for the following function and 
ascertain whether the function is a maximum or minimum 
in each case: 

(1) 4x* — 2x. (2) x — l*6x*. 

(3) X* + 4x + 2. (4) 2x* + X - 1. 

4. Find the maximum and minimum values of the 
following functions and state the corresponding values of x: 

(1) x» - 12x. (2) 2x® - 9x* + 12x. 

(3) x3 - 6x» + 12. (4) 4x« + 9x* - 12x + 13. 

(5) 2 — 9x + 6x* — X®. 

6. Find the maximum and minimum values of 
(x + IJ (x — 2)* and the corresponding values of x. ^ 

6. Find the maximum and minimum values of 4x + -. 

X 

7. Divide 10 into two parts such that their product is a 
maximum. 

8. In a certain type of engine the ratio of expansion, r, 
and the number of pounds, iV, of steam used per I.H.P. 
hour are related by the equation N = 0’62r* — 6*6r + 32. 

Find the value of r which gives the minimum value of lY. 

9. A closed cylindrical tm is to be manufactured to 
contain 40 cu. ins. If the minimum amount of metal is 
to be used, what is the ratio of the height of the tin to the 
diameter of its base ? 

10. An open tank is to be made of sheet iron; it must 
have a square base and sides perpendicular to the base. 
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Its capacity is to be 8 cu. ft. Find the side of the square 
base and the depth, so that the least amount of sheet iron 
may be used. 

11. If ^ = 4-8 — 3-2/ and s = 6 when / = 0*5, express 

5 as a function of / and find its maximum value. 

12. If H and = 3 — find the maximum 

value of H, 

13. A rectangular sheet of tin, 30 in. x 24 in., has four 
equal squares cut out at the comers, and the sides are then 
turned up to form a rectangular box. What must be the 
length of the side of each square cut away, so that the 
volume of the box may be as great as possible ? 

14. The strength of a rectangular beam of given length is 
proportional to bd? where b represents the breadth and d 
the depth. If the cross-section of a beam has a perimeter 
of 4 ft., find the breadth and depth of the strongest beam. 

15. Find the values of x corresponding to (1) a maximum 
value, (2) a minimum value, (3) a point of inflexion on the 
curve of y = 2x3 + 3x3 _ 36^ + 10. 

16. Find the maximum and minimum values of the curve 
of the function jy = x(x3 — 1). Find also the gradient of 
the curve at the point of inflexion. 

17. Find the value of x at the point of inflexion of the 
curve of y = 3x3 — 4x + 5. 

18. The distance s travelled by a body propelled vertically 
upward in time t is given by the formula 

s = 120^ - 16/3. 

Find the greatest height which the body will reach and the 
time taken. 

19. The bending moment (M) of a beam, supported at 
one end, at a distance x from one end is given by the 
formula 

M = ^wlx — iwx\ 

where I is the length and w is the uniform-load per unit 
length. Find the point on the beam at which the bending 
moment is a maximum. 
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DIFFERENTIATION OF THE TRIGONOMETRIC 
FUNCTIONS 

63. The circular measure of angles. 

When considering the differentiation of the Trigono- 
metric or Circular functions it must be remembered that 
the angle whose function is being examined is assumed to 
be measured in circular measure. Thus, when finding the 
differential coefficient of sin 6 — i.e., the rate of increase of 
sin 0 with respect to 6 — it is clearly necessary that 6 should 
be measured in absolute units, and not in arbitrarily chosen 
units such as degrees or grades. Unless it is specially 
indicated to the contrary, in all further work in this volume 
angles will be regarded as measured in radians, often 
expressed in the convenient form of fractions or multiples 
of n radians. 

Students who are at all hazy about circular measure 
should revise it before proceeding further. (Trigonometry, 
Chap. X.) 

64. Differentiation of sin x. 

Let y = sin x. 

Let be an increment of x. 

Let Sy be the corresponding increment of y. 

Then y -p Sjy = sin (x + 8x) 

but y = sin X. 

.*. Subtracting 8y = sin (x + 8x) — sin x. 

... . - 8y sin (x + 8x) — sin X ... 

Dividing by 8x, ^ '-gj (A) 

Our next step is to find the value of the limit of the right- 
hand side as 8x — y 0. This requires some manipulation. 

We first change the numerator from a sum to a product 
by employing the trigonometric formula 

sm P — sm ^ = 2 cos — sm — g-* 

(Trigonometry, § 87.) 


loa 
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where (x + 6x) takes the place of P, and x the place 
of 

Transforming the numerator in {A) we get: 

2cos »* + y>+^> sm »* + y-^? 

oy z Z 

Sx 8x 

„ / , Sx\ . Sx 

2 cos + *2 j sm ^ 


or, re-arrangmg 


(* + f)x 


Transferring the numerical factor, 2, on the right side to 
the denominator, we have: 




. . . (B) 


In this form the second factor takes the form of the 

u 

limit of which, when 0 — 0, was found in § 19. From 
this we know that, proceeding to the limit in B, 

. 8* 
sm-^ 

Lt _i = i. 

tx—^O 


Taking limits, therefore, we havei 


Tt T4 ( y 2 

Lt ^ = Lt ■ cos 1 X + — ) X — r — 
j,_>.o5x *,->-0 \ 2/ 8x 


^ = COS X ^since ^ — > o) 

Geometric proofs of the above, as well as of those which 
follow, are of interest, and will be found in larger books on 
the subject. 
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65. Differentiation of cos x. 

Employing the notation eind method used with sin x we 
obtain: — 

By = cos {x + Sx) — cos x. 

Using the formula 

cos P — COS y = — 2 sm — sm — ^ 

(trigonometry, § 87.) 

- n • { , . Bx 

By = —2 sm + yj sin 


Dividing by Bx 


Sx 


= — 2 sin + y) X 


sm 


8 * 


^-sm(x+^) X 


8x 
. S* 

2 


Lt ^ 


Lt 

»*->o 


sin(*+f) 


sm • 


(as in § 64) 
8* I 


X 


whence 


^ — sin X. 

dx 


8x 

2 


66. Differentiation of tan x. 

This can be found most easily by making use of the 
differential coefficients of sin x and cos x as obtained above, 
sin X 


Since tan x — 


cosx 


dy _ (cos X X cos x) — {sin x x (— sin x)} 
dx ~ cos* X 

(quotient rule) 

_ cos* X + sin* X 
cos* X 


cos* X 


(Trig.. §65) 
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sec- X. 


A proof from first principles can readily be obtained by 
the method employed above for sin x and cos x, using the 
appropriate trigonometrical formula. 


67. Differentiation of sec x, cosec x, cot x. 

The differential coefficients of these functions can be 
found from first principles as above, but they are more 
easily obtained by expressing them as reciprocals of cos x, 
sin X and tan x, and using the rule for the differentiation 
of a quotient. 


(a) y 

Then 


= cosec X. 

1 

Sin X 

• . Q X 

• • dx"^ sin* X 


(quotient rule). 


This is more useful in the following form: 


— cos X cos X 1 

sin*x smx sin x 

/. ^ — cosec X cot X. 

dx 


( 6 ) 


Y = sec X. 


1 

cos X 

^ ___ — (— • sin x) 
dx cos* x 

— 

cos* X 


1 sm X 

X 

cos X cos X 


^ = sec X tan x. 

dx 


• • 


(quotient rule) 
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(c) y = cot X. 

1 

^ tan X 

• ^ — ~ * 

* * tan* X 

1 cos* * 

cos* X sm* X 

^ \_ 

sin*x 

^ — cosec^ X. 

dx 


(quotient rule) 


68. Summary. 

The above results are summarised as follows for con- 
venience: 


Function. 

dy 

dx 

sin X 

COSX 

cosx 

— sin X 

tan X 

sec^ X 

cosec X 

— cosec X cot X 

secx 

sec X tan x 

cot X 

— cosec^ X 


69. Differentiation of modified forms. 

The differentiation of the trigonometric functions 
frequently requires the application of the rule for “ a 
function of a function A very common form involves a 
multiple of x-Aot example, ox. This is a function of a 
function, and its differential coefficient is o. Hence this 
must appear as a factor of the differential coefficient. 

>» == sin ox, ^ = 0 cos ox 


Thus if 
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y ^cosax, ^ = — o sin ax 

y = tan ax,^ = a sec^ ox 

and similarly for their reciprocals. 

Thus S sin 2x =2 cos 2x 

ax 

d X 1.x 


d , ax 
y~ tan -j- 

dx 0 


= X sec^ 
0 


, ax 

T' 


Slightly more complicated forms are such as the following: 
If y sin {ax + ^ ^ 


y = sin (tc + nx). ^ 
y = tan (1 - 
y = sin (i). 


ix~ 
dy 
dx 


n cos (tt + nx) 
sec* (1 — x) 


« cos 

X® 


{**)■ 


70. Worked examples. 

Example I . Differentiate y = sva} x. 
i.e. y — (sin *)* 

•• dx 

= 2 sin cos x 
= sin 2x. 

Example 2. Differentiate y = sm'\/x. 
y = smx^ 

^ = cos (**) X (i*-*) 

i cos X ' — 7=-. 

V* 

_ cos ^/x 

“ 2Vi • 
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Example 3. Differentiate y = '\/sin x; 
= (sin^)* 

••• l = 

_ cos X _ cos X 
“ 2 sin X* ~ 2\/srrrx' 


Example 4. Differentiate y = sin® (a;®). 
y — (sin a:®)®. 

/. = 2 sin a;® x cos aj® x 2Af 

ax 

= 4x sin X® cos x®. 


(See §47.) 


Exercise 1 1 

Differentiate the following: 

1. 3sinx. 

o X 

3. cos 2 * 

6. sec0-6x. 


2. sin 3x. 

X 


4. tan 


3 \ 


6. COSCC 

u 


7. sin 2x + cos 2x. 
9. sec X + tan at. 

11. cos ^6 + sin ^0. 

13. cos (3re — x). 

15. sin®x. 

17. cos® ( 2x). 

19. tan V 1 — X. 

21. «(1 — cosx). 

23. cos ^2x + 

25. X® + 3 sin Jx. 
27. xsinx. 

29. X tan x. 

.. tanx 

Ox* • 

X 

33. cos® (x®). 


8. sin 3x — cos 3x. 

10. sin 4x + cos 5x. 

12. sin ^2x + 2 ^. 

14. cosec (fl — Jx). 

16. sin (x®). 

18. sec (x®). 

20. a sin nx + ^ cos nx. 
22. 2 tan 


24. tan 2x — tan® x. 


26. cos -. 
28. 

sm X 

X 


30. ^ 
tan X 

32. sin 2x + sin (2x)®. 


34. x®tanx. 
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35. cot (5x + 1). 
37. ^/ cos X. 

39. sin^ X + cos^ x. 

41. . 

1 + COS X 

43. 

Sin X 
COS 2x 

47. x^/sinx. 

49. ^ 


36. cot^ Zx, 

38. sin 2x cos 2x, 
40. sin^ X — cos^ x. 

AO ^ COS X 

;j j • 

1 + cos X 
44. x^ cos 2x. 
tan X — 1 


46. 

48. 


sec X 

sin^ X 


1 + sin x‘ 

50. sec^ X cosec x. 


1 tan X* 

71. Successive derivatives. 

Let y = sin 

Then ^ = cos 

ax 

cPy _ 
dx^ 
d^y 

--y- = — cos x 
dxr 

dy 
dy 

Clearly these derivatives will repeat in sets of four, 
identical with the first four above. 


-T - 4 = — sin 


sin X. 


From Trigonometry we know that cos x 
/. the above may be written : 


:sin(^+^). 

j|=cos* = sm(» + |) 

S = 4 (‘ + 5 ) } = “^ (* + 1) = *“ (* + y) 
S “si** (*+¥)}='“(* +t) (* +t)- 

They may be continued indefinitely, g being added in 
each successive derivative, the sine form being retained. 
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Thus it may be deduced that 


<J»Y 

<fx" 


= sin 



Successive derivatives of cos x may be similarly obtained. 
Those of tan x, sec x, cosec x, and cot * become complicated 
after a few steps in differentiation, and cannot be expressed 
by a general formula. 


72. Maximum and minimum values of trigonometric 
functions. 


Note . — Unless the student is familiar 
of an angle of any magnitude, he should 
metry, §§ 130-136. 

(1) y = sin X, y = cos x. 

When y = sin X 


dy 

= cos * 
dx 


with functions 
revise Trigono- 


^ _ 

dx^ 


— sin X, 


The graph of sin x is represented by the thickest curve in 

Fig. 19. The broken curve is that of and the thin one 
d^ d* 

dx^' 



Fig. 19. 
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A periodic function. Since sin x == sin (a; + 2n), the 
portion of the curve between * = 0 and x = 2 k will be 
repeated for intervals of 2 r as x increases. There will be 
similar sections for negative angles. 

Thus the section of the curve between 0 and 2it will be 
repeated an infinite number of times between — oo and 
+ 00 , the whole forming one continuous curve. 

sin X is an example of what is termed a periodic function, 
and the number 2n is called the period of the function. 

The following characteristics of the curve of sin x 
illustrate much of the work of the preceding chapter. 

(а) T;|rpes of curvature. The curve between 0 and 
2k provides examples of the four types of curvature 
illustrated in Figs. 12(a) and (b) and Fig. 13(a) and {b), 

while that of ^ illustrates the connection between these 

forms of curvature and the sign of the differential 
coefficient (see §52). 

(б) Turning points. The curve between 0 and 2 tt 
shows that between these two values of x there are 
two turning points, at P and Q, the values being + 1 
and — 1. 

At P, when x = ^, ^ = 0, and ^ is negative. 

.*. P is a maximum point. 

At Q, when * ~ y > ^ ~ ® ^ ** positive. 

Q is a minimum point. 

This is true for any section of 2r as x increases. 
Consequently throughout the curve from — oo to + w 
there is an Infinite sequence of turning points, 
alternately maximum and minimum. 

(c) Points of Inflexion. There are two points of 
inflexion on this section of the curve at A and B. 
At A the curve changes from concave down to concave 

up, ^ is a minimum, viz., — 1, ^ = 0 and is 

changing from negative to positive. 

Hence ./I is a point of minimum gradient. Its 



xxa 


TEACH YOURSELF CALCULUS 


gradient is given by the value of ^ at the point, viz., 

— 1. As this is the tangent of the angle of slope, the 
curve crosses the axis at an angle of 136*. 

At B this is reversed. The curve changes from 

concave up to concave down, ^ is a maximum, and 

2 ^ = 0, and is changing sign from positive to negative. 

B is therefore a point of maximum gradient. This is 
equal to + 1. and the curve cuts the axis at 46*. There 
is also a point of inflexion at the origin. 

It will be seen that Fig. 19 illustrates graphically the 
whole of the summary in § 62. ^ 

The graph of cos x is that of sin x, moved ^ to the left 
d>Y • ^ 

along OX. The curve of ^ shows its shape and position in 
Fig. 19. Consequently with angles, where they occur, 
diminished by g, the above remarks respecting sin x are 
applicable to cos x. 

(2) Y = tan x, y = cot x. 

When: When! 


y = tan x 

^ = sec* X 
ax 

^ = 2 sec* X tan * 


y = cot X 
^ =s — cosec* X 


<f*y _ 


= 2 cosec* X cot x 


The graphs of tan x and of its differential coefficient sec* x 
are represented in Fig. 20, the latter curve being dotted. 

The following characteristics of the curve of y » tan x 
may be noted: 


(a) 

tanx 


The curve Is discontinuous. When * — 

— > + <» • On passing through g, an infinitely 


small increment of x results in the angle being in the 
second quadrant. Its tangent is therefore negative. 
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while still numerically infinitely great. With this 
infinitely small increase in x tan 6 changes from -f 00 
to — 00 . The curve of the function is therefore 

A 

discontinuous. Similar changes occur when x = 

Stt . " 

, etc. This can be observed in Fig. 20. 



Fro. 20. 

(c) The function Is always Increasing, and this is 

indicated by the fact that viz., sec* x, is always 
positive. 

(d) There Is a point of inflexion when x = ir. The 
curve is changing from concave down to concave up, 
the differential coefficient, sec* x, is a minimum, and 
its value is + 1. Consequently the curve crosses OX 
at an angle of 45*. Similar points occur for x = 0 
and any integral multiple of w. 

Since cot x = ■ — its curve is the inversion of that 

tan X 

of tan X. It is always decreasing (— cosec* x is always 
negative); it is periodic and has points of inflexion 
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when ^ ^ • The student should draw it as 

an exercise. 

(3) y = cosec x, y = sec x. 

Turning points on these curves may be deduced from 
those of their reciprocals. When sinx is a maximum, 
cosec X is a minimum; consequently the curves are 
periodic* and maximum and minimum veilues occur 
alternately. 

If y = cosec x 

dv 

^ = — cosec X cot X. 

When X = — cosec x = — 1, cot x = 0. 



d*v 

^ will be found to be positive. 

Hence there is a maximum value when * = g. 

Both curves are discontinuous and periodic. 
(For the curves see Trigonometry, pp. 167, 168.) 


73. Worked example. 

Find the turning points on the curve o/y = sin x + cos x. 

If y = sin X + cos x 

dy 


dy 

= cosx 
dx 


sm X. 


For turning points 


Putting 

and 


cosx 


-a 

- sin X = 0 
sin X = cos X 
tan X = 1. 



But this is the smallest of a series of angles whose 
tangent is + 1. 
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All these angles are included in the general formula 


hk + I {Trig., § 136.) 

/. the angles for which there are turning points in the 
above function are 

n 5 tz 9tz 
4’ “4' T • • • 

Also ^ == — sin a; — cos x. 

dx^ 


This is negative when 


and positive when 


ic Otc 



/. the curve is periodic, and maximum and minimum 
values occur alternately: 

Maximum when x = j, ^ . 

4 4 


Minimum when 


Stu IStt 

^ ~ “4 ' • • • 


Max. value 



I ^ 

+ COS J 


1 Similarly minimum value = — ■y/l. 


The curve is represented in Fig. 21. P is the maximum 
point and Q the minimum. A Is obviously a point of 
inflexion. 

The curve can be drawn by first drawing the curves of 
sin X and cos x, and then adding the ordinates of the two 
curves for various values of x. 

The curve is a simple example of what are termed 
Harmonic Curves, or wavediagrams, which are of importance 
in Electrical Engineering (see Trigonometry, § 139). 
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■ ■■■■■ 

■ ■■■■■ 

BBBBBIBr^BBBBB^^BBBBBBBBBBBBBBBBBBBBB 

BBBBBIBiiBBBBBBIklBBBBBBBBBBBBBBBBBBBB 

BBBBBl'iBBBBBBBBlL'BBBBBBBBBBBBBBBBBBBB 


BBBBBIBBk?IBB’^BBBk'BB;:«BBBBBBBBBBBBBBBB 


BBBBBIBBr^BBBBJ^BBBBk'BBBBklBBBBBBBBBBBB 

BBBBBIBrBBBBBBBBBBBlBBBB^BBBBBBBBBBB 


I ^SaBBBBBBr BBBBi'Z^I 


IBBilBBBBBBBBBB 


BBBBBBBBBBBBB 

BBBBBBBBBBrBB 

BBBBBBBBBr.BBB 

BBBBBBBarjBBB 

BBBBBBBB'iBBBB 


BBBB’^BBriBBkBB 


■fil 


riBBBBB JBBBriBB 
BBBBarBBBrBBB 
BBBBBNBBB^iBBB 

BBBBBJBBrBBBB 




- - - BTB 

BBBBw*^BBaaBBBB|^k1BBBBk'aB£4ik'BBBBBBBB'J^^BBNBBB'J.CASBB 

BBBBBtBBBBBBBBiaBBBBBBBBBaB^BBBBBBr.BOBBriBBriBBBBBB 

aBBBBIBBBaBBBBaiBk''BBaak'BBBBk'BBBBBBABnBa'iBBVJBBBBBB 

BBBBBkBBBBBBBBBBBBw^ BBB BlBBBBk^BBB^iBBBBBrBBB^^BBBBBBB 

BBBBBaBBBBBBBBBaBBB.'^MBk'BBBM^^BariaaBBBB'JBBrjBBBaaBBB 

BBBBBIBBBaaBaaBBBBBa^BBBiaBBBB^^aBBBBBr^BBr^BBBBBBBBB 

BBBBBIBaBBBBBflBaBBBBB^BBk'BBaBB^^.^BBBBBrJB’^BBBBBBBBBB 

BaBBBIBBBBBBBBBaBBBBBB2HiBlBBB^BBi:>BBBB'JB:^BBBBBBBBBBB 

aaaBaaBaBaBBBaaBBBBBBBB^^k'BP! 4 lBBBBk:«B^CaBBBBBBBBBBBB 

BBBBBiBBBBBBBBBBaaBBaBaaBa.^BBBaBaaaraaaaBaaaaaaaaaB 

BBBBBIBBaaBBBBBBBBBBBaBBaBkBBBBBBBrBBBBBBBBBBBBBBBB 


BBBaBIBaBBBBBBaBaBBBBBBBBBBBk:aaP’:iBaBBBBaBaBaaBBBBBB 
aaaBaBBBBBBBBBBBBBBBBBBBBBBBBBP^BBBBBBBBBBBBBBBBBBB 
BBBBaaaaBaaBaaaaaaBBaBBBBaaaaB^. 

BBBBBB BBWBBBBBBBBBBBBBBBBBBBBBr^ 

■BBBBI 



Exercise 12. 

For what values of x, not greater than tt are there maxi- 
mum or minimum values of the following ? 

1. sin 2x — X. 

2. sin* X cos* 

3. sin X + sin X cos x. 

. sin X 

1 -f tan x’ 

6. 2 sin a: + cos x. 

6. sin x + cos 2x. 

7. 2 sin X — sin 2x. 

8. sin X sin 2x. 

9. What is the smallest value of x for which 2 sin x 
+ 3 cos X is a maximum. 

10. Find the smallest value of x for which tan* a; — 2 tan x 
is a maximum or minimum. 

11 . Show that the maximum value of a sin 0 + b cos 0 

is + 6* and the minimum value — + 6*. 

{Trig., § 139.) 
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74. Inverse circular functions. 

When we write y = si n x the sine is expressed as a function 
the angle denoted by x. When x varies, the sine varies 
in consequence — i.e., the angle is the independent variable 
and the sine the dependent variable. 

But we may require to reverse this relation, t.e., to 
express the angle as a function of the sine. Thus we 
express the fact that when the sine is varied, the angle 
varies in consequence. The sine now becomes the Inde- 
pendent variable and the angle the dependent variable. 
This relation, as the student knows from Trigonometry, is 
4 ;expressed by the form 

y = sln-^ X 

which means, y Is the angle of which x Is the sine. From 
this meaning we can write down the direct function relation, 
viz.: 

X == sin y. 

It must be noted that the — 1 is not an index, but a 
part of the symbol sin-^, which expresses the inverse 
function. 

All the other circular functions can similarly be expressed 
as inverse functions. 

75. Differentiation of sin-^ x and cos-^ x. 

Let y = sin-1 x 

Then, as shown x = siny (A) 

Differentiating x with respect to y. 

dx 

” dx ^ cosy’ 
dy 

From the relation sin®^ + cos*jy = 1 we have 

cosy = -^m^ = a/I — X* (from A) 

^ i 

3x VI — x2’ 


Hence 
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Similarly if y = co$-^ x 

^ I 

dx Vi - x2* ^ 

The following points should be noted about these 
functions and their differential coefficients. They can be 

examined more easily by 
means of the graph of the 
function y = sin-^ x (Fig. 
22 ). 

(1) The function is a 
many valued function — ^ 

for any assigned value 
of X there is an infinite 
number of values of y. 
y = sin X is a single valued 
function. 

(2) Since siny lies be- 
tween + 1 and — 1, the 
function sim^ x exists be- 
tween these values of x 
only. 

(3) Since there is an 
infinite number of angles 
having a given sine, so for 
any value of x between 
+ 1 and — 1 there is an 
infinite number of points 
on the curve. For ex- 
ample, if X = the values 
of y at P, ^ and R repre- 
sent three of the angles 
whose sine is and that 
at Q is the smallest posi- 
tive angle. 

(4) The differential co- 
efficient of sin-^ X, viz., 

, may be positive or negative. Referring to Fig. 

22, it will be seen that at all such points as Q, where the 
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gradient of the curve is the tangent of an acute angle, 
the d.c. will be positive, while at such points as P and R, 
where the angle of slope is obtuse, the d.c. will be 
negative. j 

(5) Since x lies between + 1 and — 1, can- 

not vanish. Therefore there are no maximum or 
minimum points on the curve. If x == ± - 

becomes infinite. Consequently, at such points as 
A and B the tangent to the curve is perpendicular 
to the x-axis. 

76. Differentiation of tan-^ x and cot-^ x. 

Let y = tan-^ x 

Then x = tan y 

Differentiating with respect to y 

dX A 

^ = secV 

^ 1 


dx 

1 

1 4* tan*jy 

_ _JL 

1 + X® 

. I 

•• dx l+x2‘ 

Similarly, if y = cot-^ x we can show that 

dy I 

dx ~ 

In this case there is no ambiguity of sign. 

The following points which are illustrated by the graph 
of tan-^ X in Fig. 23. 

(1) ^ is always positive ; .*. y is always increasing. 
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(2) ^ does not vanish for any value of /. there 

is no turning point. ^ 

(3) Points of inflexion occur when y = 0, jt, 2n, — ji, 
etc. 

The gradient is positive. 



The graph of y = cot-^ x is the reverse of this curve. 

^ is always negative, the function is always decreasing. 

There are no turning points, but a series of points of 
inflexion at which the gradient is negative. 

The drawing of the curve is left as an exercise to the 
student. 

77. DifTerentiation of y = sec-^ x and y = cosec-^ x. 

Let y == sec-^ x. 

Then x — secy. 
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and 

but 


secy tan >> 

dy _ 1 

dx secy tan y 

tan y = Vsec^y — 1 = '\/x* — 1. 

. - » 

dx xVxS - j' 


Similarly if y = cosec*^ a; 



Fig* 24* 


Fig. 24 represents part of the curve of sec-^ x. It is a 
many-valuecf discontinuous curve with no part of it between 
% = + 1 and = — 1. 

^ --^p=L== cannot vanish for any finite value 
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of X. There are therefore no turning points, but when 
* = ± 1, ^ becomes infinite, as was the case in the curve 
of sin-^ X (Fig. 22). The curve of cosec^ * is similar. 

78. Summary of formulae. 

The differential coefficients of the inverse fimctions are 
collected together below for reference. 


Function. 

dy 

sin“i X 

cos~i X 

1 

VI - X 3 

1 

Vl — x® 

tan“^ X 

1 

1 + xa 

1 

1 -i- x2 

COt~^ X 

sec“^ X 

1 

xVx^ — 1 
• 

X V x^ — 1 

cosec~^ X 


It diould also be noted that 
« 1 


sm' 


-ic _ 


V«* — ■ 


tan-1 ? 
a 


1* 

sec-i - = 
a 


«* + ** 
a 

xVx* — 


ji* 
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Similarly for the other three functions. 

^79. Worked examples. 

Example I . DiffererUiate sirr'*- x^. 

Using the rule for a “ function of a function " 

^ ^ X - m 

dx -v/i _ ^ dx^ ^ 

_ 2x 

Vl -x*‘ 

Example 2. Differentiate tan-^ p. 

~ , . /1\2 


+ Q 


1 —2 
1 ^ 

Zl2 

+ 1 ^ 

_ -2x 

+ I* 

Example 3. Differentiate x* sin-^ (1 — x). 

Using the rule for differentiation of a product 

g = (1 -»)+*■ X X ^(1 -») 


s= 2x sin-1 (1 _ -|_ 

= 2xsln-i (I — x) — 


Vl - (1 - 2x + x^) 
xi 

V2x — X** 


X (-1) 


Exercise 13. 

Differentiate the following functions: 

1. (a) sin- 1 4x; sin-i^. 

2. (a) b cos-1 ; (6) cos-i 
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3. (a) (J) taxr^ {a — x). 

4. (a) COS'* 2**; (i) sin-^V^. 

6. («) xsior^x; (b) sin-^^. 

6. (a) sin-1 {3x - 1); {b) cosec-i 

7 {a) tan-i (a; + 1) ; (b) {pfi + 1) tan-i x. 

8. \a) tan-i v 1 — x’, (b) sin-i Vl — x\ 

9. (a) sec-i 5x ; (b) sec-i x^. 

10. (a) sin-1 ^gin x) ; (b) sin-i Vsina;. 

11. (a) 2 sec-la*; (b) tan-^\^x. 

12. (a) (S) tan-* 

13. (a) sec-*;^ 7 j^,; (6) sec-‘^|. 


14. (a) sin-1 ^ j (j) cosec-i 

•y 1 4" 

15. (a) *tan-i*; (b) tan*sin-i*. 
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


80. Compound Interest Law of Growth. 

The student will be familiar with two methods of pay- 
ment of interest on money, termed Simple and Compound 
Interest {Algebra, §207). In each the interest bears a 
fixed ratio to the magnitude of the sum of money involved. 
But while with Simple Interest the principal remains the 
same from year to year, with Compound Interest it is added 
to the principal at the end of each year, over a period, and 
the interest for the succeeding year is calculated on the 
"sum of principal and interest. 

Let P = the Principal. 

Let r = the rate per cent, per annum. ^ 

Interest added at end of 1st year = P X 

Pr 

/. Amount at end of 1st year = P + 


= P(l+rt-.\ 


lOOJ' 


This is the principal for the new year, 
by the Stime working as for the 1st year 

Amount at end of 2nd year = P ^1 + 


3rd 

fth 




’ Suppose the interest is added at the end of each half year 
instead of at the end of each year, then : 

Amount at end of 1st half-year = P + 2'3^foo) 

„ 1st year =.p(^l+^-L^y 

.. 2nd „ = P (l + 2 X lOo) 

C r \ ^ 

1 + 2 ' x ~ l()o J 
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If the interest is added 4 times a year; 

Amount at end of 1st year = P ^1 + 

” " * " = P (l + 4 X lOo) 

Similarly, if the interest is added monthly, i.e., 12 times 
a, year: 

( t \ 

1 + ^TTOO/ 

If the interest is added m times a year: 

Amount at end of t years = P{l+ To^)!^ 

In this result let 

r ^ 1 
lOOw n 


Then 


tn 


nr 

166 


1 

the amount after t years = P ^1 + 

=^{(‘+V} 


rt 

lod 


Now suppose that n becomes indefinitely large, the 
interest is added on at indefinitely small intervals, so that 
the growth of the principal may be regarded as continuous. 
Then the amount reached will be the limit of 


when n becomes infinitely large. 

To find this we require to find the limit of fl + as 
ft — >> 00 , i.e., ' 

Amount =P I Lt 

It becomes necessary, therefore, to find the value of 

Lt ll+-Y. 
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81. The value of Lt ( I + i) . 

flo ' 

( 1 \ ^ 

1 + - j by means of the Binomial Theorem 

«(w — 1) 1 


\ n) n [ 




n(n - l )( n -2) 1 

L3' •«*■'*••• 

Simplifying by dividing the factors in the numerators by 
n, . . . 

Then 

1 — - ^1 — -Wl — 


+ 


LI 


+ . . 


( 1\ w 

1 + - j is equal to the sum of the 


limits. (Th. limits No. 2.) 
Also 

Li iZi- ^ Lt 

-i- Li 


and Li 

n — « 


is: 


U (1 + j)" 

n— > 00 \ n / 


Ll 


I . I 


- r " f etc* 

E 


-l+T + [j+(j + [^+... 

The limit is thus represented by an infinite series. It 
can be proved that as the number of terms is increased 
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without limit, the sum of all the terms approaches a finite 
limit, i.e., the series is convergent (see § 18). Its value has 
been calculated to hundreds of places of decimals, and can 
be found arithmetically as follows to any required dcCTce 
of accuracy. Each term can be found from the preceding 
by simple division of the preceding by the new factor in 
the denominator. Thus : 


1st term = l-OOOOOO 


2nd „ = 1-000000 
3rd „ = 0-500000 (dividing 2nd by 2) 
4th „ =0-166667 
6th „ = 0-041667 
6th „ = 0-008333 
7th „ = 0-001389 
8th „ = 0-000198 
9th „ = 0-000025 
10th „ = 0-000003 


Sum of 10 terms = 2-718282 


Thus its value to 6 significant figures is 2-71828. 
This constant is always denoted by the letter e. 


e = Lt 




-i + '+ I +L+ I + 

' +T + [T + [3 + j + • • • 

We have seen above that the amount (/4) at C.I. after t 
years when the interest is continuously added is 




when n becomes infinitely large. 
^ . /, . 1 \"^ . 


1 4- - j by its limit when n — oo , we get j 


A =P«i«o. 
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Let -X 

100 

Y 

Then we can write : 

A =Pe^ 

is called an exponential function because the index or 
exponent is the variable part of function, whether it be t as 
above or x in general. 

82. The Compound Interest Law. 

The fundamental principle employed in arriving at the 
above result is that the growth of the principal is con- 
tinuous in time and does not take place by sudden increases 
at regular intervals. In practice, compound interest is 
added at definite intervals of time, but the phenomenon of 
continuous growth is a natural law of organic growth 
and change. In many physical, chemical, electrical and 
engineering processes the mathematical expressions of 
them involve functions in which the variation Is propor- 
tional to the functions themselves. In such cases the 
exponential function will be involved, and as the funda- 
mental principle is that which entered into the Compound 
Interest investigations above, this law of growth was called 
by Lord Kelvin the Compound Interest Law. 


83. The Exponential Series. 

We shall next proceed to show that the function, e*, can 
be expressed in a series involving ascending powers of x, a 
result which might have been anticipatea, since a series 

was used to arrive at the limit of (l + when n became 
infinite. ^ 


=o+r 


E (CAL.) 
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Expanding thus by the Binomial Theorem 

I II 1 I — 1) 1 

0+.i) =l+"»-^+ '|2 ' -ii) 

, nx{nx — l){nx — 2) 1 , 

f3 • »® • 


= 1 +x-\ ^ 

l£ 


+ • • • 


••• ,4!.0+^)“=‘+*+p + 5+--- 

2 v3 

l.c,, e* = I 4 - X -f- 4 ” j-j- 4 “ • • • 

This series can be shown to be convergent. 

Replacing x by — x we get 

y2 y3 

e-*=|-x4-j^-j^ + ... 

Similarly : 

«« = i+«,+"+^ + ... 

c^^l-ax + jj -JJ + , , . 

84. Differentiation of 

This can be performed by assuming the series for e* as 
above and differentiating it term by term. 

Since 6* == 1 4" x 4" 4- 4- ^ 4~ • • « 

^ rt I 1 I 2* , Sx* , 4x® , 

^(e*)=04-14-^4-|^4-j^4-... 


= 1 +*+-[2 * * • 
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But this is the series for c* 


If 


y = ^ 


iL 

dx 


= e*. 


This property, viz. that the differential coefficient of e* 
is equal to itself, is possessed by no other function of x. 
It was to be expected, since we have seen that fundamentally 
e* is a function such that its rate of change is proportional 
to itself. 

Similarly, if y = r-*, ^ ~ 

The differentiation of e* can also be readily performed 
by using first principles. 


85. The exponential curve. 

(1) If y = «» 


dx 


= 




= c*. 


Since ^ is always positive, the curve of the function «* 

must be positive and always Increasing. it has no 
turning points. 

Since ^ = c*, this does not vanish for any finite value 
of X. 

there is no point of inflexion. 


(2) If 




= e-* 
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Applying the same reasoning as above, ^ is always 

negative. curve is always decreasing. There are no 
turning points and no point of inflexion. 

The two curves are shown in Fig. 26. In drawing them, 
values of the two functions will be found in the tables on 
pp. 379, 380. 


■■■■■■ 




■■■■■■ 

■■■■■■ 

■■■■■■ 

■■■■■■ 


■■■■■■ 

■■■■■■ 

■■■■■■ 



■■■■■■■■■■■■ ■■■■■■ 

ssssr 
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■■■■■■■■■■■I ■■■■■■ 


:u: 


■■■■■■■■■■■■ ■■■■■■ 
■■■■■■■■■■■a ■■■■■■ 

■■■■■■ 
■■■■■■ 
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k^BBBBBBBBB 

■klBBBBBBaBBBBa BBBBBB 
BL^BBBBBBBBBBBa BBBBBB 
BB.IBBBBBBBBBBB BBBBBB 

BBBB^BBBBBBBBI BBBBBB 
BBBBBBBBBBBBBB BBBBBB 
BBBBBk'BBBBBBBB BBBBBB 

BBBBBBBBWBBBBa BBBBB J 


in: 


mmmmmmmmm^Ztmmm bbbztbb 

BBBBBB*:;.BBBBBB BBBBBk 
^ ^aBBBBBBBBB BBBBBB 


BBHJbBBBBBL* i BBBBBI 


IBBBB 
■ BBBB 


BBBBB 

IBBBB 

BBBB'i 

BBBBB 

BBB'iB 

aarBB 


r. 

BBBBB 

BBBBB 


BBBBB 

BBBBB 

BBBBB 


UBBB 


BBBBB 


BB'JBB 

BBBBB 

BfiBBB 


SS^ 


BBBBB 

BBBBB 

BBBBB 


BBBBB 

BBBBB 

BBBBB 


BBBBB 

BBBBB 


BBBBB 

BBBBB 


mmmmr, 

BBBBr 


BBB 

BBB 


BBB 

BBB 

BBB 


BBB 


BBB 

BBB 


LAJB 



The curve of e* illustrates the continuous increase of a 
function according to the Compound Interest law. 

The curve of er* shows a law of decrease common in 
chemi^ and physical processes, representing a " dying 
away ” law, the decrement being {proportional to the 
magnitude of that which is diminishing at any instant. 
The loss of temperature in a cooling body is an example. 
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86. Napierian, Hyperbolic, or Natural Logarithms. 

In § 81 we arrived at the formula 

n 

A = Pgioo. 


This may be written: 


A 

P 



Let 


IL — 

100 “ 


X. 


Then we can write; 



A 

In this form it is seen that x represents the logarithm of ^ 

to base e. In many similar examples e arises naturally as 
the base of a system of logarithms. So it came about that 
when logarithms were first ^ven to the world by Lord 
Napier in 1614, the base of his system involved e. Hence 
such logarithms are called Napierian logarithms. They are 
also called Hyperbolic logs, from their association with the 
hyperbola, and sometimes natural logarithms. The intro- 
duction of 10 as a base was subsequently made by a 
mathematician named Briggs, who saw how valuable they 
would be in calculations. A short table of Napierian 
logarithms is given on pp. 377, 378. 

In subsequent work in this book, unless it is stated to 
the contrary, the logs employed will be those to base e. 


87. Differentiation of log* x. 

The differential coefficient of log, x can be readily obtained 
by the method of first principles, the work involving the 

limit of ^1 -f- as n proceeds to infinity. Or the 
differentiation of e* may be demonstrated as follows: 

Let y = log, X. 

Then x = «». 
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•• dy~ 

and T 

ax e» X 

••• = 

If the logarithm involved a different base, say a, then it 
can be changed to base e by the usual method. (Algebra, 
§ 163 .) 

Thus if y = log* * 

then y = log, * x log, e 

and ^ i ^ e. 


As a special case, if 


logic « 

X logic « 


- X 0 - 4343 . 

X 


88. Differentiation of the general exponential functions, 
c* is a special case of a* where a is any positive number. 


y = a* 

log,y =«log,a 
X = logvy X 


log, a 


. _ 1 X ^ 

’ dy y log, a 

g=yxlog,« 




a* X log, a. 
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As a special case, if 


= 10 * 

~l = \0^ X log, 10. 


89. Summary of formulae. 


Function. 

Diff. Coeff. 

e* 

e* 

e'* 

— e'* 

0* 

a* X log. a 

log.X 

i 

1 

1 

X 


90. Worked examples. 

Example I . Differentiate y — 

Employing the rule for the function of a function 
If y = e®** 


dx 




= 6x X e®**. 


Example 2. 


Differentiate y = log x*. 
dx X® dx^ ' 


= -s X 2x 



Or it can be obtained by noting that log x* = 2 log x 
Example 3. Differentiate log 
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This may be written 

y = log — log {x^ — 1)* 

~ {x* - Ip ^ ~ 

~ * (pi^ 1 )* ^ ^ 

_2 a: 

— * ** - 1 
_ x*-2 
“ x(x* - !)• 

Example 4. Differentiate y = sin {Jbx + c). 

This is important in many electrical and physical problems, 
such as, for example, the " dying away "^of the swing of a 
pendulum in a resisting medium. 

Let y = e-^ sin {bx + c). 

Then ^ X b cos {bx + c)} — {ae-^ sin {bx + c)} 

z= e-«*{b cos (bx + c) — a sin (bx + c)}. 


Exercise 14. 


Differentiate the following functions: 


1. (a) e®*; (b) ; (c) 

2. (a) tf-**; (b) e~T; (c) 

3. (a) «-p*; (b) «»; (c) 

«* +«^. /rv «* — <5-* 
2 ' 


4. (a) 


(b) 


(c) e< 


5. (a) xtf*; (b) x«-»; (c) x*e-*. 

6. (a) (x + 4)e* ; (6) c* sin x ; (c) 10c*. 

7. (a) 2»; (6) 10**; (c) 

8 . (a) x"a*; (6) «**■•■*; (c) «“•*. 

9. (a) «»**; (b) (« + »)*; (c) «**“*. 

10. (a) log|; (b) log (ax* + 6x + c). 


11. (a) logx*; (6) log (x» +3). 

12. (a) xlogx; (b) log {^x +5). 
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13. (a) log (sin x) ; (b) log (cos x). 

14. (a) log?-±^; (b) log(e*+<r*). 

15. 

16. 

17. 

18. 


(a) log {* + V** + 1}; (b) Vx — log (1 + Vx). 
(a) log tan I ; (6) logV** + 1; (c) 

(a) ; (b) sin kx. 

0ax . 

(«) : (*) log (vsin at). 


19. (a) **; (6) log — 1 + V* + 1}. 

20. (a) log X X log sin x. 

21. (a) log ; (6) e<»sin»x 

y a — vx 

22. («) (i) 

23. (a) sin-^log*; (6) cos-^e**. 

24. (a) cos (6* + c) ; (i) cos 3;v ; (c) sin ( rta; + 

a: „ V -4/ 


25. (a) log 


(5) sin 


-1 


c* — ^ 


a _ Va* - **' 

26. Find the 2nd, 3rd, 4th and wth derivatives ot 
(a) y = P*] [b) y = e-^ ; (c) y = log x. 



CHAPTER IX 

HYPERBOLIC FUNCTIONS 


91. Definitions of Hyperbolic Functions. 

In Fig. 26 there were shown the graphs of the exponential 
function e® and These two curves are reproduced in 
Fig. 26, together with two other curves markea A and B. 



Fig. 26. 
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(1) In curve A the ordinate of any point on it is 
one half of the sum of the corresponding ordinates of 
e* and er^. For example, at the point P, its ordinate 
PQ is half the sum of LQ and MQ. 

for every point on the curve 

e* + e-* 

y = — y— 

(2) On curve B, the ordinate of any point is one half 
of the difference of the ordinates of the other two 
curves. 

Thus RQ = \{LQ - MQ) 

i.e., for any point y — ^(e* — «-*). 

The two curves therefore represent two functions of x, 
and their equations are given by 

y = i(e* + e-*) 
and y = J(e* — e-*). 

It is found that these two functions have properties which 
in many respects are analogous to those of y = cos x and 
y = sin X. It can be shown that they bear a similar 
relation to the hyperbola that the trigonometric or circular 
functions do to the circle. Hence the function y = 
|(e* + e-*) is called the hyperbolic cosine, and y = 
J(e* — e-*) is called the hyperbolic sine. 

These are abbreviated to cosh x and sinh x, the added h 
indicating the hyperbolic cos, etc. The names are usually 
pronounced " cosh " and “ shine,” respectively. 

They are defined by the equations stated above, viz. : — 

cosh X = |(e* + e-*) 
sinh X = |{e* — e-*). 

From these definitions, also 

cosh X + sinh x = e* 
cosh X — sinh x = e-* 

There are four other hyperbolic functions corresponding 
to the other circular functions, viz. : 

^ . sinh X e» — «-* c*® — 1 
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cosech X = 
sech X = 
coth X = 


1 

sinh X 
1 

cosh X 
1 

tanh X 


2 

— r* 
2 

e* + tf-* 
e‘ 


These functions can be expressed in exponential form by 
derivation from their reciprocals. 

The names of these are pronounced “ than/' “ coshec," 
shec " and " coth." 

The curve of cosh x, marked A in Fig. 26, is an important 
one. It is called the catenary, and is the curve formed by a 
uniform flexible chain which hangs freely with its ends fixed. 

These functions can be expressed in the form of series 
which are derived from the series for e*, found in § 83. 


Thus 

and 




1 + X + j2 + 


x3 


+ 


= 1 


.X* X® , 

*+{2 “-[3 + 


Hence by addition and subtraction: 

cosh ^ = 1 + ^+ ^ + 

sinhx = * + |3 +|5 + 


92. Formulae connected with hyperbolic functions. 

There is a close correspondence between formulae ex- 
pressing relations between hyperbolic functions and 
similar relations between circular functions. Consider the 
two following examples: 

(1) cosh* X — sinh* x 

-m’-ra’ 

= i{(c**+ «-*» 4- 2) - (c** -h «-*■- 2)} 
cosh* X — sinh* x = I. 



HYPERBOLIC FUNCTIONS 141 

This should be compared with the trigonometrical result 
. cos*« + sin** = 1. 

(2) cosh* * + sinh* * 

_ 2c** + 2c-*» 

4 

c** + 

= 2 
= cosh 2* 

i.e., cosh* + sinh* x = cosh 2x. 

This is analogous to cos* * — sin* * = cos 2*. 

Similarly, any formula for circular functions has its 
counterpart in hyperbolic functions. It will be noticed 
that in the above two cases there is a difference in the signs 
used, and this applies only to sinh® *. This has led to the 
formulation of Osborne's rule, by which formulae for 
h 5 rperbolic functions can be at once written down from the 
corresponding formulae for circular functions. 


Osborne’s Rule. 

In an/ formula connecting circular functions of general 
angles, the corresponding formula connecting hyperbolic 
functions can be obtained by replacing each circular 
function by the corresponding hyperbolic function, if the 
sign of every product or implied product of two sines Is 
changed. 


For example 
becomes 

since 


sec* * = 1 + tan® * 
sech* X = 1 — tanh* x 


tanh** = 


sinh * X sinh * 
cosh* X cosh*‘ 


93 . 

The more important of these corresponding formulae are 
summarised for convenience. 
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Hyperbolic Functions. 

Circular Functions. 

cosh* X — sinh* x = 1 

sinh 2x 2 sinh cosh x 
cosh 2x s=5 cosh* x -f 
sinh* X 

sech* ;r = 1 — tanh* x 
cosech* X = coth* ;r — 1 
sinh ± y) = sinh x cosh y ± 
cosh X sinh y 
cosh (;r i y) = cosh x cosh y ± 
sinh X sinh y 

cos* X -f sin* X ^ \ 

sin 2x == 2 sin x cos x 
cos 2x = cos* X — sin* x 

sec* ;r = 1 + tan* x 
cosec* X = cot* ;r + 1 
sin db y) =* sin x cos y ± 
cos X sin y 
cos {x ±y) = cos X cos y if 
sin X sin y 


The following striking connections between the two sets 
of functions are given for the information of the student. 
For a full treatment any book on advanced trigonometry 
should be consulted. 

cosh X = ; cos x = 

sinh ^ ; sin ^ — e'“^) 

sinh X = sin ix 
% 

cosh X = cos ix 

where i = V — !• (See Algebra, Appendix, p. 284.) 


94. DifTerential coefficients of hyperbolic functions, 
(i) sinh X. 

Let y = sinh x 


e* — e-* 


Then 

(2) cosh X. 
Let 


^ _ g* + g** 
dx~ 2 

= cosh X. 

y = cosh X 


^ ^ ~ ^ 

Ix~ 2 

= sinh X. 


Then 
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(3) tanh x. 

The differential coefficient may be found from the 
exponential definition, or we may use the above result. 


Let 

Then 


y = tanh * = 


sinh X 


cosh 

dy _ cosh X . cosh x — sinh x . sinh x 
dx cosh* X 

(Quotient rule.) 

_ cosh* X — sinh* x 
~ cosh* X 


cosh* X 
= sech^ X. 


(§92) 


Similarly, it may be shown that, if 

y = cosech x, ^ — cosech x coth x 


y = sech x, 
y = coth X, 


= — sech X tanh x 
dx 

^ = — cosech* X. 
dx 


These results should be compared with the differential 
coefficients of the corresponding circular functions. 


95. Curves of the hyperbolic functions. 

The curves of cosh x and sinh x in Fig. 26 should be 
examined again with the assistance of their differential 
coefficients. 


y) y — cosh x; ^ = sinh x, ^ = cosh x. 

^ vanishes only when x = 0. There is therefore a 

turning point on the curve (curve A). Also, since 
sinh X IS negative before this point and positive after, 
• • • 

while ^ is positive, the point is a minimum. There 
is no other turning point and no point of inflexion. 
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(2) y = sinh a;; ^ = cosh x, ^ == sinh x. 

i.e., cosh X is always positive and does not vanish: 
Consequently sinh a; is always Increasing and has no 
turning point. When == 0, ^ = 0, and is negative 
before and positive after. Therefore there is a point 
of Inflexion when :r = 0; since f.^., cosh:r = l 
when a; = 0, the gradient at 0 is unity and the slope ~ . 

(3) y = tanh X ; ^ = sech* x. 


Since sech* x is always positive, tanh x is always increasing 
between —• oo and + oo . Also since sinh x and cosh x are 
always continuous and cosh x never vanishes, tanh x must 
be a continuous function. 



Fig. 27. 
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From this form it is evident that while x increases from 
— 00 to 0, increases from 0 to 1. 

2 

/. 1 or— TT ov tanh x increases from — 1 to 0. 

+ 1 

Similarly, while x increases from 0 to + 00 , tanh x 
increases from 0 to + 1. 

The curve therefore has the lines y = ± 1 as its asymp- 
totes and is as shown in Fig. 27. 


96. Differentiation of the Inverse hyperbolic functions. 

Inverse hyperbolic functions correspond to inverse 
circular functions, and their differential coefficients are 
found by similar methods. 

(1) Differential coefficient of sinh-^x. 


Let 

Then 


y = sinh-^ x 
X = sinh y, 
dx , 

dy = 

dy 1 1 

dx ~ cosh 

I 1_ 

\/l + Vx® + i‘ 


(2) DifTerentlal coefficient of cosh*^ x. 


Using the same method as above we get; 


dy _ I 
dx ~ VW^I 


(3) 

If 


and 


Differential coefficient of tanh-^ x. 
y = tanh-^ x 
X = tanh y 

^ = sech}y 

dy ^ 1 

dx sech*^ 

^ 1_ 

1 — tanh*3' 

I 

“ I - X2* 


(§93) 



TEACH YOURSELF CALCULUS 


(4) The differential coefficients of the reciprocals of the 
above can be found by the same methods. They are: 

y = sech'i x, — * - 

dx xV\ — x^ 

y-cosech-ix.| = --^^. 
y-coth-‘x. * = 

The following forms will be found of importance later : 

(1) If y = sinh-^ 




Va^ + . 


•y/x^ + a* 


(2) Similarly, if y = cosh-^ - , 


dx Vx* — o»' 

97. Logarithm equivalents of the inverse hyperbolic 
functions. 


(I) sinh'^x = log{x 4- VI + x^}. 

Let y = sinlr^ x. 

Then x = sinhy. 

But cosh*y = 1 + sinh*y (§ 93) 

= 1 -f X*. 

coshy = Vl + X* (A) 

.*. sinhy + coshy = x Vl~+~^ 
but sinhy 4- coshy = e» (§ 91) 

/. ev = x + Vl + 

Taking logs y = log {x + Vl + x®} 

i.e., sinh-^ x = log {x + Vx* + I}. 

Note. — Since coshy is always positive, the plus sign only 
is taken in A. 
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(2) cosh~i X = log{x + a/x^ — I}. 

Let y — cosh.-^ x. 

X = coshjy, 

but sinh*^ = cosh®jy — 1 (§93) 

= ** — 1 . 

sinh jy = V ** — 1 

(both signs applicable). 

As above &> = cosh y + sinh y 

= x± V** — 1- 
^ = log ± V X* — T } 

or cosh-^ X — log {x ± \/x® — 1}. 

The two values thus obtained are: 

log {x + -v/x* — 1} and log {x — Vx® — 1}. 
Their sum : 

log {x 4- + log {x — Vx* — T) 

= log {{x + Vx* — 1 ) X (x — a/x* — 1 )} 
t= log (x* — (x» — 1)} 

= logl 

= 0 . 

these two values of cosh-* x are equal, differing 
only in their sign. Hence we may write: 

cosh-* X = ± log {x + a/x* — 

Note. — X must lie between 1 and + 00 . 

(3) tanh-i x = ^ log 

Let y — tanh-* x 

then X = tanhy 

(and X lies between 4- 1 and — 1 (§ 95 )) 

_e*» — 1 
~ 4- 1 

x(eV 4- 1) = — 1. 


(§91) 
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Whence 


and 


t.e.. 


6 *» 


1 

I - X 

1 +* 


23 '=logj_^ 
tanh-i X = log 


98. Summary of formulae of inverse functions. 


Function. 


Diff. Coeff. 


slnh"^ X 

1 

Vx^ + 1 

cosh'^ X 

1 

VX2 - 1 

tanh"i X 

1 

1 — x2 


cosech'i X 

- 1 


X V 1 + x^ 

sech"^ X 

1 


xVI — x2 

coth'i X 

_ 1 

x^ — 1 


The following additional forms are important. When 

slnh-.* ‘'I'- ' 
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Logarithm equivalents. 

sinh-i X = log {x + V X* + 1} 
cosh-^ X = ± log (x + Vx* — 1} 

tanh-^ X = i log j 


. 1 X , fx + Vx® + 0*1 

Also sinh-i - = log I 1 

tanh-*^ = i 

Exercise 15. 

Differentiate the following functions: 

1. (a) sinh|; (b) sinh2x: (c) cosh|. 

2. (a) tanhax; (b) tanh|; (c) sinh ax + cosh 

3. (a) sinhi; (b) sinh*x; (c) cosh»x. 

4. (a) sinh (ax + b) ; (b) cosh 2x® ; (c) sinh» ax. 

6. (a) sinh x cosh x ; (6) sinh* x + cosh x ; (c) tanh x. 

6. (a) log tanh x ; (6) x sinh x — cosh x ; (c) log cosh x. 

7. (a) }/ iinh 3x; (b) log (sinh x + cosh x) ; (c) e<^*. 

8. (a) Vsinh x; (b) log J ^ tanO' ^**”^*' 

9. (a) sinh-* I ; (b) cosh-*g; (c) sinh-*j-^. 

10. (a) sinh"* tan x; (b) tan-* sinh x; (c) tanh-*sii^x. 

11. (a) sin-* tanh x; (6) cosh-* sec x; ( c) tanh -* 

12. (a) cosh-* (4x + 1); (b) sinh-*2xVl +x^; 

1 

(c) tanh-* 

13. (a) tan-* x + tanh-* x ; (6) tanh-* (tan Jx) ; 

(c) tan-* (tanh ^x). 
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14. Write the logarithmic equivalents of : 
(a) sinh-^g; (i) cosh-^^; (c) sinh- 

(d) cosh-^^; {«) tanh-^^, 

16. Differentiate: 

W,„g(i±V^}; 

(4) log | « + V^- £’| . j 


^ 2x 

T’ 


a + A? 
a — X 



CHAPTER X 

INTEGRATION. STANDARD INTEGRALS 
99. Meaning of integration. 

The integral calculus is concerned with the operation of 
Integration, which, in one of its aspects, is the converse 
of differentiation. 

From this point of view the problem to be solved in 
integration is: What is the function which on being 
differentiated produces a given function ? For example, what 
is the function which, being differentiated, produces cos x ? 
In this case we know from the work on the previous chapters 
on differentiation, that sin x is the function required. We 
therefore conclude that sin x Is the Integral of cos x. 

Generally if f'(x) represents the differential coefficient of 
f(x), then the problem of Integration Is, given f'(x), find 

f{x), or given find y. 

But the process of finding the integral is seldom as simple 
as in the example above. A converse operation is usually 
more difficult than the direct one, and integration is no 
exception. A sound knowledge of differentiation will 
help in many cases, such as that above, but, even when the 
type of function is known, there may arise minor complica- 
tions of signs and constants. 

For example, if the integral of sin x is required, we know 
that cosx, when differentiated, produces — sin x. We 
therefore conclude that the function which produces 
+ sin X on differentiation must be — cos x. Thus the 
Integral of sin x Is — cos x. 

Again, suppose the Integral of x Is required. We know 
that the function which produces this on differentiation 

must be of the form x*. But ^ (x*) == 2x. If therefore 

X is to be the result of the differentiation, the integral 
must contain a constant factor of x such that it cancels with 
the 2 in 2x. Clearly this constant must be J. Hence the 
Integral must be ^x^. 
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These two simple examples may help the student to 
realise some of the difficulties which face him in the integral 
calculus. In the differential calculus, with a knowledge of 
the rules which have been formulated in previous chapters, 
it is possible to differentiate not only all the ordinary types 
of functions, but also complicated expressions formed by 
products, powers, quotients, logs, etc., of these functions. 
But simplifications, cancellings and other operations occur 
before the final form of the differential coefficient is reached. 
When reversing the process, as in integration, we want to 
know the original function, it is usually impossible to 
reverse through these changes, and in very many cases the 
integration caimot be effected. 

It is not possible, therefore, to formulate a set of rules 
by which any function may be integrated. Methods have 
been devised, however, for integrating certain types of 
functions, and these will be stated in succeeding chapters. 
With a knowledge of these and much practice, the student, 
if he possesses a good grasp of differentiation, will be able 
to integrate most of the commonly occurring functions. 

These methods, in general, consist of transposing and 
manipulating the functions so that they assume the known 
form of standard functions of which the integrals are known. 
The final solution becomes a matter of recognition and 
inaction. 

Integration has one advantage — the result can always 
be checked. If the function obtained by integration be 
differentiated we should get the original function. The 
student should not omit this check. 

100. The constant of integration. 

When a function containing a constant term is differenti- 
ated, the constant term disappears, since its differential 
coefficient is zero. 

When the process is reversed and we integrate, the 
constant cannot be determined without further inffirmation. 

For example, let y = x* -f 3. 

Then ^ = 2x. 

dx 

If the process is now reversed and 2x is integrated as it 
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stands, the result is x*. Consequently to get a complete 
intergal an unknown constant must be added. 

• In the above example let C denote the constant. Then 
we may state that the integral of 2 x is x* + C, where C is 
an undetermined constant. Consequently the integral is 
called an Indefinite Integral. 

This may be illustrated graphically as follows. 

In Fig. 28 there are represented the graphs of y = x*, 
y = X* + 2, and y = x* — 3, all of which are included in 
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Fig. 28. 

the general form y = x* + C. They are termed Integral 
curves, since they represent the curves of the integral 
X* + C, when the values 0, + 2, and — 3 are assigned to C. 
Evidently there is an infinite number of such curves. 

Let P, Q, R be points on these curves where they are cut 
by the ordinate x = 1-6. 

At all three points the gradient is the same. They have 
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the same coefficient, 2x, which for these points has the 
value 3. 

The integral y s= x* +C therefore represents a series of 
corresponding curves having the same gradient at points 
with the same abscissa. 

The equation of any particular curve in the series can 
be found when a pair of corresponding values of x and y is 
known. These enable us to find C. If, for example, a 
curve passes through the point (3, 6) these values of x and y 
can be substituted in the equation. 

Thus on substitution in y = x* + C 
we have 6 = 3* -j- C 

whence C = — 3. 

Thus y = X* — 3 is the equation of this particular curve 
in the set. 

101. The symbol of integration. 

The operation of integration necessitates a S 5 rmbol to 
indicate it. The one chosen is J, which is the old-fashioned 

elongated " s,” and it is selected as being the first letter of 
the word " sum," which, as will be seen later, is another 
aspect of integration. 

The differential </x is written by the side of the function 
to be integrated in order to indicate the independent 
variable with respect to which the original difierentiation 
was made, and with respect to which we are to integrate. 

Thus jf{x)dx means that f(x) Is to be integrated with 
respect to x. 

The example of the integration of cos x which was con- 
sidered in § 99 would be written thus: 

Jcos xdx = sin X -|- C. 

It is important to remember that the variables in the 
function to be differentiated and in the differential must 

be the same. Thus J cos ydx could not be obtained as it 

stands. It would first be necessary if possible to express 
cosy as a function of x. 

Note , — ^Any other letter may be used to represent the 



INTEGRATION. STANDARD INTEGRALS 155 

independent variable besides x. Thus jtdt indicates that 

t is the independent variable and we need to integrate 
with respect to it. 

102. Integration of a constant factor. 

It was shown in § 39 that when a function contains a 
constant number as a factor, this number will be a factor 
of the differential coefficient of the function. Thus if 

y = 

% = a(nx»-i). 

It will be obvious from § 39 that when the operation is 
reversed, and we integrate a function containing a constant 
factor, this factor must also be a factor of the final integral. 

When finding an integral it is better to transfer such a 
factor to the left side of the integration sign before proceed- 
ing with the integration of the function. Thus: 

Jsxdx = 5 j xdx 

= +C 

= fx* -J- C. 

Generally j af'{x)dx — a j f'(x)dx. 

It should be noted that no factor which Involves the 
variable can thus be transferred to the other side of the 
integration sign, 

103. The Integration of x». 

Simple examples of this can be obtained by inspection, 
viz.; 

j xdx = -f- C 

fx^dx = ix3 +C 

J x^dx = Jx* + C 

jx^dx = Jx® -t- C, 
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From these examples we may readily deduce that: 

|x"</x = + C. 

Also, in accordance with the rule of § 102: 

Jox»dx = oJWx 

Remembering the rule for the differentiation of a function 
of a function, we can also deduce that 

j(ax + b)«dx = 

If a student has any difficulty in realising such a result 
as this last, he will see the reason for it by differentiating 
the integral obtained. 

It was seen in § 38 that the rule for the differentiation of 
X" holds for all values of n. The formula above for the 
integration of the function similarly holds for all values of 
the mdex. 

Note , — It should be noted that Jdx = x + C. 

104. Worked examples. 


Sx'^dx 


= 3 jx'^dx = 3x^+C = gX® + C 


(2) J^y/xdx = 4 J x^dx = 4 X +C = 4 x + C 

= |xi + C. 


~ -i + 1 ^ 

= 2x* + c 
= 2Vx + C. 

Note . — ^This last integral and those of the following allied 
functions should be carefully noted: 
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105. Integration of a sum. 

It is evident from a consideration of the differentiation 
of a sum of a number of functions (§ 41), that on reversing 
the process the same rule must hold for integration — i.e., 
the Integral of a sum of a number of functions Is equal to 
the sum of the Integrals of these functions. 


Examples. 

(1) f (x» - Bx* + 7x - ll)dx 

= jx^dx — 5 jxHx + 7 jxdx — lljdx 

= ^ — I*® + — 11* + c. 

Note . — ^The constants which would arise from the 
integration of the separate terms can all be included in one 
constant, since this constant is arbitrary and undetermined. 

= fxidx — fx-idx 


i + 1 


xi+^ — 


— ix*— f xJ 4- C. 


-i + 1 


x-»+i +C 


106. The Integration ofX 

If the rule for the integration of x" be applied to the case 
of - or x-\ we get: 


/* " = 


- 1+1 
*” . ^ 


+ C 
1 
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This result is apparently inj&nite, and the rule does not 
seem to apply. The apparent contradiction must be left 
for future consideration, but it should be remembered that 
in these processes we are dealing with limits. 

We know, however, that by the rule for the differentia- 
tion of a logarithmic function (§ 87) that the differential 

coefficient of log^ x is 

X 

Hence we conclude that 



107. A useful rule for Integration. 

By combining with this last result the rule in differenti- 
ation for the function of a function we know that: 


if 


y = log {/{*)} 

^ = J- x/'W 

dx m 


consequently ~ 

Hence — when integrating a fractional function in which, 
after a suitable adjustment of constants, if necessary, it is seen 
that the numerator is the differential coefficient of the denomina- 
tor, then the integral is the logarithm of the denominator. 
Clearly all fractional functions of x in which the 
denominator is a function of the first degree can be integrated 
by this rule by a suitable adjustment of constants. 


108. Worked examples. 

(I) 

^ ' J ax ajax 


( 2 ) 

( 3 ) 


= ^ log ax + C. 

- 5 ^ 

f xdx , f 4xdx 

I2x>-t3 ~ 2x^+3 

= i log (2x» + 3) + C. 



INTEGRATION. STANDARD INTEGRALS 


*59 


(4.\ f 2(a: + l)dx _ f (2x + 2)dx 
^'Jx^ + 2x + 7 Jx^ + 2x + 7 

= log (x* + 2x + 7). 

(5) ( tan xdx — I dx 
' ' 1 ] cosx 


= — log cos X + C 

I.e., j tan xdx = log sec x + C. 

( 6 ) foot xdx = f^—dx. 

' J J sm X 

I cot xdx ~ log sin X + C. 

Zx^% V i ^ -h 5x + I) + C. 

( 8 ) jix + 2)(2x ~l)dx. 

Although there is a definite rule for the differentiation of 
the product of two functions, there is none for the integra- 
tion of a product as in the above example. In such a case 
the factors must be multiplied. 

Then J {x + 2){2x — l)dx ~ j (2x^ + 3x — 2)dx 

= 2 Jx^dx + 3 jxdx — 2 jdx 

= + f - 2 a; + C. 

(9) p - ± ^^-±- ' dx. 

In this example we employ a device which will be used 
later in more complicated cases; the fraction is split up 
into its component fractions. This we do by dividing each 
term of the numerator by the denominator. 

Then l ’^+y+J 4.^l(.+l + l)dx 

•=ix* + 3 log * — + c. 
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109. If 


(Py 

</x* 


= express y In terms of x. 


Since 


is the differential coefficient of 


dy 


it follows 


that by integrating ^ we obtain Having thus found 
a second integration will give the equation connecting 
y and x. 

Since 


Integrating 


dx 

dy _ 
dx 


jx?dx 


= + C^. 

Integrating again y = j + Cj)dx 

= j Ix^dx + j Cydx 
= i X \x^ + C^x + Cg. 

y = + Cg. 

As a result of integrating twice, two constants are intro- 
duced, and these are distinguished as and C^. 

To find these it is necessary to have two pairs of corre- 
sponding values of x and y. On substituting these, we get 
two simultaneous equations involving and Cg as the two 
unknowns. Solving these, the values found are substituted 
in the equation 

y == + Cg, 

and so the equation connecting x and y is found completely. 



Exercise 16. 


Find the following integrals. 


1. JSxdx. 


r 

5x*dx. 

3. j 


^0’4x*dx. 

5. jl2x‘dx. 


^15m. 

-n- 


fdO. 
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i6i 


9. 

j (4%* — 5x l)dx. 

10. 

j (3a^ - 5x^)dx. 

11. 

jx{8x — ^)dx. 

12. 

j 6;K*(Af* + x)dx. 

13. 

jUx - 3) {x + 3)dx. 

14. 

j{{2x - .3)(;t + 4)}dx. 

16. 

fdx 

1 ^' 

16. 

j3x-*dx. 

17. 

fdx 

18. 

j-^x .dx. 

19. 

j^x- ^dx. 

20. 

f dx 

21. 

j {x* + x-*)dx. 

22. 

j{xi + 1 +x-l)dx. 

23. 

Avsp*- 

24. 


25. 

jgdt. 

26. 

1 

+ 

1 

27. 

j Vt. dt. 

28. 


29. 

ft^dx. 

30. 

f dx 


J X 

Jx+3' 

31. 

33. 

f dx 

32. 

34. 

[( ^ ^ \dx 

j ax + b' 
f 2xdx 

f dx 

Jx’+4- 

j3-2x‘ 

35. 

f’‘+^dx. 

J X 

36. 

/ X 

37. 

fx*-x + lj 

1 

38. 

J ^ 

jVax + bdx. 

39. 

jV2x + 3dx. 

40. 


41. 

f dx 

42. 

f dx 

J y/^ax -{-b' 

JVl -X 

43. 

j{ax + b)*dx. 

44. 

jx(l + *) (1 + x’^dx. 


F (cal.) 
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■b 

■!. 


xdx 
* - !• 
^dx 
6®* -f- 6’ 



sin axdx 
1 + cos ax’ 

I H- cos 2 xdx 
2x + sin 2x ’ 


49. If ^ = Sx* .find y in terms of x. 

60. If ^ = 62:*, findy in terms of x, when 3; = 6 if * = 1. 


61. If ^ = 62:, find V in terms of x when it is known 

dx* j 

that if * = 2, = 12, and when 2; = 1, ^ = 1. 

62. The gradient of a curve is given by ^ = 4* — 6. 

When 2f = 1 it is known that y = 3. Find the equation of 
the curve. 

63. The gradient of a curve is given by ^ = 92;* — IO2: 

+ 4. If the curve passes through the point (1, 6), find 
its equation. 
d*s 

64. If = 8f, find s in terms of t, when it is known that 


W 


ds 


if / = 0, s = 10, and ^ = 8. 


1 10. Integrals of Standard Forms. 

We collect below a number of integrals known as Standard 
Forms, which are obtained mainly by inspection as being 
the known differential coefficients of fimctions; a few of 
them were employed above. 


(a) Algebraic functions. 

P) Ij ■= log.*- 

- (3) ja^dx = 0 * X logoC. 
(4) Je'dx = e*. 
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The constant is omitted from the above, as well as from 
others which follow, to save space. 


(b) Trlgometrical functions. 



jsin xdx = — cos x. 


( 6 ) 

|cos xdx = sin X. 



^tan xdx = — log cos x = 

log sec X. 

(§ 107) 

(§ 107) 

( 8 ) 

f cot xdx = log sin X. 

Note.- 

-The differential coefficients of sec * and 


cosec X — viz., sec x tan x and cosec x cot x — do not give 
rise to standard forms, but to products of these. 
They are not therefore included in the list above, but 
follow below. The integrals of sec* and cosec* do 
not arise by direct differentiation. They will be given 
later (§1.20). 


(c) Hyperbolic functions. 

(9) Jsinh xdx — cosh x. 

(10) Jcoshxdx = sinh X. 

(11) [tanhxdx = log cosh x. 

(using method of § 107) 

(12) /coth xdx = log sInh x. 

^ (using method of § 107) 

Note . — The following variations of the above should 
be carefully noted: 


/ sin axdx = — - cos ax 
a 

Js\n {ax + b)dx = — i cos (ax + b) 




cos axdx = - sin ox 
a 
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COS (ox 4- b)dx = sin (ox + b) 
j tan axdx = ^ log sec ox 


I- 

/ 


sinh axdx — - cosh ox 
o 


cosh axdx = - sinh ox. 
a 


Exercise 17. 

Find the following integrals: 


1. 

j Ze^dx. 



3. 

1 (tf* + 

J 

-1 

6. 

+ e~S)dx. 

“•J 

f (c®* — e-“*)dx. 

7. 

1 (c** + <^’‘)dx. 

8.J 

^2*dx. 

9. 

1 lO^dx, 

10. J 

( (a* + 

11. 

jx^^dx. 

12. J 

fc«<»*sin 

13. 

1 sin Zxdx. 

14. J 

fcos 6x<ix. 

16. 

jsin i (* + 1) dx. 

16. J 

1 cos(2x + a)ix. 

17. 

1 sin ^xdx. 

18. J 

fsin (« — Sx)dx. 

19. 

j (cos ax + sin bx)dx. 

20. i 

fsin 2axdx. 

21. 

1 (cos 3x — sin dx. 

J 

22. J 

X + Sin X 

23. 

1 sin* X cos xdx. 

24. I 

fsec^ xe^^dx. 

26. 

j (tan ax + cot bx]dx. 

J 

26. J 

f sin 2x . 

'1 4-sin**'^** 
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27. j cosh 2xdx. 28. j sinh ^ dx. 

29. [ta.nh3xdx. 30. 

31. I dx. 32. J tan dx. 

33. Jsec» g 34. /j-^ 

35. J 1 +*tan:!c ^' xVsm x . dx. 

III. Additional standard Integrals. 

In addition to the above integrals of standard forms, the 
following additional integrals, which are obtained by the 
differentiation of standard forms, are of importance, 
especially Nos. 17-25; 

(a) Trigonometrical. 

(13) Jsec X tan xdx = sec x. 

(14) J cosec X cot xdx = — cosec x. 

(15) j cosec* xdx = — cot x. 

(16) j sec* X = tan x. 


(6) Inverse trigonometrical. 


('«) Js 
C’) h 


Va^ — X 

= 1 tan-i - or 

o2 + x2 a a 

' =isec->^or 

xv x^ — 0 a 


= sin'i - or — cos'^ 


a 

icot-'* 
a a 

I 1 

- cosec"^ - 
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dx 


cosh"^ - or 
a 


-0.{^ 


+ Vx^ — a' 


(22) 

f dx 

i a^ — x^ 

(23) 

f dx 

/x2 — 

(24) 

f. ■<* . 

^ xV a^ — x2 

(25) 

r_. 

^xVa^ + x* 


= - tanh”i - or 


1- 


^log^. 
2a ® 0 — X 


- coth'i - or 
a a 


2a ^ X H- o* 

= — - sech"i - or 

a a 

- L log fl + v'q^ - x2 

a ^ X 

I X 

cosech’i - or 

a a 

- 1 log q + 

0 ® X 


The following variations of Nos. 20-25 will be found 
useful, especially in some of the applications in the next 
chapter: 

dx 1 . . 


20 


(«) / 


21 (a) 


I 


Vb*x* + a* 
dx 

VbH* - a* 


■ sinh- 


1 , * fbx + •y/bH* — a* 

■jlosi s 




' r COSh-^ 

— - 1<^ 1 ^* Vb*x* — a* j 


22 

23 


, \ r dx 1 X 1 . 1 1 , « + 6x 

fa* — 6*** "* 6a a ™ 26a ^ a — bx 

, . r dx ' . . 

(«) Jb*x*^a* 




2ba ® bx + a 
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24 («) f == _ 1 sech-^ — 

} xVa^ - 6 V a 1 , ® fl + 

= Tx ' 

25 (a) f — = — 1 cosech-^ ^ 

' ' y * Va* + a a 

— _ 1 1n<T a + Va> + 

~ a ® 

Notes. 

(1) In Formulae 20. 21. 20(a), 21(a) the "0” which 
appears in the denominator of the logarithm is omitted. 
This means that the — log a is merged in the constant of 
integration, 

(2) In Formulae 17-26, if a = 1, we get the simpler form 
stated in §§ 78 and 95. 

(3) The Formulae 17-25 will be proved directly in a 
later chapter. 

(4) In the trigonometrical integrals it will assist the 
memory if it be noted that whenever the name of the 
function in the resulting integral begins with “ co *' the 
function is negative. 

1 12. Worked examples. 

Example I, Evaluate the integral 

The form of this integral can be transformed to that of 
No. 17: 


/ dx _ f dx —if 

VI6 -9x*~J 3 W - ** ~ V 

This is now in the form of No. 17, where a = f. 


Integral 


= i sin-» {x -r I). 


Example 2. Evaluate the integral j 

The form is that of No. 21 (a), where 6 = 3, a = 1. 
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Hence 

/ dx 
9^* + 4 * 

This can be transformed into No. 18. 

TM. f ax f dx 

jwrrt=lmTf) 

.*. by No. 18 integral = x |) tan-^ | 

= (t X I ) tan-i y 
.3x 


Exercise 18. 

Find the following integrals: 
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8 . 

9 . 

10 . 

11 . 

12 . 

13 . 

14 . 




CHAPTER XI 

SOME ELEMENTARY METHODS OF INTEGRATION 

113. This chapter will contain some of the rules and 
devices for integration which were referred to in § 99. The 
general aim of these will be, not direct integration, but 
transformations of the function to be integrated so that it 
takes the form of one of the known standard integrals 
which were given in the last chapter. 

Transformations of Trigonometric Functions. 

1 14. Certain trigonometrical formulae may frequently be 
used with advantage to change products or powers of 
trigonometric functions into sums of other functions when 
the rules of § 105 or § 107 may be employed to effect a 
solution. Examples of this were given in § 108, Nos. 6 and 

6, where, by changing tan x to — - and cot x to the 
’ ’ ^ ° ° r sinx’ 

integrals J tan xdx and j cot xdx were found. 

Among the formulae which are commonly employed are 
the following; 

(11 sin*x = — cos2x). 

(2) cos* X = J(1 + cos 2x). (Trigonometry, § 83.) 

Hence, Jsin* xdx = ~ cos 2x)dx 

= i(x — J sin 2x1. 

Similarly, j cos* xdx = |{x + J sin 2x). 

It will be noticed that the formula employed in each 
case enabled us to change a power of this function into 
a sum, when integration was immediately possible. 
The following are two further examples: 

(3) tan*x = sec*x — I. 

.*. Jtin* xdx = j (sec* x — l)dx 

= tan X — X. 

170 
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(4) cot* X. By the same device 

j cot* xdx = j (cosec* x — l)dx. 

= — (cot X + x). 

(5) Tsln* xdx. This can be found by employing the 
rule: 

sin 3A = 3 sin ^ — 4 sin* A 
whence sin* A = J(3 sin ^4 — sin 3i4). 

The integral can now be written down: 

(6) / cos* xdx. The method is the same as in No. 5, 
using •' 

cos 3A = 4 cos* ^ — 3 cos A . 


The following formula are useful for changing products of 
sines and cosines into sums of these functions : 


(a) sin A cos B == ^fsin (A + B) + sin (A — B)} 

(i) cos ^ sin /? = |{sin (.4 + i?) — • sin (A — B)} 

(c) cos A cos B = |{cos (^ + /?) + cos {A — j5)} 

{a) sin sin B = |{cos {A — B) -- cos {A + B)) 

(Trigonometry, § 86.) 


115. Worked examples. 
Example I. Evaluate the 
Rearranging 


integral 

J cos X 


f ^ _ pii^* X sin X 

J cos* X ”” y cos* X 

J COS* X 

/ sinx , /’sin X COS* X, 
— ^ dx — \ a dx 

cos* X J COS* X 

f sin xdx 




sec * tan xdx — j sir 
sec X + cos X. 


Example 2. IfUegrate j sin Zx cos ^dx. 
Using formula (6) above 
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jcos 4 jc sin 3xdx = fi{ (sin (4x + 3^) — sin (4x — Zx)) 

= ijsin Ixdx — ijsin xdx 

= \{—\ cos lx + cos x} 

= |(cos ^ cos 7x). 

Exercise 19. 

Evaluate the following integrals: 


1. 

jsin^^dx. 

2. 

1 COS* ^ dx. 

3. 

Jtan® ^ dx. 

4. 

1 cos^ xdx. 

6. 

Jsin^ xdx. 

6. 

jcot^ 2xdx. 

7. 

j sin® 2xdx. 

8. 

1 cos* Zxdx. 

9. 

j cos® (ax -f b)dx. 

10. 

1 sin* xdx. 

11. 

j cos^ xdx. 

12. 

^sin 2x sin 3xdx. 

13. 

j cos Zx cos xdx. 

14. 

jsin 4:X cos 2xdx. 

15. 

lsin4xcos g 

16. 

1 sin ax cos bxdx. 

17. 

j sin 0 cos 6 da. 

18. 

Jsin* X cos* xdx. 

19. 

. 

20. 

ri + sin\x. 

J sin® X cos* x‘ 

) cos* 

21. 

j tan® xdx. 

22. 

Jsin^ X cos* xdx. 

23. 

j VI +^osri<fx. 

24. 

j sec* xdx. 


Integration by Substitution. 

116. It is sometimes possible, by changing the independent 
variable, to transform a function into another which can 
be readily integrated. Experience will suggest the par- 
ticular form of substitution which is likely to be effective, 
but there are some easily recognised forms in which certain 
known substitutions can be employed. 
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Irrational functions can frequently be treated in this 
way, as will be seen in the following examples, and those 
•employed serve to prove some of the standard integrals 
given in § 111. 

A. Some trigonometrical and hyperbolic 
substitutions. 

1 17. I — x^c/x. 

The form of this suggests that if x be replaced by o sin 6, 
we get a* — a* sin* 0, i.e,, a^(] — sin* 0). This is equal to 
a* cos* 0, and on taking the square root the irrational 
quantity disappears. 

It will be seen that we are then left with two independent 
variables — viz., x and 0, since dx remains as part of the 
integral. But we must have the same variable throughout 
the integral. Consequently 

dx must be expressed In terms of 0 . 

Since x = a sin 0. 

Differentiating with respect to 0 

dx . 

^ = acos0 

which, for this purpose, we can write as 
dx = a cos Odd, 

The solution will therefore be as follows] 

To integrate J Va^ — . dx. 

Let X = asin 0. 

Then dx ^ a cos OiO. 

Substituting in the integral 
J Va* — xHx = jVa^ — a^h* 0 x a cos 0 . dO 
= jaVl — sin* d X a cos 0iO 
= a*J cos* QdQ 

= + isin20)} (See §114.) 

= }a*0 -f- Ja sin 0 X a cos 0 

(since sin 20 = 2 sin 0 cos 0). 
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It is now necessary to change the variable from 6 to x. 


X = a sin 0 and sin 6 = - 

0 = sin-' - 
a 

0 = aVl — sin* 0 
= a/ sin* 0 


/. Substituting in 


we get 


jVa^ — x^dx = Ja*0 + sin 0 X a cos 0 

I Vd^ — x^dx = ^ + ^xVa^ — x®. 


Note . — Instead of substituting x = o sin 6 we could 
equally well put x = a cos 6. The student should work 
this through for practice. 



] Vd^ - x‘' 

Using the same substitution as in the previous case — 
viz., X = a sin 0 

we have] Va* — x* == a cos 0 

and dx = a cos 0^0 

• f — f g cos 0 i0 

* ‘ ] Vo*'— X* ~ i a cos 0 


f — f g g 

J Va^ ^ x^ J « < 

= JiO 


J 'V — x2 0 


(See § 111.) 
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jVx^ — a^dx. 

For this integral we employ hyperbolic functions. 

Let X = a cosh z. 

Then z = cosh-^ 

a 

From cosh* z — sinh* z = 1 (See § 92.) 

and sinh z = V cosh* z — 1 

Also since x == a cosh z 

dx = a sinh z . dz 

fVx^ — a^dx = jVa^ cosh* z — x a sinh z . dz 
= jaV sinh* z x a sinh z . dz 
= a*J sinh* zdz 

= a* /i(cosh 2z - l)dz (See § 93.) 
= ^ ( J sinh 2z — z) 

= ~ sinh 2z — %yZ 

= ~ 2 sinh z cosh z z 
4 2 a* 

= i{a sinh z x a cosh z) -- -^z 

= i(V:«* — a* X Jif) — ^cosh-^~ 

2 a 

(from above) 

JVx^ — a^dx = |xV — 0 ^ — ^ cosh“^ ^ or 

(See § 97.) 
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As in the case of the preceding integral 
Let * = a cosh z. 

Using the equivalents found above: 

f = f — if— X a sinh z . dz 

J yx* — a* /a sinh z 


cosh'^ 


X + Vx^ 


(See § 111, No. 21.) 


jVx^ + a^dx. 

Let X = a sinh z 

dx = a cosh zdz 

X 1 / 

and z = sinh-^ - and cosh z = -v ** + a*. 

a a 

Substituting 

jV(x* + a*)dx = Ja*t/sinh*z + 1 x a cosh zdz 
= ja cosh z X a cosh zdz 
= a*j cosh* zdz 
= ^ J (cosh 2z + l)dz 
= ^ (i sinh 2z + z) 

= j X 2 sinh z cosh z + ^ z 
= I a sinh z x a cosh z + ^ z 
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I V x2 4 - a^dx — ^xV x^ + + y slnh'^ j or 


ixVx 2 + 02 + ““ log ''-±-''"1 ± 


/. 


dx 

V 4 - 

As above, let 


Then 


X = a sinh r. 

a cosh zdz 
coshz 


/*— cosh 

i ~ ^ ^cosl 

= jdz 


•• / 


= 2 


</x 


Vx^ 4- 0^ 


sinh 


-1 X 


or 


18 


•/, 


log 

dx 

x2 4- b^' 


X 4- Vx^ 4- 


(See § 111, No. 20.) 


The form of this suggests the substitution 
tan* 04 - 1 = sec* 0. 
Accordingly, let x = a tan 0. 


then 

Substituting 


0 = tan-*- 
a 

dx = a sec* ddO. 


f dx { a sec* 0<f0 

j ** 4 - «* ~ J a*(tan* 6 + 1) 


=/; 

=i. 

a 


a sec* 0 
a* sec* 0 

d% 


do 
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h 


^ =itan-*. 


X* + O'* 


(See § 111, No. 18.) 


119. Summary of the above formulae. 
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Note . — f a and f ^ ^ « are solved by a method 

J ^ J ^ ^ 

which will be given later (§ 129). 


120. A useful trigonometrical substitution is given by 
means of the following formulae, in which sin x and cos x 

are expressed in terms of tan The formulae are : 

2 tan 


sin X 


cosx 


1 + tan^ Jx 
1 — tan^ 


1 + tan^ 

In using these formulae it is convenient to proceed as 


follows : 

Let 

then 


Since 


t = tan ix 

1 

sin X = 

I -t* 

cos X = 

tanjx 
i sec* ^xdx 
2dt 


t ■- 
dt : 

dx ■■ 


2dt 


dx = 


sec* ^x 
2dt 

I +t5- 


1 + tan* ix 


This substitution can be used to find the following 
integral i 

- dx 


/■ 


cosec xdx = f — 

J sin X 

1 +<* 


=A 

-If 

= log t 

j cosec xdx = log tan 


2i 

i 


T 
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j sec xdx can be found similarly or may be derived from 
the above thus: 

From Trigonometry sec x = cosec 

jsec xdx = j cosec ^ + x^ 

Jsec xdx = log tan ( J + ^)- 

It may also be shown that this is equal to 
log (sec X + tan x). 

The integrals f — r — and ( — — can be 

^ J a + bcosx J a + b s\n X 

solved by the above substitution. The following example 
will illustrate the method. 


/ dx 

V— T— J 

6 + 4 cos X 

Let dx = where t = tan 

then cos x = 2 “q 7 |i- 

On simplication the integral becomes i 


ix 


h 


2dt 


'6(1 +4(1 -i^) 

This is of the form of integral (18) of § 111. 


dt 
9 +i*' 


integral = 2|i tan-^ || 
= f tan-^ tan 


The resulting integral may take one of the forms 18, 22, 
or 23 of the standard integrals of § 111, according to the 
relative values of a and b. Or, it may require methods 
given in Chapter 12. 
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Worked examples. 

The following worked examples are numerical variations 
of the above. 

Example I. Integrate J\^16—9x^cix. 

Let 3x = 4 sin 0. 
then X = f sin 0 and 0 = sin^^ 

dx ==^ cos 0i0 

cos 0 = Vr^sin^ ® == iVl6 — 9^ 

Substituting 

j V 16 — Qx^dx = j VTg — IG sin^ 0 x t cos 
= 4 jcos 0 X I cos 0^/0 
= V/ cos^ 0i0 

L+?Ji?io 

= 1(0 + I sin 20) 

= |{sin-^ + sin 0 cos 0} 

= f{sin-i ^ X S**} 

= I- sln-i fx + ixV\6 — 9x». 



Example 2. Integrate j 


dx 


Put 


and 


"v/Ox* -(- l' 

X = J sinh z ; then z = sinh-^ 3x 

rfx = j cosh zdz 

cosh z = Vl + sinh* z = Vl + 9x*. 




^ cosh z . dz 
V sinh* z + 1 
fcosh zdz 
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Examples. Integrate 


Put 


■Sx^' 

X = \/| sin 0, then 0 = sin-^ Vix. 
dx = V I cos 0 dQ ^ 

cos 0 = Vl — siii^ = Vl —ix* = —7= \/2 — Sx* 

V2 

VI cos OdO 


f r V|c 

JV2- 3x* JV2- 


2 sin* 0 
cos 0<^0 


V 2 cos 0 




de 


sin-1 Vlx. 


“ V5 
Example 4. Integrate j 


dx 


X = tan 0. 
dx = sec* BdQ 


Let 
Then 

and sec 0 = Vl + **. 
Then 


x* V 1 + **’ 


/»Vi + »■ / 


sec* 0(i0 


tan* oVl -|- tan*”© 
sec* 0d0 
tan* 0 sec 0 


cos 0 
‘ cos 0J0 
sin* 0 
1 

' sin 0 
sec 0 
tan 0 

VT+x* 


cos* 0 
sin* 0 ‘ 


(by inspection or by putting 
sin 0 = s) 


X 
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Exercise 20. 

Use the methods given above to find the following 
Integrals by using suitable substitutions. 

Note . — For other examples analogous to 1-10 but 
involving the irrational quantities as the denominators 
of fractions, the student is recommended to solve some 
of the examples of Exercise 18 by the method of 
substitution. 


1. Vo — xHx (put X = 
3 sin 6). 


, f xHx 

17. J cosec \xdx. 
19. Jcosec Zxdx. 

2*- /nr^- 

22- /i -^in X- 

25. L , ^ . 

y 6 + 3 cos X 

27. f^—r^ . 

J4 +5COSX 


2. \/25 — 

4. \/9 — 4x^dx (put X 


3. Vl - 4xadx. 

f sin e). 

6. jVx^^ 4dx. 

6. jVx^ — 25dx. 

f , 

7 . / Vx* + 49<ix. 

S. I Vx^ + 5dx. 

9. j V25x* + 16ix. 

10 . J V^'^Sdx. 

11 f 

12 f - 

* )xWl^lc>' 

^ • JVx» +T 

13. f — dx. 

t 

1 


16. f 

J (1 -x)Vl -X* ( 
18. J sec ^xdx. * ~ ^ 

20. J sec X cosec xdx. 

22 . 

24. J(sec X + tan x)dx. 

h-Scosx' 


X* (put 
= cos 6). 


f dx 
y 4 — 6 sin x‘ 
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B. Algebraic Substitutions. 

121. Transformation of a function into a form in which 
it can readily be integrated can be effected by suitable 
algebraical substitutions in which the independent variable 
is changed. The forms these take will depend upon the 
kind of function to be integrated and, in general, experience 
and experiment must guide the student. The general aim 
will be to simplify the function so that it may become 
easier to integrate. 

A frequent example of this method is in the cases of 
irrational functions in which the expression under the 
radical sign is of the first degree, that is of the form ox + b. 
These can be integrated by substitution. 

Let ax b = u* 

or u = Vax + b. 

The following examples are typical of the use of alge- 
braical substitution. 


122. Worked examples. 

Example I. Integrate J xV2x~-f Tdx. 

Let 2x -t- 1 = «* 

or u = V2x + 1. 

Then x = |(m» - 1) 

and dx = udu. 

Substituting 

jxVix \dx = — 1) XU X udu 

= ifu^(u>-l)du 
= if (u* — u*)du 

= A (3m® - 6m») 

= ti{3{2x+ 1)1 -5(2x-l- l)«}. 

Example 2. Integrate j 

We rationalise the denominator by the substitution. 
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z = Vx + 3 or X + 3 = z\ 

Then x — z^ — 3 

and dx = 2zdz. 


Substituting 

f f 

J ViPT^ ~ J~ 


3)2zdz 


Vz^ 

= 2j(z*-3)dz 




9) 


- i(* - t)Vx + 3. 

Examples. Integrate Jx^Vl — xHx. 
Let u' = l — x' and x* = 1 




* = Vl — M* 

U 


vl — «* 


Then 

and dx — — 

Substituting 

Jx^V(l — x*)dx = j{l — M>)-\/l — "«* X « X — rfw 

= — Ju*(l — 

/6«® — 3«®\ 

\ 16 / 

= — Aw’CS — 3»®) 

= - *(1 - **) Vl - x^{5 - 3(1 - **)} 
= -*{(! -x*)J(2 + 3x*)}. 

/ dx 
c*”+7^‘ 

In this case no rationalisation is needed, but we try a 
substitution which will simplify the exponential form, thus : 
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Let 

then 

or 

Substituting 



u 

du = e^dx 
du 


dx = 




or 


u ’ 


/ dx fdu / , 1\ 

+ e-* ~~~ J u ‘ w) 

_ f du 

~ j w* + r 

Thus we have reached a standard form, viz.. No. 18 

(§ 111 ). 

/. Integral = tan-^ u 

*= tan*^ e». 


/ cos® X 


This example illustrates the advantage in certain cases of 
changing trigonometrical forms into algebraical, the reverse 
of the method employed in §§ 117 -120. It will then be 
easier to operate with the indices. 

Let u == sin x, 

/. cos x = Vl — w*. 

Then du = cos xdx. 


/' 


c os* xdx _ f cos*x X cos xdx 

~ J (sin^p 

(1 - ««) X du 


J 

■■ j («-* — ui)du 


fwi — A«v 
^ (11 - 2^ 


■= •^s ■^sln* x(l I — 2 sin* x). 

Example 6. Find the vedue of the integral x cos* xdx. 

The form suggests trying the same substitution as that of 
the preceding example. 
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Let cos X = u 

then sin x = Vl — cos^. 

Also — sin xdx = du. 

Splitting the factor sin® x into sin* x. sin x and sub- 
stituting 

j sin® X cos* xdx — Jsin* x . cos* x . sin xdx 

= j {I — «*) X «* X (— du) 

= — j {u* — u^)du 
— _ 

\'E ~ 1) 

= cos* X — i cos® X. 


Example 7. Integrate j 


Let 

then 


X = «* 

dx = 2udu 


f dx r2 

J Vx + 2 ~ Jit 


2udu 
+ 2 


= 2{u — 2 log (« •+• 2)J 
= 2{Vx - 2 log (V^ + 2)}. 


Exercise 21. 

Note . — Some of the following examples may be 
solved by inspection, remembenng the rule for the 
differentiation of a function of a function. The 
student is advised, however, if only for the sake of 
practice, to solve by the method of substitution. 

Integrate the following functions: — 

1. j cos x^dx (put x^ = u). 2. j i ^ 2 x^ (put 2x^ = u). 
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6. 

j sin Vx . dx. 

6. 

[ x^dx 

JVl +x*' 


7 

f sin xdx 

Q 

flog xdx 



y 1 + 2 cos x' 

o* 

J X • 


9. 

j xV^-’Tx^dx. 

10. 

f 2xdx 

Jl +x‘' 


Il- 

jx{x — 2)*dx. 

12. 

f xHx 

J(x + 1)** 


ls. 

f xdx 

14. 

jxVx -^dx. 


16 

f xdx 

IR 

f x^dx 



JV5-x»' 


J Vx* — l‘ 


17. 

j x^ X — 2dx. 

18. 

f x^dx , . - 

= «J 

19. 

Jx»Vx^-2dx. 

20. 

f dx 

JVi-3' 


21 


22 

f xdx 



JVx + 1 ' 


JVi + 1' 


23. 

Jsin* X cos* xdx. 

24. 

jsm* X cos® xdx. 


26 

f o?dx 

2fi 

f dx 



J (X* + !)•• 


;«** -2e»* 


27. 

Jx®(l +2x»)*<fx. 

28. 

f dx 

JxWl +x*‘ 


29. 


30. 

jVl+logXj^ 





(put 1 -4- log X : 

= 2). 


Integration by parts. 

123. This method of integration is derived from the rule 
for the differentiation of a product of two functions (§ 43), 
viz.:— 


d(uv) 

dx 


— 

dx 


+ v 


in which u and v are functions of x. 


du 

'dx 
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Integrating throughout with respect to x, we get 1 

Since u and v are functions of x, this may be written 
more conveniently in the form : 

UY = Ju , dv + jv . du. 

Thus if either of the integrals on the right side is known, 
the other can be found. We thus have a choice of solving 
either of two integrals, whichever is possible or the easier. 

If, for example, it it decided that fvdu can readily be 

determined, then the other integral — viz., J udv — can be 
found, thus: 

j udv == UY — Jv . du . . . (A) 


The method to be employed will be better understood by 
studying an example. Suppose it is required to find the 
integral r 

J X cos xax. 

Let u = X and dv = cos xdx. 

Then du = dx 

Since dv = cos xdx 

V ^ J cos xdx = sin x. 


Substituting in the formulae 
J udv = uv 



we get 

jx . cos xdx = X sin X — j sin xdx. 

Thus instead of finding the original integral, we have now 
to find the simpler one of j sin xdx, which we know to be 

— cos X. 


/. jx cos xdx = X sin X + cos x. 

If u and V had been selected as follows : — 

u = cos X then du = — sin xdx 

dv = xdx and v = j xdx = 
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Substituting in the formula we get : 

j X cos xdx = ^x^ cos X — sin x). 

Thus the integral to be found is more difficult than the 
original. 

Formula (A) above could of course be written in the form : 

j vdu =uv — j udv . . . . (B) 

The choice is arbitrary, but the student will probably 
find it better always to use one of the two forms. If the 
form selected is I A), then u will always stand for the function 
which is to be aifferentiated and dv as the one to be inte- 
grated to complete the formula. In determining which of 
the functions is thus to be represented by u and which by v, 
trial must be made as to which will produce the easier final 
integral. 

The following worked examples will perhaps serve to 
make these points clear. 


124. Worked examples. 

Example 1. Evaluate the integral J log xdx. 

Evidently since log x produces a simple expression on 
being differentiated, we put : 

u = log X. du 

dv = dx. /. V = jdx = X. 

substituting in 

jiidv ^uv — j vdu 

Jlog xdx = X log X — Jx X ^dx 
= X log X — Jdx 
= xlogx — X 

or Jlog xdx — x(log X — I ). 

This important integral should be carefully noted. 
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Example 2. Evaluate jxe^dx. 

We know that e<“ produces the same result, except for 
constants, whether it be differentiated or integrated. But 
X has a simple form for its differential coefficient. 


Hence let u = x. 

dv = e^dx 
Substituting in 


du — dx I 

y — f e^dx = - e“. 
J a 


j udv = uv — j vdu 

f xe^dx = xx-e“ — 

' a a a 






Example 3, Integrate j sin xdx. 

For the reasons given in § 123, we choose 
u = x^. du = Ixdx 

and dv = sin xdx and v == Jsin xdx = — cos x. 

Substituting in Formula A, we get: 

jx'^ sin xdx == — x* cos x + 2jx cos xdx. 

In this example we arrive at an integral which cannot be 
evaluated by inspection, but is the one evaluated in § 123 
and requires itself to be “ integrated by parts." 

As was shown above 


J X cos xdx = sin + cos x. 

Substituting this in the result obtained above, we get 

J X* sin xdx = — x* cos x + 2{x sin x + cos x} 

^ cos X + 2x sin X + 2 cos x. 

This repetition of the process will occur in many other 
cases. For example, if Jx® sin xdx were required, the inte- 
gration process would have to be applied three times. 
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Example 4. Integrate j sin-^ xdx. 

As in Example 2, we must represent dx by dv and u by 

sln-^ X. 

Let u = sin-^ x. du = - 7 =^—^.. 

Vl —x* 

dv = dx. V = Jdx = X, 

Substituting in 


J udv = uv — J vdu 

we get r sin-1 ^ ^ 

^ J JVl-x* 

Noting that the numerator with adjustment of sign is 
the differential coefficient of (1 — x^) in the denominator 


/ 


xdx 


= - Vl 


Hence 


Vl -X* 

Jsin-i X = X sin-1 ^ + Vf ”3?. 


Example 5. Evaluate j e* cos xdx. 

Take u = e* du = &‘dx. 

Take dv = cos xdx y = J cos xdx = sin x. 

Substituting in 


j udv =uv — j vdu 

we get 

Je* cos xdx = e* sin X — Je* sin xdx . (A) 

Thus we are left with an integral of the same type as the 
original. 

Now try u = cos x. du = — sin xdx. 

and dv = es^dx. v = e*. 

Substituting the formula above 

Jtf* cos xdx = tf* cos X — Jc* (— sin xdx). 

Je» cos xdx = e* cosx -f- Je*sin xdx . . (B) 
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By addition of (A) and (B) 

2 Je* cos xdx = e* sin x e* cos x. 

Je* cos xdx = Je* (sin x + cos ^)- 

In the same way we may find the general form of these 
integrals : 

/ ^ax 

e“ cos bxdx = bx + b sin bx} 

and 

/ ^az 

e" sin bxdx = sin bx — b cos bx} 

or more generally 

/ ^az 

e^cos (bx + c)dx = ^-jj-jp-p{ocos (bx + c) +bsln (bx +c)} 
r 

je^sin (bx + c)dx = -j-qT^ilosin (bx+c) — bsln (bx + c)}. 

Exercise 22. 

Evaluate the following integrals: — 


1, 

J X sin xdx. 

2. 

j X sin 3xdx. 

s. 

j x^ cos xdx. 

4. 

j X* cos xdx. 

5. 

j X log xdx. 

6. 

j X* log xdx. 

7. 

j 0 ? log xdx. 

8. 

j Vx log xdx. 

9. 

j xe^dx. 

10. 

j xH^dx. 

11. 

j x^dx. 

12. 

j cos 2xdx. 

13. 

j cos-^ xdx. 

14. 

1 tan-^ xdx 

16. 

j X tan-^ xdx. 

16. 

j e* sin xdx. 

17. 

jx sin* xdx. 

18. 

j X sin X cos xdx. 

19. 

jx sec* xdx. 

20. 

jx sinh xdx. 

21. 

jx* sin-^ xdx. 

22. 

j (log x)* dx. 


G (CAL.) 



CHAPTER XII 

INTEGRATION OF ALGEBRAIC FRACTIONS 

1. Rational fractions. 

125. Fractions of certain types have occurred frequently 
among the functions whicn have been integrated in 
previous work. One of the commonest is that in which the 
numerator can be expressed as the differential coefficient 
of the denominator. As stated in § 107 

= \ogf(x) +C. 

A special form of this which will constantly appear in 
the work which follows is that in which the denominator is 
of the first degree, the general form of which is : 

/ dx __ 1 r 
ax + b ^ aj ax + b 

= i log (ax + 6) + c. 

126. Variants of the above include fractions in which the 
numerator is of the same as or of higher dimensions than the 
denominator, simple examples of which have already 
occurred. Such fractions can often be transposed so that 
the rule quoted above may be applied. Worked examples 
illustrating this follow. 


127. Worked examples. 


/ x^ 


The process employed in transforming such a fraction is 
similar to that employed in arithmetic. Thus the fraction 
11 8+3_, 3 

8 8 ~ ^ 8 ' 


*94 
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Similarly, in the example above 


= j{x-l)dx+f^^dx 

= ix* — X + log (X + I). 
Example 2. Evaluate 




■{ 1 ( 2 * _ 3 ) + 1 } + 1 

o* _ q ** 

■ f(2x - 3) + 

2x — 3 " 

3x7^ t f ^ 


= I* + ¥ X i log (2x - 3) (§ 126.) 

= fx + ¥ log (2x — 3). 


Exercise 23. 


Integrate the following; 


1 

f xdx 

O 

f xdx 

1. 

Jx+2' 

Z. 

Jl-X 


f xdx 

A 

f^-±^dx 

o» 

la+bx' 


jx - 1®*- 

6. 

l\ I 

fl +x 

6. 


7 

f dx 

fi 


1 • 

/* +2®** 

o« 

jl-x 

Q 

f x'dx 

in 

f x*dx 

V* 

fSx-V 

Iv. 

Ja+bx' 

11. 

fZcfidx 
lx +2' 

12. 

[ x^dx 

Jx-i- 
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128. Method of partial fractions. 

In the fractions above the denominators are of the first 
degree. We next proceed to consider fractions of which 
the denominators are of the second or higher degree. 

When adding two such fractions as 

2 

X + 3 X + 5 

we eet + 5) — (x + 3) _ x + 7 
^ (x + 3)(x + 6) X* + 8x + 16‘ 


X I 7 

By reversing this process, jg can be resolved 

2 j 

into the two fractions — p-s and — which are called its 

“ Partial Fractions ”, and these can be integrated directly. 

X 4- 7 

By this device we obtain the integral of s'lp’g — ^16’ 


proceeding to develop this method we will, for the present, 
consider those cases in which the denominator of the 


fraction to be integrated can be resolved into linear factors 
which are different. 


If in the fraction to be integrated the numerator is of the 
same or higher dimensions than the denominator, the 
fraction can first be simplified by the process given in § 127. 

The following examples will indicate how the partial 
fractions are obtained. 


129. Worked examples. 

Example I. Integrate ^ 25 

Factorising the denominator 

X +3 5 _ X +35 
X* — 25 (x + 5) (x — 5)’ 

From what has been stated above this is resolvable into 


two partial fractions with denominators (x + 5) and 
(x — 5). Since the numerator of the given fraction is of 
lower dimensions than the denominator, it is evident that 
the numeratore of the partial fractions will be numbers, 
not containing x. 
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Let the numerators be A and B, so that 

X + 35 _ A , B 

{x + 5) (x — 5) ~ X — 5 X + 5 
Clearing the fractions 

X -j- 35 = A {^x + 5) + B{x — 5) . 

This is an identity and therefore true for any values of x. 
Let * = 6, by which means the coefficient of B vanishes. 

Then 6 + 35 = 10^ + 0. 

lOA = 40 

A = 4. 

Substitution of this value of A in (2) would give a 
equation which could be solved for B. But in this, and in 
most such cases, it is more simple to substitute a value of x 
in (2) so that the coefficient of A vanishes. 

let X = — 5. 

Substituting in (2) 

_ 6 + 35 = 0 + B(- 5 - 6). 
lOB = - 30 
and B = — 3. 

Substituting for A and B in (1) 

x + 35 _4 3_ 

— 25 X — 5 X + 5' 

Hence 

f X + 35 j f 4dx 3dx 

}x*-25 * T+6- 

= 4 log (X — 5) — 3 log (X + 5). 

d% 

Example 2. Integrate 

This is a generalised form of Example 1, and is No. 23 of 
the Standard Integrals (§111). 

Factorising 

1 


. ( 1 ) 
. ( 2 ) 


1 
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1 _ A B 

(x a) {x — a) X — a ' X + a 

\ = A{x a) B{x — a). 

(1) Let X = a I 

then 1 =^(2a) +B(0). A = 

(2) Let x= - a 

then 1 =^{0) +B(-2«). A B = - 

111 11 
‘ ' x^ — a* 2a' X — a 2a * * + a‘ 


f dx _ 

-Lf 

f dx dx ) 

f x^ — a* ~ 

2 aJ 

\x a X + aj 


= ^ {log {x - a) - log {x + a)} 


1 lof'^ 

a“ 2a ® X + o 




Similarly 

( dx I 


f-A-, = ^log^ = ltanh-i^. 
J — x^ 2a ° a — X a a 


/ 23 
2iFH 

Factorising the denominator 


23 — 2* 
2 x* + 9 x — 


23 —2x 23 — 2x 

2x* + 9* — 6 ~ (2x — 1)(* + 6)’ 

Let 

23-2* _ A B 

( 2 * - 1 )(* + 6 ) ~ 2 * - 1 "^ * + 6 ' 

A 23 -2* =24(* + 6) +B(2x - 1). 

(1) Let X => —5; 

then 23 + 10 =24(0) +B(- 11). A B = - 3. 

(2) Let * = i; 

then 23 - 1 = 24 (Jf) + B(0). A 24 = 4. 
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Hence 


23 -2x 


l: 


2x* + 9;*; — 5 2x — 1 
23 — 2x ^ f 4dx 


_3 

x + 5' 


'X j _ f ^4x f : 

2** + 9* -5 J2x -1 Jx 
= 2 log (2x 


3dx 


+ 6' 

I) — 3 log (x + 5). 


c IX T 4 19x “t" 6 j 

Example 4. Integrate I ^ 2x — 

The numerator being of the same dimensions as the 
denominator we proceed as shown in § 127, Example 1. 

~ X* + lO x + 6 (x* -f- 2x — ^ + (8x + 14) 

X* + 2x — 8 X* + 2x — 8 

_ , , 8x + 14 
“ X* -f 2x' - 8’ 


The fraction thus obtained is now resolved into partial 
fractions. Factorising the denominator 
8x H- 14 8x + 14 


X* + 2x — 8 (x 


Let V 


8x + 14 
* + 2x — 8 


A 


-2)(x+4)* 
2 ^ X + 4‘ 


then 

( 2 ) 

then 


Let 

Let 


8x + 14 = ^ (x + 4) + B(x 
X — 4 * 

- 18 =.4(0)' + 2?{-6). 

X = 2 • 

30 =^’(6) +B(0). 

^ X + 4’ 


2 ). 


B = 3. 
A =5. 




8x + 14 6 

2) (x 4- 4) X — 2 


+ lOx + 6 


+ 2x — 8 


dx 


= /(l +^"2 +x^)‘^* 

= X + S log (x — 2) +3 log (x + 4). 


130. When the denominator Is the square of a binomial, 
as, for example, (x + <>)*• 

In this case the fraction may be the sum of two fractions 
of which the denominators are (x + «) and (x + a)* with 
constants as numerators. 
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Example. Integrate j 
+ 1 


Zx + 1 


-^dx. 


Let 


(* + !)> 

A I B 

{X + 1)* “ * + 1 ^ + !)*• 

3;«: + 1 + 1) +J5 . 


( 1 ) 


Let X = — 1; 

then — 2 = .4 (0) + B — — 2. 

A may be found by using the property of an identity, viz., 
the coefficients of like terms on the two sides of the 
identity are equal. Comparing the coefficients of x in (1), 
above, we get : 

3 =A. 

. 3x + l 3 2 

• • (x + 1)* “ X + 1 {* + I?‘ 

. f3x + lj _ f 3dx f 2dx 

•• i(x + i)»'**-ix + i ”;(x + i)* 

= 3 log (x + I) + - — j-. 

The second integral, i.e., f is found by inspection, 

remembering that J 


_ 1 
jx»~ ? 


Exercise 24. 

Find the following integrals : 

>■ 

3 - /^ 4 - 




X + 8 


+ 6x + 8 


h 


7x -8 



4. 

,dx. 

► 

6. 

36 

8. 

"J dXm 

10. 


f dx 
y4x» -9* 


/x» 


3x - 1 


+ x — 6 
• x + l 
3x* — X — 2 


dx. 

dx. 
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2x - 1 


f a;* — 2 
• Jx*-x- 


dx. 


12 


2x + 1 


^dx. 


13 


12 


dx. 


15./ 


2 ; k * — 2 a :« — 11^—8 
x^ — X 


■ /(2» +8)' 

i,, 16 , 

J -- I 


131. Denominator of higher degree than the second and 
resolvabie into factors. 

( 0 ) When the denominator is entirely resolvable into 
different linear factors. 

The method is the same as when there are only two 
factors, but the number of partial fractions will correspond 
to the number of factors. 

Example. Integrate 

Factorising the denominator we get i 
Z - Ax — X* 
x(x- 1)(* -3)‘ 

—X* — Ax -\- S 4 4 - 

x{x — i)(A; — 3) x ^ X — 1 


Let 


+ 


x-y 


Then 

— — 4a; + 3 =A {x — 1) (a; — 3) + Bx(x — 3) + CA:(Af — 1). 

(1) Let a; = 0 ; 

then 3 = 3^4 + B(0) + C(0). /. A = 1. 

(2) Let X = 1; 

then - 2 = ri (0) - 2B + C(0). 5 = 1. 

(3) Let a; = 3 ; 

then - 18 = 84 (0) + B(0) + 6C. /. C = - 3. 

. f-x*-Ax + 3, f/1 , 1 3 

•• Jx(x — 1)(x — 3)^^~JL'^x'— 1 x- 3 )^ 

= log X + log (a; — I) — 3 log (x — 3). 

(6) When the denominator can be resolved Into linear 
factors, one or more of which may be repeated. 

Example. Integrate 
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The procedure is the same as that of § 130. 

Let 

-1 _ A . B . C 

(x - 1)*(* - 2) “ * - 1 ■‘' (* - 1)» - 2- 

then 

-1 =A{x-l){x-2) +B{x-2) +C{x-1)K 

(1) Let * = 1 ; 

then - 1 =^(0) -B 4-C(0). /. B = 1. 

(2) Let x = 2-. 

then - 1 =^(0) +B(0) +C. C = - 1. 

(3) Let X = 0; 

then - 1 = 2i4 — 2 - 2. .*..4=1. 

(on substituting the values already found for B and C). 

I {x - (x - 1)» “ 

= log (X - I) - - log (x - 2). 

132. When the denominator contains a quadratic factor 
which cannot Itself be factorised. 

The method adopted in cases already considered can be 
employed. 

Example. 

The factor (x* + 1) cannot itself be resolved into real 
factors. However, two partial fractions with the denomina- 
tors (* + 1) and (x* + 1) can be obtained. But the 
numerator of the fraction in which the denominator is of the 
second degree, viz. (x* -|- 1) may be of the first degree in x. 
The general form of this can be expressed by {Bx + C). 

Let 

X— 1 A , Bx +C 

(X H- l)(x* -1- 1) ~ X -1- 1 X* -1-1 * 

Then x — 1 *= il (x* -(- 1) -|- (Bx +C)(x -f 1) (1) 

Let X = — 1 

then -2 =il(2) -f 0. A = — 1. 
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Substituting this value of A in (1), we get ; 

* — 1 = — (** + 1) + (B* + C){x -f- 1) 

3 r ** + *== (Bx + C){x -j- 1). 

Equating coefficients of ** 

1 = B /. B = 1. (§ 130.) 


Equating coefficients of x 
1 =B +C. 

Hence 

* - 1 


{x - l){x» + 1 ) “ * + 1 + 1 ‘ 

X — 1 , f dx r xdx 

(2: + 1) Jx + 1 +1 

= — log (* 4- 1) + ^ log {x* 4- 1). 

/ xdx • 

i which can be 

found by the api^lication of the rule in § 107, but more 
difficult cases will require the methods given in the 
next section. 

Exercise 25. 
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133. Denominator of the form ax* + bx + c and not 
resolvable Into factors. 

The student will have learnt from Algebra that the 
expression ox* + bx + c can always be expressed as the 
sum or difference of two squares. The following examples 
illustrate this. 

X* + 4x 4“ 2 = {x* + 4x + (2)*} — 2* + 2 _ 

= (x + 2)* - 2 or (x + 2)* - (\/2)*. 

2x* - 3x + 1 = 2(x* - f^) + 1 

= 2(x* - fx + (1)*} -2 X (D* + 1 

= 2(* - D* - 4 = {y/2[x - i)Y - (V4)* 
**-f6*+14 = (x^ + ex + (3)*} - (3)* + 14 

= (* + 3)*+6 = (^ + 3)« + (V6)* 
12+6* — ** = 12 — (** — 6*) 

= 12 - {*> -5x + (f)*} + ^ 

= ¥ - (a; - f)* 



All of these are expressions for which there are no rational 
factors. They are all included in the three types: 

(1) *• — a» 

(2) ** + a* 

(3) a* - ** 

We have seen that fractions of which these are denomina- 
tors are of standard form (see § 111, Nos. 18, 22, 23). 
Consequently the denominator of a fraction which is of the 
form ax* bx c can be transformed into one of these 
three t 3 rpes. For convenience these three integrals are 
repeated, as they will be in constant use in work which 
follows. 



1 coth"' - or 
a a 


la 


log 


X — 0 

X + a’ 



dx 

q 2 _j. ;(2 




itanh'i- or 
a a 


I 

2a 


log 


a + X 
a — X 
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If {x + b) is substituted for x in each of the above, since 
the differential coefficients of x + b and x are the same, 
we have : 




dx 

(x+br 

dx 

{x + b)» -f o* 

Jx 

-(xVb)* 


, = — - coth 


= - tanh 


a a 

-1 ^ ^ 
a 

i X + b 




tan 


or 


(x + b)+a 




2a o — (x + by 

Two cases may occur in the integration of such fractional 
functions. They will be illustrated by the following: 


(I) When the numerator is constant. 

dx 


Type 




ox® + bx + c’ 


134. Worked examples. 

Example I. Integrate q:-^^-q72- 

We first express the denominator in the form x® ± a*. 

** + 6x + 2 = {x* + 6x + (I)®} -9 4-2. 

= (X + 3)® - 7. 

. f dx f dx 

* • } x®T6x+2 “ j vf)® 

which is of form A above. 


/: 


dx 


I 


— ’ th 1 ^ ^ 

X® + 6x + 2 ~ V7 V7 


or 


Example 2. Integrate 


I l„.jL+3-v^ 
1V7 *x + 3 + v7' 


dx 


2 + 3x — X*' 

Since 2 + 3x — x® = 2 — {x® — 3x + §} + f 

8\a 
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Using formula C 

f dx f dx 

J2 + Sx — x*~ J ^ — {x — i)* 
2 


X — 


\/l7 Vl7 


or 


2VI7 

dx 


log 


V i7 + ( 2x - 3) 
^I7_(2 x-3)* 


-j- 4% 3 


Example 3. Integrate 

Rearranging the denominator 

23;» + 4* + 3 = 2{{x* + 2^: + 1) - 1 + f} 


= 2{(* + 1)*+Q’}. 


Using formula B and substituting 

dx 

(X + 1)* + f 


- if 

' 2** + 4* + 3 
Using (jB) as integral 
dx 


h 


dx 


/2** + 4* + 3 */(i * + 1)* +1 

±_ 

Vi 


V2 ^ 

= \ tan-i V2(x + I). 


(2) When the numerator Is of the first degree in the 
variable. 

f -f B 

iox* + f)x + c 


Type 


dx. 


135. To solve this integral a combination of the devices 
previously used is required as shown in the following 
examples. 

Example I. Integrate ^ dx. 

The numerator must be first rearranged so that part of it 
is the difierential coefficient of the denominator. 


Now 
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Re-arranging numerator 

6x + 1 = 5(2x - 1) + 10. 


denominator 


* - 1 = (* - i)* - 4 . 


. f{6x + l)dx _ rZ[2x - 1) -I- 10 , 
•• Jx»-x-l~j x‘-x-l 




The first integral is found by the rule of § 107 and the 
second by using the standard from (A) above. 

••• ik^l- - 3 lo« («• - « + I) + ^ lo* — — VS 

~ 51 + 

Verification. — ^The student will find it a very useful 
exercise to verify some of these results, by differentiating 
the integral obtained. The verification of the exercise 
above, follows as an example. 

Let 

y = 3 log (x* 

Then 


x + l)-f^log 




(* - 4) + 


V5’ 


^ — 3(2x 
dx ~ 


- 

X 

+ 1 

6x 

_ 

3 


X 

+ 1 

6x 


3 

x»- 

X 

+ 1 

6x 


3 

X* - 

Ic 

+ 1 

6x 

+ 

7 



1 


{* — J) + 


^1 



X-J + f) 

1 - 

(x-i-#) 





+ 


10 f 

V5 


\/5 


+ 


(* 

10 

X* —X -f 1 


_ t). _ 


V 2 ; 
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Example 2. Integrate j, 


5x + 1 

2x* + 4x +3* 


^ (2^* + 4* + 3) = 4;>: + 4. 

Re-arranging numerator 

6a: -h 1 =t(4a; -f 4) -4. 
Re-arranging denominator 

2a:» -I- 4a: 4- 3 = 2{a:» -f 2a: -f- f } 

= 2{(a: + 1)* 4- i}. 

. f {5x + l)dx 
• • ; 2:e* 4- 4a: 4- 3 

- fi(4^+4) -4 
“ J 2x» + 4x 4-3 

, f (4a; 4- 4)ia: f dx 

- *j 2x» +4x+ 3 V 2{ (a:' 4-'T)» -f i} 

= I log {2x* 4- 4a: 4- 3) - (2 -r V\) tan-* 

= 4 log (2x* 4- 4x 4- 3) - 1V2 tan-* V2(x 4-1). 

Example 3. Integrate 

First we must resolve the fraction into partial fractions. 
Since a:* — 1 = (* — l)(x* 4- * 4- !)• 

T 2x 4- 1 _ il Bx -\-C 

- 1 - a: - 1 ^ 4- X 4- 1’ 

2x4-1 4- (5*4-C)(x-l). 

Let X = 1; then 3 = (3) 4- 0 ; A = I . 

Comparing coefficients 

(1) X* 0=^-i-R = l-l- B. B = — I . 

(2) Constants 1 = — C -+■ 1. C = 0. 

• /“ (Zx 4- ^)d x _ f dx _ f xdx 

•* J x» — 1' ~Jx — l Jx*+x + V 
/x^ =log(x-l). 
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P) /i. 


xdx 


. +X + 1 

-} x^+x + i 

ir2*±i__ir 

^Jx*+x + l V 


dx 


(pc + i)» + I 


= i log (2;* + it + I) - (4 X tan-1 

= i log {^* + * + 1) - i tan-i 
Adding (1) and (2) 
lx + 1 

-H 1 1 2x -I- I 

= log (x - 1) + i log (X» + X + I) — tan-1 


Exercise 26. 


Integrate the following: 


1 . 

r dx 

2. 

f dx 

/ x* -j- 6x -f 17' 

Jx* + 6x ~4‘ 

3. 

f dx 

4. 

f dx 

j x‘ -j-4x + 6' 

j2x* + 2x + T 

6. 

r (1 — 3x)dx 

6. 

f {4x — 5)dx 

jSx* +4x +2' 

1 

1 

7. 

r (2x + 5)dx 

8. 

f dx 

/ X* + 4x + 5‘ 

/*» + r 

9. 

f {x — l)*<ix 

10 . 

f (3x + 5)dx 

lx»+2x+2‘ 

\C4 

H 

1 

1 

11 . 

f (4x + 5)dx 

12 . 

j 

f^l + ^ dx. 

1 3x* + X + 3' 

L» 4 - 1 


II. Fractions with Irrational denominators. 

136. Type / 

^ V flX* + fcx + c 


By the use of methods similar to those employed in 
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previous sections, integrals of this type can be transformed 
to one of the following standard forms (see § 111). 

(B) f , •j” , 

' ' y Vo* — X* o 

l v xi + a> = i + v/i?^*}. 

In this type the numerator is a constant and does not 
involve the variable. Consequently it is necessary only 
to transform the denominator into one of the three forms 
(A). (B), or (C). 

The method of doing this is illustrated in the following 
examples: 

137. Worked examples. 

Example I . 

Now 

** + 6* + 10 = »* + + (3)* - 9 + 10 = + 3)» + 1. 

. f _ _ dx f ^ 

** J Vx‘ + 6x + 10 ~ JV^ + 3)* -f 1’ 

This is of type (C) above, in which x is replaced by x + 3, 
which has the same differential coefficient. 

• f ^ 

*• } Vx* + 6* + 10 _____ 

=r sinh-* (x + 3) or log {(x + 3) + Vx* -f ix + 10}. 

Example! InUgraU 

Now, (2x* + 3x — 2) = 2(x* + fx — 1) 

= 2{(x + i)*-^}. 

1 r 


• • h 


dx 
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Using Type A, 
dx 


2II 


/: 


V2x^ + 3 * — 2 


Example 3. Integrate j 
4+8* 


1_ cosh-i 

V^cosn ^ 

1 . 1 4x + 3 

^coih->-5— . 

dx 


/: 


dx 


\/4 + 8* — 6**' 
6*» = 6{f - (** - f*)} 
= 5{#f -(*-!)*}. 




<2* 


^4 + 8* — 6*» J 

=4-_r 


(*- 


t? 


V^J VM ~ — D* 


sin- 


■1 ^—1 


V6 
I , , 5x - 


138. 


Type f- 


{Ax + B)dx 


V ox* + fcx + c* 

Let us co nsider a spe cial case in which the denominator 
is, say, V2** + 7* + 8, i.e., (2** + 7* + 8)*. 
d , 

Then (V2** + 7* + 8) j 

*** = i(2*» + 7* - 8)-* X £ (2** + 7* - 8) 

= i(2** + 7* - 8)-* X (4* + 7) 
m + 7) 

V^2** + 7* ~ 8 

From this it is evident that, »/ the numeraior of a fraction, 
of this type, is one half of the differential coefficient of the 
expression under the root sign in the denominator, then the 
integral of the fraction is equal to the denominator, i.e.. 


/*- 


+ (*+c) 

Vox* + bx +c 


dx = V ox* + 6x + c. 
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Consequently, when evaluating an inte^al of this type, 
arrange the numerator so that part of it is the differential 
coefficient of the expression under the root sign in the 
denominator. 

In general, this results in a constant being left over in 
the numerator, as in the corresponding type in § 135. The 
expression can then be divided, as in § 135, into two 
fractions, in which the first will be as above, and the 
second as in § 137. 

A worked example will make this clear. 


139. Worked example. 


Now 


^(2^* +x-S)=4x + l. 


Re-arranging the numerator 
* -f- 1 = i(4A; -f- 1) + f 

= Mi(4Ar + l)} + i. 

*■ JV2x^ + x-3 

-j 


_ f \ {Ax-\-\)dx f 

As shown above J j - 

Also using the methods of §§ 136, 136 

( Ux af dx 

J V2x‘ +x — 3 *} 


Idx 


^/2xi + X — 3' 

V2»- + »-3 - 


^2x* -h * — 3 y/2x^ -f * — 3 


IV'. 






{x -f \)dx 
2x* -f * — 3 

^\V1k* + x' 


3 + 


cosh-^ * 

4V2 
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Exercise 27 . 

Integrate the following: 


1 f 2 1 

■ J Vx^ + 6;c 4- 10' ■ J 

^ f 1 1 

f dx 

V^® + + 4 ’ 

f dx 

J Vx^ ^ 4x + 2 J 

p f - R 1 

Vl — X — x^' 
f dx 

iV5%»-12A: + 4’ j 

7 8 i 

JVx^TV J 

9. 10 J 

Vx[4 — x)’ 
f{x + l)dx 
Vx^+ 1 ’ 
f xdx 

J Vif -l 1 

11. 1 12. 1 

J Vx^ — 2x + 5 J 

13. f 14.1 

J Vx^ + X -1- 1 J 

140. Some useful devices. 

Vx* — * + 1 * 

f (2x + l)dx 
Vs —4x — X*' 
f (* + 2)dx 
Vx^ + 2x -- 1* 


Other irrational functions can sometimes be transformed 
so as to admit of the use of the above methods. 

(a) Rationalisation. In certain cases the rationalisation 
of the numerator enables the integration to be performed. 

r- ■ r . . f lx 1 T 


Example. Integrate j 

Rationalising the numerator 

Vx — 1 _ Vx — 1 X Vx — 1 
Vx + 1 Vx + 1 X Vx 1 
__ ^-1 
^Vx^l 

_ r xdx r dx 
j VW^ J 

== Vx® — 1 — cosh-^ X. 
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(b) Substitution. By substitution for the irrational 
expression a new variable, such as u, the Integral can be 
simplified as shown in the following examples: 

/dx 


JxVx^' 

1 1 
X = - or u =-. 
M j X 

dx = idu. 

M* 
f ~ 


• f = f « 

JxVx^+4, Ji h 


_Jf! 

+ 4»* 

_ f du 

JVl +4«* 


f du 

~ JVl +4«* 
= — J sinh-^ 2u 

= -islnh-i| 
Example 2. Integral 
Let * = n and u = i. 


— 


. r f 

y#v** — * + 1 ii /I 1 




~tVl —u+u* 
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_ __ f ^ 

J Vl — W 


+ w* 




= — sinh-^ 


V3 

?-l 

X 


of § 137 ) 


Vs 

sinh-i 

xV3 


Exercise 28. 
Integrate the following functions: 


'•/V; 


X — 2 


dx. 


'x + 2 

dx 




4- Vx* — 1 
(rationalise the denominator). 

7. f 

* J xVl + X + X*’ 

dx 

+ 1 ) + 2 

(pat* + I = !). 


/, 


11 ./ 


Vl +, 


■dx 


4 

6 

8 

10 

12 


2x + 3 
2x — 3 

^T+T 


dx. 


-3 

dx 


dx. 


■U. 

' /x V X* + 6x + 10 
J dx 

■L 


xVSx* -4- 4x + 1* 
dx 

xVf + X*' 


/x»1 


dx 


(rationalise numerator). 


13 


Vx* -f 1 


•/ 


Vl + X* 
(put X = tan «) 

14 I x*dx 


16. 


dx 


'xV* + l' 


Vx* -4- 1' 

dx 

(x + l)Vx 4-2 
(put Vx 4- 2 = m). 


•/: 



CHAPTER XIII 


AREAS BY INTEGRAL CALCULUS. DEFINITE 
INTEGRALS 


HI. Areas by Integration. 

The integral calculus had its origin in the endeavour to 
find a general method for the determination of the areas 
of regular figures. When these figures are bounded by 

straight lines, ele- 
mentary geometry 
supplies the means of 
obtaining formulae 
for their areas; but 
when the boundaries 
are wholly, or in 
part, regular curves, 
such as the circle, 
ellipse, semi-circle, 
etc., then, unless we 
have the help of the 
integral calculus, we 
must depend upon 
experimental or ap- 
proximate method. 
We proceed therefore 
to investigate how 
integration can be 



Fig. 29 . 


employed to determine any such area. 

Let us consider, as an example, the parabola 
y = X*. 


In Fig. 29, OA represents a part of this curve. 

Let A be any point on the curve and AB the corre- 
sponding ordinate. 

Let OB ^ Q units. 

Suppose it is required to find the area under OA, that is, 
the area of OAB, which is bounded by the curve, OX, and 
AB. 


2X6 
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Let the area be A sq. units. 

Let P be any point on the curve OA. 

Let its co-orduiates be (*, y). 

Drawing the ordinate PQ we have OQ = x, PQ = y. 
Suppose the area to be increased by a small amount M , 
due to the point P moving along the curve to M, and Q 
moving along the axis to N. 

Draw PS and MR parallel to OX and produce QP to 
meet MR at R. 

Then we can represent QN by Sx 
and MS by Sjy. 

ON = x + Sx 
MN = 3 ; -j- 

Also SA is represented by the figure QPMN, 

The area QPMN lies between the areas of QRMN and 
QPSN. 

and area of QRMN is (y + Sy)Sx 

„ QPSN is ySx. 

SA lies between ySx and (y + Sy)Sx 

and ^ „ yandy + 8y. 

Now suppose Sx to be decreased indefinitely. 

Then as Sx — >• 0, Sy — »• 0, and -r- becomes -p in the 
limit, i.e., in the limit 



= x». 

dA = xHx. 

Integrating A = Jx® + C. 

This result provides a formula for the area A in terms of 
any abscissa x and the undetermined constant C. 

But when x = 0, A —0, 

then C = 0. 

for any value of x, when measured from O. 

A = 

When X = a as in the figure for the area of OAB 
A = Jo® sq, units. 
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If now another value of x, say b, be taken, so that OD in 
Fig. 30 = b. Then by the above result 
Area of OCD = 

/. Area of CDBA = Ho® - **)• 



Fig. 30 . 


We will now proceed to establish a general rule which will 
apply to any function. 

142. Definite Integrals. 

Let the curve drawn in Fig. 31 represent part of the 
function 

Y = 4>{x)- 

Let AB and CD be fixed ordinates such that 
OB = a, OD = b. 

Let ABDC be the area which we require to find and let 
it be A sq. inch. 

Let PQ be a variable ordinate corresponding to any 
point, (x, y), so that OQ = x, PQ = y = <ft{x). 

_ Then, if Q moves along OX so that x be increased by 5x 
(».e., Q^, P will in consequence move along the curve to 
M (say). 
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Draw PS and MR parallel to OX. 

Then MS = Sy 

and MN =y + 

also ON = X + 

Let the area be in- 
creased by 8^, where 8^4 
is represented by the 
figure PQNM. 

Then the area of 
PQNM lies between the 
areas of PQNS and 
QRMN. 

6A lies between ySx 
and (y -f 8y)6x, 

i.e., ^ lies between 

Sx 

y and y + Sy. 

Let Sx be decreased 
indefinitely. 

Then, as Sx — > 0, 


Sy. 


0 , 
dA 


, 8/1 
and 



proaches ^ as its limit 
in the limit 


Fig. 31. 


dA 

dx=y 

=m- 

dA — 4>{x)dx. 


Integrating, and representing the integral of 4>{x) by /(*). 
jdA = j4>{x)dx 

and A = f(x) + C .... (I) 

where C is an rmdetermined constant. Its value can be 
determined when the value of is known for some value 
of X. 

Now A has been taken to represent the area ABDC, i.e., 
between the ordinates where x = a, and * = 6 respectively, 
and the variable ordinate moves from x => a to x = b. 
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But when x = a, A =0. 

Substituting in I, 0 = /(a) + C, 

C=-f{a). 

When X = b, i.e., at D 

A =f(b) + C. 

Substituting the value found for C. 

A = m -f{a) . . . . (II) 

Since /(a) and f{b) are found by substituting a and b 
for X in f{x) which represents the integral of ^(x), the area, 
A, between these limits o and b can be found by integrating 
^ {x) and substituting the values x = a and x = b,f{a) being 
subtracted from f{b). 

This can conveniently be expressed by the notation 

f(b) - f(a) = /_‘9(x)dx. 

i <f>(x)dx is called a definite integral and a and b 

are called its limits, a being called the lower limit 
and b the upper limit. 

fb 

To evaluate a definite Integral such as ^{x)dx 

(1) Find the indefinite integral j <}>{x)dx, viz. f{x). 

(21 Substitute for x in this the upper limit b, i.e.,f{b). 

(3) „ „ „ lower limit o, i.e..f{a). 

(4) Subtract f{a) from f{b). 

In practice the following notation and arrangement is 
found convenient: 

jj(x)du = [f(x)]^ 

= f(i>)-V(o). 

143. Characteristics of a definite Integral. 

The following points about a definite integral should be 
carefully noted i 
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(a) The results of substituting the limits in the 
integral are respectively /(a) + C and f{b) + C. Con- 
sequently on subtraction the constant C disappears, 
hence the term “ definite.” If a and b are numbers 
the integral will also be a number. 

(b) The variable is assumed to be increasing from 
the lower limit to the upper limit, i.e., in the above 
from a to b. This must be carefully remembered when 
dealing with negative limits. If, for example, the 
limits are — 2 and 0, then the variable x is increasing 
from —2 to 0. Consequently the upper limit is 0 
and the lower limit — 2. 

This defiinite integral would therefore be written 

fO 

I ^(x)dx. 

•'-2 

(c) The term ” limit ” in this connection has not 
the meaning attached to it previously in § 16. It 
denotes the values of the variable x at the ends of the 
range of values o to 6 over which we are finding the 
value of the definite integral. 

144. Worked examples. 

Example I. Evaluate the definite integral j 3x . dx. 

Now jsxdx = -|- C. 

j 3xdx = 

= l{(5)*‘-(2)»} 

= 1 X 21 

~ 2 ’ 

The student will find it a useful exercise to check this by 
drawing the graph oi y = 3x, the ordinates at * = 2 and 
X = 6 and finding the area of the trapezium by the ordinary 
geometrical rule. 
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n 

Example 2. Evaluate the definite integral rsin xdx. 

'a 

Now jsin xdx = — cos x + C. 

n 

j *sm xdx = ["— cos *1* 

■'0 ^ *^0 

= {(— cos g) — (— cos 0) J 

= 0 + 1 

= 1 . 


Note . — ^This gives, in square units, the area beneath 


the curve of >> = sin * between 0 and A graph ol 



this function between 0 and n 
is shown in Fig. 32. Clearly, 
from symmetry the area under 
this curve between 0 and n 
must be twice that between 0 

and 2 sq. units. This 

can be checked by evaluating 

f sin xdx. 

Jo 


Example 3. 
Now 


Evaluate I xeJ^dx. 

Jo 

j xe’^dx = Je** + C 

j xe’^dx = 

" = ^ 

= i{e - I). 


(by inspection) 


Example 4. Evaluate tiie definite intend 
(1 + Sx - 2x*)dx. 
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Since j{l 4- 3* — 2x*)dx = * + ^ 

j (1 +3x — 2x^)dx = [^ + ^ — 5^] ^ 

= 0 - (- 1 + 1 + f) 
_ 7 

“ 6 ’ 


f3 dx 

Example 5. Evaluate the definite integral j 


Since 


f dx 

J V*» — 1 ~ 


cosh-^ *. 




= cosh-^ (3) — cosh-^ (2) 

= 1-763 — 1-316 (both approx.) 
= 0-447. 


Rough values for cosh-^ (3) and cosh-^ (2) can be found 
from the tables on p. 379. 

More exact values can be found by using the algebraical 
equivalent of cosh”^ x, viz. log, {x + Vx* -f 1} using the 
hyperbolic logs on p. 377. 

Example 6. Evaluate the definite integral J x log xdx. 

Using the result of Exercise 22, No. 6, we get 1 

/ ^2 
X log xdx = 2 (log X — J). 

/. j^x log x<fx = (log X — 

= |‘(log.«-i)-i(log.l-i) 

= (|*xi)-J(0-i) 
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Exercise 29. 


Evaluate the following definite 

integrals: 

1. 

1 x^dx. 

J 1 

2. 

1 (x* 4- 4)dx. 


rt 


J 0 
fl 

3. 

j ix^ + Sin; — S)dx. 

4. 

(2x + iydx. 


J\ 


J-t 

6. 

rio 

I x-^^dx. 

6. 

1 Vxdx. 


Jl 


Jl 

n 

7. 

j {x^ + x-*)dx. 

n 

8. 

re 

1 COS 3xdx. 

n 

9. 

[*(cos 0 — sin 2O)i0. 
Jo 

10. 

j*cos (20 4* 

11. 

p2^dx. 

12. 

j el^dx. 

13. 

n 

(‘ir*dd. 

14. 

\np f (a® - x^dx. 


Jo 


J-a 

n 

15. 

j e’^dx. 

16. 

f%in^ xdx. 


Ja 


Jo 

17. 

f® xdx 
hi + **■ 

18. 

l^x sin xdx. 

Jo 

19. 

1 X log xdx. 

20. 

I x^ log xdx. 


Jo 


Jo 

21. 

j sin-^ xdx. 

22. 

1 tan-”^ xdx. 


Jo 


Jo 

23. 

% 
o 

24. 

j Vl + Zxdx. 

25. 

/■® xdx 

26. 

A dx 

JoV4-x 

JoVx 4- 1 ’ 

27. 

dx 

28. 

f® dx 

l.,l+x»’ 

C« dx 

io 

xdx 

29. 

30. 

Jo V a* — *** 

JoVl-X*’ 
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31 

/•a dx 

32 

dx 


jiVx^ - r 


Jo Vx* +2x + 

33. 

rvi 

34. 

n 

f\an* xdx. 

Jo 

35. 

dx 

36. 

dx 

Jo V 12 — 4x — x^ 

Jo Vx{l — a;)’ 

37. 

H dx 

y-,(x-2)»- 




145. Some properties of definite Integrals. 

(1) Interchange of limits. 

Let <f>(x) be the indefinite integral of f{x). 

Then, if the limits of the definite integral are a and b 

I f(x)dx = <f>(b) - 

If the limits be interchanged 

iy{x)dx = - m 

h 

i.e. j f(x)dx = — j /{x)dx. 

Thus, the interchange of the limits of Integration 
changes only the sign of the definite integral. 

(2) /Vw<fx= ff{x)dx+ /V(x)dx. 

Ja •'o 

Let <^(x) be the indefinite integral of J{x). 

\'‘f{x)dx =^{b) — <^(a) 

Ja 

also j f{x)dx ==<}>{b) — ^(c) 

and f J{x)dx = ^{c) — ^(a). 


B (cal.) 
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r/(x)dx + \‘/{x)dx = {^( 6 ) - + {i>{c) - 4,{a)} 

K Ja = (f}(b) — <f>{a) 

= l'‘Mdx. 

’'a 

In Fig. 30 there is a graphical illustration of this theorem. 
Clearly, 

Area of OAB = Area of ABDC + Area of OCD, 

i.e., I f(x) = f f(x) + I f(x). 

Jq Jt ■'0 

fb 

(3) Since I f{x)dx = <f>{b) — where <f>{x) is the 

indefinite integral of j f(x)dx, then as the definite integral 

(f>{]b) — does not contain x, any other letter could be 
used in the integral, provided the function of each of the 
two letters in the sum is the same. 

For, \'f(y)dy^m 

Ja 

but I f(x)dx = 4>(b) — ^(«). 

Ja 

l'’fWdx= l‘'f(y)dy. 

J a J a 

( 4 ) rf(x)dx = fy(a - x)dx. 

/o ^ 

Let X = a —u or a — x = u. 

Then dx = — du. 

Now, If In definite Integration the variable Is changed, 
the limits will also be changed and the new limits must be 
determined. 

in the above, when x = a, 

u = a— x = a— a = 0. 
when X = 0 

u=a— x = a— 0 = a. 

Thus when x = a, u = 0, and when x — 0,u ~ a. 
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/. Wlien X is replaced by a — « in f{x)dy, the limits 

•'O 

must be changed to those found above. 

1 f{x}dx = — j {a — u)du 

Jq 'a 

ra 

= I (a — u)dx (by (1) above) 

■'0 

= I (a — x)dx (by (3) above) 


Examples. 


j\in xdx = j“sin Q — xjdx 


1: 


COS xdx. 


In general 

? n 

fi 2 

I /(sin x)dx = I /(cos a;)djc. 

•'O •'0 


146. Infinite limits and infinite Integrals. 

In the calculation of definite integrals between two limits 
0 and b it has been assumed 

(1) That these limits are finite. 

(2) That all the values of the function between them 
are also finite, i.e., the function is continuous. 

We must, however, consider cases when one or both of 
these conditions is not satisfied. 


147. Infinite limits. 

The problems which arise when one of the limits is ir^nite 

can be illustrated by considering the case of y = 

In studying this function it will be helpful to refer to its 
graph, part of which is shown in Fig. 33. The values of 

^ being always positive, the curve of the function lies 
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entirely above OX. It consists of two parts, corresponding 
to positive and negative values of x. These two parts are 
clearly symmetrical about OY. 



Fig. 33. 

Let P, Q be two points on the curve. 

Let PA, QB be the corresponding ordinate. 

Let OA = a, OB — b. 

Then, as shown in § 142, the area beneath the part of the 
curve PQ and bounded by PA, QB and OX, is as shown by 
the shaded part of the fi^re and is represented by 



(1) Suppose the ordinate QB to move indefinitely away 
from OY, so that OB — b — is increased indefinitely. 

Then the ordinate QB decreases indefinitely and in the 
limit OX is an asymptote to the curve (§ 14), 

i.e., as b — >• oo , QB — > 0. 

The definite integral can now be written i 
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I -jf more conveniently, 

/■?=[- a" 

Ja ^ L- 

Its value in the limit becomes — (- -V 

j Voo at 

But the limit of — is zero. 

00 I 

The value of the definite Integral Is - and Is finite. 

(2) Next, suppose the ordinate PA to move towards OY; 
thenP.d increases rapidly.and when — t.e., a — is decreased 
without limit, the ordinate, i.e., the value of y, increases 
without limit, 

as a — >■ 0, y — >- 00 . 

The definite integral can now be written ! 

f* ^ or /** = [- if 
y._>o ** h * L xJo 

In the limit ^ becomes infimte. 

Thus the definite Integral becomes Infinite and cannot 
be found numerically. 

At the same time OY becomes an asymptote to the curve. 

/ ^ dlx 

We therefore conclude that in the definite integral I -j, 

Ja * 

(а) If X becomes infinitely great, while y becomes 
indefoitely small, the integral will have a finite value. 

(б) If X becomes indefinitely small, while y becomes 
in^itely large, the integral has no finite value. 

It is clear therefore that in all such cases we must 
investigate and determine whether the definite integral 
can have a finite value or not. 

Next we will consider an example in which both limits 
become infinite. 

= *T. 

= tan-* b — tan-* a. 
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If h — >■ 00 , then tan-^ b — > g. 

If a — >- — 00 , then tan-^ a — >- — 

In the limit 

Therefore there is a finite value of the integral J 

H8. Functions with Infinite values. 

We next consider functions which become infinite for 
some value, or values, of the variable between the limits 
of the definite integral, i.e., the function is not continuous. 

The function which was considered above, is an 

example; it becomes infinite when * = 0, as shown above. 
If therefore it is required to find the value of the integral 
l*^dx . 

I it is evident that the function becomes infinite for a 
J-z* 

value of X between the limits, viz. x = 0. 

/■+ 2^^ 

If I -j be evaluated as usual, disregarding this infinity 
2 * 

value, the result is as follows i 


is evident that the function becomes infinite for a 


L* du 


[-a::- 


But this result is at variance with that obtained above 


when it was shown that 


lo 


becomes infinite as x 


approaches zero. Similarly, it can also be shown that 

f® dx . • c -j. 

I IS uifimte. 

7 - 2 * 

As I ^ must be the sum of these (§ 146), it must be 
7—2 * 
infinite. 

It is therefore necessary, before evaluating certain 
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integrals, to ascertain if the function is continuous between 
the assigned limits, or whether it becomes infinite for some 
value of X. 

This is specially necessary in the case of fractional 
functions in which, while the numerator remains finite, the 
denominator vanishes for one or more values of x. 


(x-l)ix-~2) 
therefore discontinuous 


becomes infinite, and the curve is 


(1) when {x — 1) = 0, and * = 1, and 

(2) when (x — 2) — 0, and x = 2. 

Similarly in the denominator vanishes when 

* = 2, or more accurately, V2 — x — >■ 0 when * — >- 2. 
Consequently the function approaches infinity as x — >• 2. 

All such cases must be examined to ascertain if a finite 
limit and therefore a definite value of the integral exists. 
For this purpose the property of an integral as stated in 
§ 146, No. 2, can often be employed. In using this theorem 
the integral to be tested is expressed as the sum of two 
integrals in which the value of the variable for which the 
function becomes infinite is used as an end limit. Each 
of these must have a finite value if the original integral is 
finite and its value is given by that sum. 

An example of this was given above, when it was pointed 

out that f , when expressed as the sum of f and 

I — 5 must be infinite, i.e., it has no meanmg, smee each 

of the two component integrals had been shown to be 
infinite. A further example is given below in which a 


iier example is given below in which a 


method is employed for determining whether a given 
definite integral is finite or not. 

J 8 

I - g . — ... 

0 V X — 2 

has a finite value. 

The integral approaches infinity as x — 2. 
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Using the above theorem (§ 146), the integral can be 
expressed as follows: 


f* _ _u 

2 ” i, — 2 io — 2* 

It is necessary, if the original integral is to have a finite 
value, that each of these integrals should be finite. We, 
therefore, test these separately. 

In the first let the end limit " 2 *’ be replaced by 2 + «, 
where a is a small positive number. 


= •[<*- 


= l[{(3 - 2)»} - {{2 + «) - 2}l] 

= f(l - a*) 


As a — ^ 0 and (2 + a) — > 2, the value of the integral 
approaches f . 

in the limit the value of the integral Is |. 



dx 


= |[(x-2)*] 


2 -• o 


= i[{(2-«)-2}l- (0-2)1] 
= l{{-«)*-(-2)«}. 


In the limit when a — > 0, (— «)* — > 0 and the value 
of the integral becomes — f(— 2)1 = — f 
As each of the definite integrals has a finite value, the 
whole integral is finite and is equal to the sum of the two 
integrals. 


/ 


dx 
^x — 2 


= f- W 


= t(l -^4). 


Exercise 30. 


When possible calculate the values of the following 
definite integrals: 




dx 

1 ?' 
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3. 

r+“ dx 

4. 

/■+ *» dx 

Jo + 

J2 ^"-1* 

6. 

rdx 

A v^’ 

6. 

r+ 00 

I ff-^dx. 

Jo 

7. 

1 e-^cosxdx. 

8. 

f” xdx 

Jo 

9. 

/•“ dx 

10. 

r dx 

A **(i + xy 

A ^(1 + xy 

11. 

[^dx 

12. 


Jo 

13. 
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CHAPTER XIV 

INTEGRATION AS A SUMMATION. AREAS 

149. Approx! matlom to an area by division into small 
elements. 

In the preceding chapter it was seen how, with the aid of 
integration, we could find the area of a figure bounded in 
part by a regular curve whose equation is known. We 
now proceed to the consideration of another, and a more 
general, treatment of the problem. 



In Fig. 34 let AB be a portion of a curve whose equation 
isy =<l>(x). 

Let AM. BN be the ordinates of A and B, so that 
OM = a. ON = b. 

AM^^[a), BN = 4,{b). 

Let the co-ordinates of A be (*, y). 

ABNM is the figure whose area is required. 

Let MN be divided into n equal parts at X^, X,, X^, . . . 

*34 
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Then can be represented by Bx. Hence each of 
the divisions X^X,, ... is equal to Sx. 

Let AiXi, A ^2- A 3X3 ... be ordinates corresponding 
to the points ^1, Jig, . 4 s • • • 

Complete therectanglesyfPjifj^i.if 1^2^ 2^21 ^2P3-d8?3 • . • 

There are now two sets of rectangles corresponding to 
the divisions MX^, X^ Xj, . . . 

( 1 ) MPi^iXi. XiPa^jXj. XJP3A2X2. . . . 

( 2 ) MAQ^X^, X^A^Q2X2, Xj^j^aX, 

The area beneath the curve, i.e., the area of MABN, lies 
between the sums of the areas of the rectangles in sets 
( 1 ) and ( 2 ). 

If the number of divisions be increased the area of each 
of the two sets will approximate more nearly to the area of 
MABN. 

If the number of divisions be increased indefinitely, hx 
will be decreased indefinitely and the area of each of the 
sets ( 1 ) and ( 2 ) approaches to equality with the area under 
the curve. It is therefore necessary to find expressions for 
the sums of these sets and then to obtain their limiting 
values when Sx — >■ 0 . 

The ordinates can be expressed thusi 

AM = <f,{a) 

AiX^ = ^(a 8 x) 

A2X2 = i>{a + 2 Sx) 


An-iX„-i — ^{a {n — 1 )®*} 

,and BN = 4 >(b) 

where n is the number of divisions, 

.'. the areas of these rectangles in ( 1 ) are as follows! 


Area of MAQ.X. = (AM x MX^ = ^(a)Sx 
„ X,A ,Q2X2 = (A iX,) X (X^XJ = ^(a + 8x)S* 

„ X2A2Q2X, = (A2X2) X (XjXa) = ^(a + 28 x) 8 * 


„ = (A„.iX„-]) X (Xn-iN) 

= <ff{a -+■ (» “* l)Sx)Sx. 

The sum of all these rectangles is 
8x[^(a) + + Sx) + , . . + ^a (n — 1)8*}] (A) 
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Similarly the sum of all the rectangles in (2) is 

Sx[^(a + + ^(a + 2Sx) . . . 

+ + (» _ l)S-t} + ^(6)] (B) 

The area of the figure AMNB lies between {A) and (B). 
Then (B) - {A) = Sx{<f>{b) - ^(a)}. 

In the limit when Bx — >■ 0 this difference vanishes. 
Thus each of the areas approaches the area of AMNB. 

The area is the limit of the sum of either (A) or (B). 

The summation of such a series can be expressed con- 
cisely by the use of the symbol E (pronounced “ sigma ”), 
the Greek capital " S.” Using this symbol the sum of the 
series may be written 

*i ^(x)Sx. 

x "■ a 

By this expression we mean, the sum of terms of the 
type <f>(x)Bx, when we substitute for x the values 

a, a + Bx, a + 2Bx, a -f- 38x, . . . 

for all such possible values of it between x — a and x = b. 

The area otAMNB is the limit of this sum when Bx — > 0, 
and this is written in the form 

A= Lt “V <f>{x)Bx. 

ix — ► 0 X o 

But we have seen, (§ 142), that this area is given by the 
integral 

fb 

I <f>{x)dx. 

Ja 

Lt Z 4>{x)dx = I ^(x)<Jx. 

8x— >-0 xmma 'a 

150. The definite integral as the limit of a sum. 

It is thus apparent that a definite integral can be 
regarded as a sum, or, more correctly,, the ” limit of a sum,” 
of the areas of an incite number of rectangles, one side of 
each of which {dx in the above) is infinitesimally small. 
The use of the term integral will now be clear, the word 



INTEGRATION AS A SUMMATION. AREAS 237 

integrate meaning to give the total sum The first letter 

of the word sum appears in the sign j, which is the old- 

fashioned elongated “ s." It is also evident why the 
infinitesimal, dx, must necessarily appear as a factor in an 
integral. 

The definite integral has been used in the illustration 
above to refer to the sum of areas. This, however, is used 
as a device for illustrating the process by a familiar geo- 
metrical example. Actually there was found the sum of 
an infinite number of algebraical products, one factor of 
which, in the limit, becomes infinitely small. The results, 
however, can be reached independently of any geometrical 
illustration. .5 

Consequently, I <^(x)dx can be regarded as representing 

Ja 

the sum of an Infinite number of products, one factor of 
which Is an infinitesimally small quantity. The successive 
products must be of the nature of those appearing in the 
demonstration above, and must refer to successive values of 
the independent variable, x, between the limits x — b and 
* = a. 

This being the case, the method can be applied to the 
summation of any such series, subject to the conditions 
which have been stated. 

This is of great practical importance, since it enables us 
to calculate not only areas, but also volumes, lengths of 

curves, centres of mass, moments of inertia, etc., such as 

»-» 

■ are capable of being expressed in the form E <^{x)dx. 

ar— a 

They can then be represented by the definite integral 

fb 

I <ft{x)dx. 

“ In the above demonstration <^{x) has been regarded as 
steadily and continuously increasing, but the ar^ments 
employed will apply equally when <f>{x) is decreasing. It 
is essential, however, that the ran^e of values of x between 
o and b can be divided into a definite number of parts, and 
that the corresponding values of 4>{x) are continuously 
increasing or decreasing. 
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The practical applications of the above conclusions are 
very many, and some of them will be discussed in succeeding 
chapters. 

The most obvious application, in view of the method 
followed in the demonstration, is to areas; so a beginning 
will be made by examining examples of them. 

151. Examples on Areas. 

Example i . Find the area between the curve of y = the 
x-axis, and the ordinate of the curve corresponding to x — 2. 

The part of the curve involved is indicated in Fig. 36 by 
OQ, where the ordinate from Q corresponds to the point 
* = 2 . 



The area required is that of OAQ indicated by horizontal 
diading. 

Let P, (*, y) be any point on the curve, so that ON = x. 
Let X be increased by 8x, and drawing the corresponding 
ordinate there is enclosed what is approximately a small 
rectangle, as shown in the figure. 

The area of this is approximately ySx. 

When 6x becomes indefinitely small, the sum of the area 
of all su^ rectangles throughout the range from * = 0 
to X a 2 is equal to the required area. 

The area of this very small rectangle is ydx. 
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This is called an element of area, and it is always necessary 
to obtain this element before proceeding to the solution. 
The sum of all such areas is given by the definite integral 

/•a 

I ydx. 

-'o 

But y = 

Area = j \xHx == 

4"" 

= 2 sq. units. 


Example 2. Find the area between the curve of y \x^, 
the axis of y and the straight line y = 2. 

The curve is the same as in Example 1, and is shown in 
Fig. 35 with vertical shading ; BQ is the line y = 2. 

Take any point P{x, y) on the curve ; as before, OM =y, 
ON == X. PM represents a small element of area. 

In this problem it is convenient to consider the area as 
being formed by the movement parallel to OX of PM, i.e., 
y is regarded as being increased by Sy to form the rectangle 
PM. 

Then area of PM = x6y. 

Then the rectangle becomes infinitely small, and when 
Sy — > 0, the element of area, is represented by xdy. 

ry^Z 

/. Area of figure OBQO is given by I xdy. 

JyO 

Consequently there are two variables in the integral, and 
one of these must be expressed in terms of the other so that 
there remains one variable only. 

Let us express x in terms of y, in which case the limits are 
unaltered. 


Since 


X = V2y. 


= j V2y . dy = VS j y^dy 

= = V2 X §(V2)». 


= ^ sq. units. 


Substituting, Area 
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If dy had been expressed in terms of x, and it is seen that 
dy = xdx, then for the limits we must obtain the values of 
X corresponding to y — 2 and = 0. In this case they 
are the same, since from y = Jx*. when y = 2, x = 2, and 
y = 0, X = 0. 

Note . — Evidently the sum of this area and the 
preceding one in Example 1 must equal the area of 
the rectangle OBQA, 

i.e., I + I = 4 sq. units. 

Example 3. Area of a circle. 

(I) Area by rectangular co-ordinates. 

The equation of a circle. 

Before finding the area enclosed wholly or in part by 
a curve, it is necessary to know the equation of that curve. 

To help those students 
who have not studied 
co-ordinate geometry 
we will proceed to find 
the equation of the 
circumference of a 
circle in rectangular 
co-ordinates. 

In any circle the 
centre can be taken as 
the origin of a system 
of co-ordinates, and 
two diameters at right 
angles to each other as 
the co-ordinate axes. 

This is indicated in 
Fig 36. 

Take any point P, 
{x, y) on the circumference and draw PM perpendicular 
to OX 

Let the radius of the circle be 0 . 

OM s= X, PM = y. 



Then 
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By the property of a right-angled triangle 
0M» -H AfP> = 0P> 
i.e., X* -h y* = 0 *. 

This equation is true for any point on the circumference, 
and it states the relation which exists between the co- 
ordinates of any point and the constant which defines the 
circle, i.e., the radius a. 

X* -h y® = 0 ® 

is the equation of a circle of radius 0 and the origin at its 
centre. 

Area of the circle x® -|- y® — 0®. 

Fig. 37 represents this circle. 



Fig. 37. 

For reasons which will be apparent later it is better to 
find the area of the quadrant which is shaded ; from this 
we get the area of the whole circle. 

Let P {x, y) be any point on the circumference. 

Then OM = *, PM — y. 

The element of area, as previously defined, can be repre- 
sented by the small rectangle PM, and is given by^^Sx. 
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In the limit as — >■ 0 the element of area is represented 


by ydx. 

For the purposes of the definite integral which will give 
us the area, the limits of x for the quadreint are: 


At O. 
At A. 


X = 0. 


Area = j ydx. 
X* -f y = a® 


y = Va^ — xK 
Area = ( Va^ — xHx. 

In § 117 it was shown that 

^2 ^ 

Va^ — x^dx = 2 sin-1 _ 

/. j Va* — xHx = -t- \ sin-1 ^ . 

Now when x = a, sin-i * = sin-i 1=5* 

a 2 

When X = 0, sin-i * = sin-i 0 = 0. 

a 

Area = — a* + ^ — 0 


Area of the circle = iro*. 

(2) Alternative method. 

The following method will be foimd useful in its 
applications. 

The area of a circle can be conceived as the area of a 
plane figure which is traced out by a finite straight line as 
it rotates around one of its ends, and makes a complete 
rotation. 

Thus in Fig. 38 if the straight line OP, length a units. 
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starting from the fixed position OA on OX makes a complete 
rotation around a fixed point 0, the point P describes the 
circumference of a circle, and the area marked out by OA 
is the area of the circle. 

Let the point P have 
rotated from OA, so that it 
has described the angle, 0, 

A OP being consequently a 
sector of a circle. 

Now suppose OP to rotate 
further through an in- 
finitesimally small angle 
denoted by dO. The in- 
finitely small sector so de- 
scribed would be an element 
of area, and the sum of all 
such sectors when OP makes 
a complete rotation from OX, back again to its original 
position, will be the area of the circle. 

The infinitely small arc subtended by rfO in the limit can 
be regarded as a straight line, and the infinitely small sector 
as a triangle. 

The length of the arc is adO (Trigonomelry, § 120). 

The altitude of the triangle can be regarded, in the limit, 
as the radius of the circle. 

/, Using the formula for the area of a triangle 

Element of area = ^ x adO x a = 

And the angle corresponding to a complete rotation is 
27 c radians. 

f2n p -i2ir 

Area = I ia^dO = 

= X 2n 

= TTO*. 

Example 4. Area of part of a circle between two parallel 
chords. 

In the circle x* + y* = 9 find the area contained between 
the lines x = 1, x = 2. 

The radius of this circle is 3 and the centre is at the 
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origin. The area which it is required to find is shown in 
Fig. 39. 

Since ** 4- >»* = 9 __ _ 

y = 

If ydx represents the element of area, then 
ydx = V9 — 3?dx. 

Considering only the part of the area above OX, then 
Area = [ \/9 — x‘ . dx. 



Fig. 39. 

Using the integral 



Fig. 40. 


f Va* - xHx = IxVaJ^ x* + ia* sin-i | (§117) 

^ \/9~-^^dx=^xV9^* + t sin-i 

= {\2V9—i + 1 sin-1 Z, 1 -j. |sin-i J) 

= (Vs + t sin-1 f ) — {^V8 + f sin-1 
= (V'S -V2)- f (sin-1 1 _ sin-1 1 ) 

Now 


sin-1 1 _ 410 4g/ _ 0.730 radians (approx.) 
and sin-1 i = 19“ 30' = 0-340 

Area = 0-822 + 1(0-730 - 0-340) 

=■ 2-682 (approx.). 
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Area of the whole 
= 2-682 X 2 

= 6-164 square units (approx.). 

Example 5. Area of a segment of a circle. 

Find the area of the segment cut off from the circle 

^ y2 ly X == 2. 

This is the same circle as in the previous example, and the 
area required is that which is shaded in Fig. 40. Considering 
only the area of that part lying above OX, we have: 

Area = / ydx = I VO — x^dx. 

J 2 '2 

Using the result obtained in the previous example 
j Vu^ — xHx = 9 — X* + I sin-^ 

= {0 + f sin~^ 1} — {\/5 + I sin-^ f > 

= f X ^ — {2-236 + I X 0-730} (from above) 
= ^ - (2-236 + 3-29) 

= 1-543 

/. total area = 3-086 = 3-09 square units (approx.). 

Note , — As a check, the student should find the area 
of the segment cut off by the line 2 : = 1. It should 
be the sum of those above. 

Example 6. The area of an ellipse. 

Fig. 41 represents an ellipse in which the origin is the 
centre, i,e,, the point of intersection of the major axis AA^ 
and the minor axis 

Let the length of A A ^ be 2a. 

„ BB^ „ 2b. 

Then OA = a, and OB == b. 

It is shown in co-ordinate geometry that the equation of 
such an ellipse is 



y = - Va* — x\ 

a 


whence 
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The element of area, ydx, is ^ Va* — xMx. 

Considering the area of one quadrant of the ellipse, such 
as that which is shaded in Fig. 41. 



Fig 41 , 


Area of quadrant = f -V a* — x^dx 

h ® 

= - ( — x^dx 

® JQ 

= + Jo* sin-* -2*. 

The total area is four times this. 

Comparing this with the area of the circle, radius o, in 
Example 3, it is seen that the ratio of the area of the 
quadrant of the ellipse to that of the corresponding area of 

the circle of radius 0 is the ratio of the major axis to 

the minor. This is also the ratio of corresponding ordinates 
of the two curves. 
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Example 7. Area of a segment of a hyperbola. 

It is not possible within the limits of this book to give 
any satisfactory account of the geometty of a hyperbola, 
or the method of arriving at its equation. For this the 
student is referred to a book on co-ordinate geometry. 

The curve of y = which has been discussed previously, 

X 

is an example of a hyperbola (see § 14). In this form of 
the equation the co-ordinate axes are the asymptotes of 
the curve. There are two branches of the curve, and in 
each the curve proceeds to infinity as x becomes infinite. 

In the general form of the equation to the curve, the axis 
of symmetry of the curve is taken as the x-axis and the 
curve appears as represented in Fig. 42. 



Fig. 42. 

the line joining the apexes of the two curves, is 
called the transverse axis. 

Let its length be 2a, so that OA == a. Draw tangents to 
the curve at A and A\ On them take AL, A'N each 

equal to b. Then tan LOA = — . 

Note . — ^The relation between 0 and b cannot be 
discussed here. 
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The straight lines NVL, NOV are asymptotes to the 
curve. It is shown in co-ordinate geometry that the 
equation of the hyperbola is 


x2 



The similarity to the equation of the ellipse will be 
noticed. 

If 6 = ^i, i.e., AO = AL, Z.AOL = 45®. 

Thus ZJLOV, between the asymptotes, is a right angle, 
and the equation of the curve can be written 

X* — y* = 

This form of the curve is called a rectangular hyperbola. 



But from the equation of 
the limits are a and x, since 


The area of the hyperbola, 
unlike the ellipse and circle, 
is unenclosed, and conse- 
quently has no definite 
value. We can, however, 
find the area of a segment 
such as is shown in Fig. 
42, being cut off by the 
double ordinate PMP^. 

Let AM = Xj. 

Then, considering the 
upper half of the segment, 
the element of area can be 
written ydx, 

e curve y = - Vx^ — and 

A ^ « 


/. Area of whole segment = 2 J ‘ ^ Vx* -- a^dx 
= 7 — 'a* — ^ log X 4- (§ 117). 


Equation of a hyperbola referred to its asymptotes as 
axes. 

This form has been mentioned above. 

The curve is represented in Fig. 43. 
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The general form of the equation is shown in co-ordinate 
geometry to be 

xy — cK 

The area required to be found is usually that under a 
portion of the curve as 
shown by the shaded 
portion of the figure. 

This can be found in 
the usual way. A modi- 
fied form is worked out 
in the next example. 

Exam pie 8. Find the 
area enclosed between the 
4 

curve of y == — 1 » fhe 

axis of X, and the ordin- 
ates = 1, ^ = 4. 

The curve of this 
function is a hyperbola 
(see Fig. 44). 

When X — > — 1, y — > 00 . 

the ordinate x = — I (dotted in the figure) is an 
asymptote to the curve. So also is the x-axis. 

The area which it is required to find is that which is 
shaded. 

Taking the element of area as ydx and substituting 


Fig. 44. 


4 

y = — , we have 

^ X + 1 

= 4 Qog (x + 1) J 

= 4(log 6 — log 2) 

= 4(log f) 

= 4(0*9163) (remembering the logs are hyperbolic) 
= 3*665 (approx.) 
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152. Sign of an area. 

It will be seen that in the foregoing examples of the 
determination of areas, these were, in most cases, lying 
above the axis of x, and the values of the function were 
consequently positive. In the examples of the circle and 
ellipse, in which the curve is symmetrical about both axes, 
positive values of the function were still adhered to by 
finding the area of one quadrant and then the whole by 
multiplication by 4. We must now proceed to the con- 
sideration of areas which lie below the axes, and the values 
of the function are negative. The following examples will 
serve as an illustration 1 



Example I. Find the area enclosed between the curve 
y = — 3% + 2 and the axis of x. 

Since x^ — 3x + 2 = (x — l}{x -- 2). 

The curve cuts OX s.t x = I, x = 2. 

Also ^ = 2x — 3. /. there is a turning-point when 

x^i. 


Since ^ == 2 and is alwa 3 rs positive, this point is a 
minimum. 

The curve is represented in Fig. 46, and the area 
required lies entirely below OX. 
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Let A represent this area. 

Then A = j {** — + 2)dx 

x=(|-6+4)-a-f + 2) 

= -i. 

The result is a negative area. But an area, fundament- 
ally, is signless. How, then, is this result to be interpreted ? 
It will probably not come as a surprise to the student 

rb 

because he will have seen that the definite integral I ydx 

Ja 

represents the sum of an infinite number of products which 
are themselves infinitely small. When the area lies below 
OX, all values of the function, i.e,,y, are negative, and since 
dx, being the limit of 6x and representing an increase, is 
positive, all the products must be negative. Hence the 
sum is negative. It has been pointed out (§ 160) that the 
summation is general for all such products, and the repre- 
sentation of an area by it is but one of the applications. 
Hence if we are finding an actual area by the integration, 
the negative sign must be disregarded, Since by the con- 
vention of signs used in the graphical representation of a 
function ordinates below the axis are negative, the corre- 
sponding areas are also negative. Hence as a matter of 
convention, areas above the x-axis are considered positive 
and below the axis are negative. 

The student may note the following in connection with 
the above examples: 

(1) The area below the curve between x = 0 and 
X == 1, i.e., the area with horizontal shading in Fig. 46, 
is given by 

•'0 

(2) Consequently the total actual area, i.e., dis- 
regarding the negative sign of the above integral, is 

4 + i = 1. 
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(3) The total area as given by the integral 

f* (x — 3x + 2)dx = §, t.e.. i — i. 

Example 2. Find the area enclosed between the curve of 
y = 4:x{x — \){x — 2) and the axis of x. 

The function 4x{x — !)(* — 2) vanishes when » = 0, 
1 and 2. Consequently its curve cuts the j;-axis for these 
values of x. Proceeding as shown in § 67, there are found 
to be two turning points, as follows: 

(11 a maximum value 1*56 when x = 0-46; 

(2) a minimum value — 1*66 when x = 1-65. 

That part of the curve with which we are concerned is 
shown in Fig. 46. The areas required are shaded. 



Fig. 48. 


(1) AreaofOPA = [ Ax{x — l){x — 2)dx 
'o 

= j {ix* - 12x* + 8x)dx 

J it 


= 1^*4 — 4** + 4**j| 

= (1 -4 + 4) -0® 
s 1 square unit. 
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(2) Area of AQB == j ix{x — 1){* — 

r -1* 

== — 4^ + 4x^J 

= — I square unit. 

Hence, disregarding the negative si^ of the lower area, 
the total actual area of the shaded portions is 2 square units. 

If we integrated, for the whole area between the limits 
0 and 2 we get : 

Area = f 4x{x — l)(;r — 2)dx 
J 0 

= J 

= 16-32 + 16 


This agrees with the algebraical sum of the two areas 
found separately. 

From these examples we conclude that when finding the 
total area enclosed by a curve and the axis of x when it 
crosses the axis, we must find separately the areas above 
and below the axis. The sum of these, disregarding the 
signs, will be the actual area required. 

Other examples follow. 


Example 3. Find the area enclosed between the axis of x 
and the curve of y = cos x, between the limits 

(1) 0 and 

(2) J and -it. 

(3) 0 and -it. 

(1) The first area is shown in Fig. 47, in which it is the 
area above OX with shading. 

n 

Area = j cos Odd 
*'0 
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(2) The second area is shown with shading below OX. 

Area = cos QdQ = j^sin oj" 

* 7S 

= sin »f — sin g 
= 0-1 



Fig. 47. 


(3) The third area is composed of both (1) and (2). 
j cos 0(i6 = l^sin oj 

= sin IT — sin 0. 

= 0 . 

These results agree algebraically, but if we require to 
know the actual area between 0 and n, the negative sign of 
the second area must be disregarded, and consequently the 
area of the two parts is 2 square units. 

Example 4. Find the area enclosed between the axes of x 
and the curve of y = sin x, for values of x bOween 

(1) 0 and ir. 

(2) ir and lir. 
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Fig. 48. 

Ji:-axis consists of a series of loops of equal area, each 
corresponding to a range of n radians, and lying alternately 
above and below the x-axis; consequently they are 
alternately positive and negative. 

(1) Area of first loop 


= ( sin xdx = f — cos 

IT 

Q 

■ (cos n cos 0) 

■'0 

= - (-1 - 1) = 2 

(2) Area of second loop 
, r 

1** 


= 1 sm xdx = — cos X 


— (cos 2n — cos n) 

= -{+1 -{-!)} = - 

2. 



It is evident that if there are n loops, when n is an odd 
number, the total area, regard being paid to the negative 
signs, is 2, but if n is even, the area thus calculated is zero. 
The actual area of n loops is 2n. 
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Example 5. Find the area contained between the curve oj 
and the straight line y = 2x. 

Fig. 49 represents the parts of the curves of the given 
functions between their points of intersection, A and AK 
The areas shaded are those which we require to find. 



Fig. 49 . 


From symmetry it is evident that the parts above* 
and below the 2 ;-axis will be equal in magnitude but of 
opposite signs. 

We therefore proceed to find the area of OABO (the shaded 
area). This is the difference between (1) the triangle OAC, 
and (2) the area beneath the curve of y = viz. OBAC. 

We first find as usual an expression for the element of 
area. 

From any point P on the line j/ — 2x draw the ordinate 
PR, cutting the curve of y = z® in 

As before, construct a small rectangle represented by 
PR. 
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This represents the element of area for the triangle, while 
QR represents the element of area for OB AC. 

their difference PQ represents the element of area for 
the shaded part. 

Let PR =^ 1 , QR = j/ 2 - 

Then element of area represented by PR is equal to 
/jdx, in the limit. 

Then element of area represented by QR is equal to 
/gdx, in the limit. 

/. the element of area PQ is represented by (y^ — y 2 )dx, 
in the limit. Before we can integrate, the limits of the 
integral must be found. These will be the value of x at 
0 and ^4, the points of intersection. 

To find the value of x at these points we solve simul- 
taneously 

y =2x 

y = 

Then x^ = 2x 

and the roots are 0, -f- V2, — \/2. 

These are values of x ztO, A and A ^ respectively. 

/. for the positive area OABO the limits are 

X = 0 and x = + \/2. 

fVi 

the area required =1 (>'i — y-^^x 

- h (2» - = r** - 



= I square unit. 

From symmetry and previous considerations we conclude 
that the area below the x-axis is — I square unit. This can 
be verified as follows: 

Vi - 1!_ Vi 

= 0 - 1 = - I. 

1 (cal.) 
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Disregarding the negative sign the actual area of the two 
loops is 2 square units. 

The student, as an exercise should verify by finding the 
area of the two loops by the integral 



Exercise 31. 

Note . — The student is recommended to draw the 
figure which represents each problem, even though the 
drawing might be rough. 

1. Find the area bounded by the curve of y = x®, the 
x-axis and the ordinates x = 2, x — 6. 

2. Find the area bounded by the straight line 2y = 5x 7, 
the x-axis and the ordinates x = 2, x = 6. 

3. Find the area between the curve of y = log x, the 
x-axis and the ordinates x = 1, x = 6. 

4. Find the area enclosed by the curve of y = 4x®, the 
y-axis and the straight lines y = 1, y = 4. 

6. Find the area between the curve of y* = 4x, the x-axis 
and the ordinates x = 4, x = 9. 

6. Find by the method of integration the area of the 
circle x* -(- y* = 4. 

7. In the circle x* -|- y* = 16 find the area included 
between the parallel chords whose perpendicular distances 
from the centre are 2 and 3 units. 

Find also the area of the segment cut off from the circle 
** + J'* = 16 by the chord whose distance from the centre 
is 3 units. y* 

8. Find by integration the area of the ellipse 10 + = 1- 

9. Find the area of the segment cut off from the hyperbola 

^ = 1 by the chord x = 4. 

10. Find the area between the hyperbola xy = 4, the 
x-axis and the ordinates x = 2, x = 4. 

11. Find the area included between the curve of 
y = 2x — 3x* and the x-axis. 

12. Find the area bounded by y = c* and the x-axis 
between the ordinates x = 0 and x = 3. 



INTEGRATION AS A SUMMATION. AREAS 259 

13. Find the area cut off by the 2 ;-axis from the curve of 

y == X* — X — 2. 

14. Find the whole area included between the curve of 
y* = and the line x = 4. 

16. Find the area of the segment cut off from the curve 
of xy == 2 by the straight line x + y == 3. 

16. Find the total area of the segments enclosed between 
the x-axis and the curve of y = x(x — 3)(a? + 2). 

17. Find the area between the curves of y = andy = x^. 

18. Find the area which is common to the two curves 

y z= and y2 == jc. ^ 

19. Find the area between the catenary, y = cosh g 

(see § 91), the 2 ;-axis and the ordinates x = 0, x = 2. ^ 

20. Find the actual area between the curve of y = 
A?* — 8x + 12, the A:-axis and the ordinates x = 1, x == 9. 

21. Find the actual area between the curve of y = x® and 

the straight line jy = 


153. Polar co-ordinates. 

The equations of curves are frequently more simple and 
the determination of areas easier when polar co-ordinates 
are employed, instead of 

rectangular. For the P 

benefit of those students 

who have had no previ- 

ous acquaintance with 

them, a very brief ac- 

,count is accordingly q ^ *■ X 

given below. For a full 
treatment the student Fig- 60. 

should consult a text- 
book on Co-ordinate Geometry. 

(o) Definitions. Let OX (Fig. 60) be a fixed straight 
line and O a fixed point on it. 

Then the position of any point P is defined with reference 
to these when we know 

(1) its distance from 0, 

(2) the angle made by OP with OX. 

Let r be this distance. 
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Let 0 be the angle made by OP with OX. 

Then (r, 6) are called the polar co-ordinates of P. 

0, the fixed point, is 
called the pole, OP is 
called the radius vector, 
6 the vectorial angle, 
and OX the Initial line. 

0 is the angle which 
would be described by 
the radius vector, in 
X rotating in a positive 
direction from OX. 

(b) Connection be- 
tween rectangular co- 
Fig. 61. ordinates of a point and 

the polar co-ordinates. 

Let P be a point (Fig. 61) whose polar co-ordinates are 
(r, 0), and rectangular co-ordinates (x, y), viz. OQ and PQ. 

Then it is evident that x = r cos 0 

y = rsin0 
x> -f y* = r». 

(c) Polar equation of a curve. 

If a point moves along a curve, as 0 changes, r in general 
will also change. Hence 
r Is a function of 0. 

The equation which 
states the relation be- 
tween r and 0 for a 
given curve is called the 
polar equation of the ^ 
curve. 

Id) Example of a 
polar equation. 

Let a point P move 
along the circumference 
of a circle (Fig. 62). 

Let 0 be a fixed point at the extremity of a fixed diameter. 

Let 2a = the diameter of the circle. 
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Then, for any position of P with reference to O and OA, 
the polar co-ordinates are : 

OP = r 
LAOP = 0. 

From geometry it is known that Z.OPA is a right angle. 

r = 2o cos 6. 

This is the polar equation of the circle with the above 
conditions. It may be noted that if the centre of the circle 
were taken as the pole, r is always equal to a ; i.e., the polar 
equation is then 

r = a. 

In such a case r is a constant, being the radius of the 
circle, and has no functional relation to 6. 

The equation of the circle may take other forms. 

154. Plotting curves from their equations in polar co- 
ordinates. 

Many curves are easily drawn from their polar equations, 
though the plotting of points may be difficult when using 
the equations of the curves in rectangular co-ordinates. 
The following example is given as typical of the method 
employed. 

Example. Draw the curve whose polar equation is 

r = a(l -J- cos 0) 

= a -f- a cos 0. 

The general method is to select values of 0, find the 
corresponding values of r; then plot the points obtained. 

^ As has been shown above, r = o cos 6 is the equation of a 
circle of diameter a, when the pole is on the circumference. 
It is evident therefore that if mr any value of 0, the value 
of r for the circle is increased by a, the result is the value 
of r for the required curve. 

Draw a circle of radius ^ (Fig. 63). 

Take a point O at the end of a diameter OA. 0 will be 
the pole for the curve. 

Since cos 0 is a maximum, viz., unity, when 6=0, the 



262 TEACH YOURSELF CALCULUS 

maximum value of r for the curve will be at the point B, 
where AB = a. 

Thus the maximum value of r Is la. 

When 0 = 2 and y, cos 0 = 0. .*. r = a. Hence we 

get the points C and D. 



Fig. 63. 


In the 2nd quadrant, cos 0 is decreasing to — 1, at w, 
then r = 0 — a = 0. 

Similarly the general path of the curve may be found for 
the third and fourth quadrants. 

Finally, when 0 = 2it, cos 0 = 1. 
the curve is closed at B. 

To get other points on the curve between the special 
points considered above, draw a series of chords of the 
circle, for increasing values of 0. If OP be one of these, 
produce it and mark ofi PQ equal to a. Then Q is a point 
on the curve. The complete curve is as shown in Fig. 53. 

It is known as the cardloid, from its heart-like shape. 
It is of importance in optics. 
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Other examples of curves which are readily drawn from 
their polar equations are 

(1) The lemniscate, r* = a* cos 20. 

(2) The ilmacon. r — b — a cos 0. 

(3) The spiral of Archimedes, r = a0. 

(4) The logarithmic or equiangular spiral, log r = aO. 

(5) The hyperbolic spiral, r0 = a. 

155. Areas In Polar Co-ordinates. 

Let AB, Fig. 64, be part of a curve whose equation Ls 
known in polar co-ordinates. 



Suppose it is required to find the area of the sector OAB, 
contained between the curve and the two radii OA, OB. 
the angles made by them with the fixed line OX being 
AAOX = a 
ABOX = 3. 

Let P be any point on the curve, and its polar co-ordinates 

V. e). 

A.POX = 0. 

Let 0 receive an increment 80, and r, in consequence be 
increased by 8r. The polar co-ordinates of Q, the new 
position on the curve, are 

((r + Sr). (0 -I- 80)) 

Then, with the construction shown in the figure, the area 
of the sector OPQ lies between the areas of the As 0PM. 
ONQ, the areas of which are 

t^OPM = if *80 
AOiV^ = W + 8x)*80. 
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If the angle SO be now decreased indefinitely, then as 
SO — ^ 0, (r -f S;if) — >■ r 

and the area of the infinitely small sector approaches Jr^dO. 

This is, therefore, the element of area, and the sum of 
all such sectors between the limits 0 = a and 0 = p will 
be the area of the sector OAB. 

Expressing this as an integral, as before. 

Area of sector OAB = I Jr VO. 

When the polar equation of the curve is known, r can be 
expressed in terms of 0 and the integral can be evaluated. 

Example. Find the area of the circle whose polar equation 
is r = 2a cos 0 (§ 163, d). 

If P be a point moving round the curve, the radius 
vector describes the area of the circle. 



When P is at i4, 0 = 0. 

When P is at 0, 0 = 

.*. as P moves from A to 0, and the vectorial angle 0 
changes from 0 to g, the area described is a semi-circle. 
Using the formula obtained above 

91 

fi 

Area of semi-circle = I ir*dO 
Jo 
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Area of circle = j 
But r = 2a cos 0. 


r^dO. 


Area = P 4a® cos* OdO 
Jq n 

= 4a2 r 

JO 


cos® 0iO 


= 4a» i(l + cos 20)de {§ 114) 

JQ n 

= 2a® 1^0 + J sin 2oJ^ 

= 2a®[~ + isin7Tj 


= 2a®xf 
= ttqK 


Exercise 32. 

1. Find the area of the cardiod whose equation is 
r = o(l + cos 0), the limits of 0 being 2t: and 0. 

2. Find the area of one loop of the curve r = 0 sin 20, i.e., 

between the limits 0 and How many loops are there 
between 0 and 2tz, ^ 

Note. — a sin 20 vanishes when 0 = 0 and ® 

As the function is continuous between these values, the 
curve must form a loop between them. The student 
should draw roughly the whole curve. 

3* Find the area of one loop of the lemniscate 
f* = a® cos 20. 

How many loops are there in the complete curve ? 

4. If the radius vector of the function r = a0 makes one 
complete rotation from 0 to 2v:, find the area thus passed 
over. 
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6. Find the area which is described in the curve 

r = a sec* | from 6 = 0 to 6 = 

6. Find the area enclosed by the curve r = 3 cos 0+5 
between 6 = 27c and 0 = 0. 


Y 

O 


C 


P, 




/ 

/ 

4 

1 

1 

4 

a 

• 

1 



/ 

k M B 


Fig. 56a. 

Area of APQB 


156. Mean value. 

Let PQ (Fig. 55A) 
represent part of the 
curve of a continuous 
function 

=/w. 

Let PA, QB be the 
■X ordinates at P and Q, 
where OA = a, OB = b. 

Then from previous 
work we know that 

: 

Ja 


Let ABCD be a rectangle whose area is equal to that of 
APQB, i.e., to j^f{x)dx. 

'a 

Draw LM parallel to OY, from L, the intersection of the 
curve, and DC parallel to OX. 

Area ABCD = AB x LM 

. , , Area of ABCD 

■■ “ ZB 

_ Area of APQB 

f f{x)ix 

Ja 

~ AB 

jy{x)dx 

b — 0 * 
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LM is said to be the mean value of ordinates of the 
curve for the range of values x = a to x = b. 

ff(x)dx 

/. Mean value of f(x) from a to b = 


Example. Find the mean value of 2 cos / — sin between 

the values t = 0 and < = 3. 

o 

From the above, mean value 


•'0 


I (2 cos t — sin 3t)dt 
Jn 



n 



n 

6 


|2 sin ^ J cos — {2 sin 0 + I cos 0} 


TC 

_ 1 - I 6 

n 

s 

^4 

ir* 

Exercise 33. 

1. Find the mean value of the function sin x over the 
range of values x = 0 to x = n, 

2. Find the mean value of the function sin* x over the 
range of values * = 0 to * = w. j 

3. Find the mean value of v = - for the range of values 

*=lto* = 10. * 

4. Find the mean value of ^* = 4« between « =*= 4 and 

* = 0. . nx . 

6. The equation of a curve i& y — b sin* — . Find the 
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mean height of the portion for which x lies between b 
and a. 

6. Find the mean value of cos x between * = 0 and x = ~. 

4 

7. Find the mean value of the function ^ = a sin bx 
between the values * = 0 and * = 

8. The range of a projectile fired with initial velocity 
and an elevation 6 is sin 20. Find the mean range as 
0 varies from 0 to 


157. Irregular areas. 

The determination of irregular areas, i.e., areas the 
boundaries of which cannot be expressed by formal equa- 
tions, is often a matter of great practical importance. 
There are certain practical methods, such as using squared 
paper and counting squares, which yield rough approximate 
results, but there are also methods of calculation by which 
the area can be determined with greater accuracy, though ; 
still approximate. The first of these is the trapezoidal rule 
which IS as follows: 


158. The trapezoidal rule. 

Let the area which it is required to determine be that 
enclosed by the irregular curve PV (Fig. 66), the x-axis 
and the ordmates PA and FG. Divide ^ G into any number 
of equal parts, aXB.C, D . . ., each of length /, and dravii 
the corresponding ordinate PA, QB, RC ... 

Join PQ, QR. RS . . . UV. 

Let the lengths of the ordinates be y^, y,. y# • • • 

Then each of the figures formed by these constructions, 
such as APQB, is a trapezium, and their areas are 

+y*) + +>'») + ••• + ii(y* H-y?)* 

The areas of the trapeziums approximate to the areas of 
those figures in which the straight line PQ is replaced by i 
the curve PQ, and so for the others. Consequently the sum ‘ 
of all these approximates to the area of the whole figure 
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which is required, and the greater the number, the closer 
will be the approximation. 



the area is approximately equal to 
. -Cvi +>'*) + ]y» H-j's) + (>^8 +yi) • • • +(>'« +:)'7)} 

mt + ^7) + 2 (y. + /» + y* • • • + y.)} 

= (half the distance between the strips) x {(sum of first 
and last ordinates) (twice the sum of other 
ordinates)}. 


159. Simpson’s rule for area. 

Considering again the irregular curve of the previous 
section, it is evident that if the chords PQ, QR, RS . . . 
were to be replaced by the arcs of suitable regular curves, 
and the areas so obtained be found by previous methods, 
the approximation to the area would be closer than that 
found by the trapezoidal rule. 

Accordingly we assume that the part of the curve 
joining three consecutive points, such as P, Q, R, is the arc 
of a parabola. 

Assume the origin for this parabola to be at B, so that 
the co-ordinates of A, B and C are — I, 0, -f /, then the 
area of APRC can be found by integration. 
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Let the equation of the parabola, of which PQR is an arc, be 
y = a -{-hx cx\ 

Then, since the equation is satisfied by the co-ordinates 
of^B,C 

AP — a —bl + cP . . . (1) 

BQ=a=^y^ ( 2 ) 

CR = a hi cl* ^ y^. , , » (3) 

adding (1) and (3) +yj =» 2(a -f cl*) 
whence 2cl* = y^ + ya — 2a 

=^yi+ya-2ya from (2) 

/. cl* = i(y, +^8 - 2y^ . {A) 

Integrating area of APRC 

= j {a -{-bx + cx*)dx 

e= -f \bx* -f ^ 

= 2al §cf* 

= 2/(a + icP) 

= 2f(y8 -f i(y, -fyj — 2 ^X 2 )} , (A) 

Similarly, area of RCET 
and area of TEGV 
/. area of whole 

“ §{(^1 + +^8) + O'* + ^4 +3'*) + (y 6 +^ 7 )} 

= 3{(yi + Yi) + 2(y3 + y«) + + Yt + Xe)}- 

Clearly, this process can be applied to any even number 
of intervails, which involves an odd number of ordinates. 
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Thus, if there be 2n intervals, there will be 2n + I 
ordinates. From the consideration of these results we 
may deduce : 

Simpson’s rule for areas. 

If the area be divided into an even number of strips by 
equidistant ordinates, then 

Area = — — ^ {(sum of first and last ordinates) 

+ 2(sum of odd ordinates) + 4(sum of even ordinates)}. 

It will readily be undersood that the greater number of 
strips which are taken, the greater will be the accuracy of 
the approximation to the area. 

160. Worked example. Find the area of a quadrant of a 
circle of 2 inch radius. 

In this example the result as obtained by Simpson's Rule 
can be compared with the calculated area of the quadrant. 



FIG. 67 . 
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Divide the radius. OA into 10 equal divisions each of 
0-2 inch. 


Then the ordinates will be represented byyj.yj.^'s • • • 
Measuring these, the working is arranged as follows : 

(1) First and 

(2) Odd 

(3) Even 

last. 

ordinates. 

ordinates. 

3^1 = 2 

ya = 1*96 

yj = 1-99 

yn = 0 

ys = 1-83 

y, = 1-91 


y, = 1-6 

y. = 1-73 

sum 2 

y, = 1-2 

yg = 1-42 

yio = 0-86 


sum 6-59 

sum 7-91 

.•. By Simpson’s rule 



0-9 

Area = '^{2 + (2 x 6-59) + (4 x 7-91)} 
= ^ X 46-82 = 3-12 square inch. 


Calculated areas = Jjtr* = Jxrtx4 = 3-l4 square inch. 

The error 6-2 in 3-14 is less than one per cent. 

Exercise 34. 

1. The lengths of nine equidistant ordinates of a curve 
are 8, 10-6, 12-3, 11-6, 12-9, 13-8, 10-2, 8 and 6 inches 
respectively, and the length of the base is 24 inches. Find 
the area between the curve and the base. 

2. An area is divided into ten equal parts by parallel 
ordinates, 0*2 inch apart, the first and last touching the 
bounding curve. The lengths of the ordinates are 0, 1-24, 
2-37, 4*10, 6-28, 4-76, 4-60, 4-36, 2-46, 1-62, 0. Find the 
area. 

3. The lengths of the ordinates of a curv'e in inches are 
2*3, 3*8, 4-4, 6 0, 7-1, 8-3, 8-2, 7-9, 6-2, 6 0, 3-9. Find the 
area under the curve. 

4. Ordinates at a common distance of 10 feet are of length 
in feet, 6, 6-6, 9, 13, 18-6, 22, 23, 22, 18-6, 14-5. Find the 
area bounded by the curve, the axis of x, and the end 
ordinates. 
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5. Find the area under the curve shown in Fig. 58, the 
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Fig. 68. 



CHAPTER XV 

THE LENGTHS OF CURVES 


161. The measurement of the length of a curve. 

The student will remember that he has previously been 
faced with the problem of the length of a curve when 
considering the circular measure^' of an angle. The 
unit employed in this method of measuring angles is the 
radian, which is the angle subtended at the centre of a 
circle by an arc equal in length to the radius (Trigonometry, 
p. 160). The difficulty of comparing the length of a curve 
with that of a straight line is met by the assumption that 
the arc of a semi-circle subtends w radians, where tt is a 
constant the value of which the student has no means of 
finding except by approximate practical methods. The 
student learns that this value has been found to be 
approximately 3-14159 ... or some less accurate approxi- 
mation. Using this constant, the semi-circle is stated to 
contain -nr units of length, where r represents the radius 
and that the length of the circumference of the circle is 
Irrr units. 

It will be observed that this formula " for the circum- 
ference of a circle is, in reality, merely a statement that 
the ratio of the length of the circumference of a circle to 
its diameter is represented by the’ Greek letter w, where the 
value of w is undetermined. The determination of its value 
occupied mathematicians through the centuries, and by 
various ingenious devices, with which we are not concerned 
here, approximations were found. 

Modern mathematics, however, with the help of the 
calculus, as the student will see later, has solved the 
problem, and it can now be proved that the ratio is incom- 
mensurable, but that its value to any required degree of 
accuracy can be calculated with certainty. 

Since no part of a curve, however small, can be super- 
imposed on any portion of a straight line, so that it coincides 
with it, its length cannot thus be found by comparison with 
a straight line of known length. Integration, however, 
supplies a method of determining the length of any regular 

274 
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curve. This method, as the student has probably antici- 
pated, is similar to that used for areas. An expression is 
found for “ an element of length " of the curve and the sum 
of all such elements is obtained by integration. 

This process is called ** the rectification of a curve.” 

162. General formula for the length of a curve in cartesian 
co-ordinates. 


Let AB (Fig. 69) 
represent a portion 
of the curve of a 
function y =j[‘(x) be- 
tween the points A, 
where x = a, and B, 
where x = b. 

Let P, Q be two 
points on the curve, 
and PQ the chord of 
the curve through 
them. 

Let P be {x,y). 

Let s be the length 
of the arc from AtoB. 



Fig. 69 . 


When X is increased by 8x 

y 9$ ^y 

then s „ 5s. 

t.e,, Ss represents the length of the arc PQ. 

Then by geometry the chord PQ == V (8x)^ + (5y)*. 

^ If ^ be taken close to P, t.e., Sx becomes small, the length 
of the chord is nearly equal to the length of the arc. 

If Q is indefinitely close to P, in the limit when 8x — > 0, 
the chord approaches to coincidence with the curve and 
the sum of these chords is equal to the length of the arc. 


Then ds = V (dx)^ (dy )^ 


Integrating 
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If the integration is more conveniently performed with 

respect to values of y, then s = 
c and d are the limits of y. 

In many cases the evaluation of the integral is difficult 
and requires a more advanced knowledge of the subject 
than is contained in this volume. 

163. Worked examples. 

Example I. Find the length of the circumference of the 
circle -t- jy* = 

Since +y^ = a* 

y = = (a* — x^)^ 

X i—^x) 

Va* — x^’ 

• (^IV — ... 

* * \dxJ a® — x^’ 

Considering the area of a quadrant the limits will be a 
and 0. 

Using the formula above, viz. 



na 


2 * 
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/. circumference of the circle 



= 


Note. — ^The use of tc is necessitated in the evaluation 
of the definite integral, and it is there employed in the 
same way as referred to in § 161. 


Example 2. Find the length of the arc of the parabola 
from the vertex to the point where x = 2, 

The equation can be written in the form 3 



whence 


dy 

dx 2‘ 


A sketch of the curve is shown in Fig. 60, where OQ 



represents the part of the curve of which the length is 
required. The limits of x are clearly 0 and 2. 

Using 
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on substitution 

= i I +4 .dx 

by the formula of § 116, 

s = i + 4 + 1 log * “t . j j* 

= J[i X 2V8 + 2{log (2 + V8) - log 2}] 

= V2+log2+^ 

= V2 + log (1 + V2) 

= 2-295 (approx.). 

(The logs being to base e.) 

164. Equation for the length of a curve In polar co- 
ordinates. 

The general method is similar to that in rectangular 
co-ordinates. In Fig. 61 let AB represent part of a curve 
whose polar equation is known. 



Z.et the angles made by OA and OB with OX be and 0,. 
Let s be the length of AB. 
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Let P be any point (r, 6) on the curve. 

Let ^ be a point on the curve near to P, so that Z.QOM, 
the increase in 0 is 86 and PM is the increase in r, i.e., Sr. 
Whence Q is the point (r + Sr, 0 S0). 

Let PQ be the chord joining P to Q. 

Then QM — rS6 and the arc PQ represents 8s. 

With the construction shown 
PM = Sr. 

Then = {rS0)* + (Sr)* 

When Q is taken indefinitely close to P, i.e., 80 — > 0, 
in the limit 

(iis)* = (rd6)» + (dr)* 
ds = Vr*(d'Q)*'+W)'* 

• • • w 

The limits of the integral are 0j and 02 . 

Integrating. S = j ^ r^+ . dd . (I) 

We may also write (A) in the form 

i.e., we regard 6 as a function of r; hence if the limits of r 
are rp r. 



165. Worked example. 

Find the complete length of the cardioid whose equation is 
r = a(l — cos 0). 

As was seen in § 154, the construction of a complete 
cardioid involves a complete rotation of the radius vector, 
so that 0 increases from 0 to 2n. 

Since r = a{l — cos 0) 

dr . „ 

20 = ‘*sm0. 

Using formula (1) above 
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s = [ V{a(l — cos &)Y + (a sin 6)^0 

-'O 

= I — 2 cos 6 + cos^ 0) + sin^ 0}i6 

•'0 

= a\/2 I Vi -^cos 6i0 (on simplification) 

JO 

= aV2 2 sin* | i0 

/2w® 0 

= 2 aJ sin 2^0 


= 2a 

= 4a 

= 8o! 


si 

— cos n + cos 0] 

Exercise 35. 


1. Find the length of the arc of the parabola y = Ja* 
between the origin and the ordinate x = 2. 

2. Find the length of the arc of the parabola = 4x 
from * = 0 to * = 4. 

3. Find the length of the arc of the curve 3 ^* = from 
* = 0 to « = 6. 

4. Find the length of the arc of the catenary y — cosh * 
from the vertex to the point where x = 1. 

5. Find the length of the arc of the curve y = logfX 
between the points where x = 1 and x — 2. (For the 
integral see Ex. 28, No. 11.) 

6. Find the length of the part of the curve of y = log sec x 

between the values x = 0 and * = 

7. Find the length of the circumference of the circle 
whose equation is r = 2« cos 6. 

8. Find the length of the arc of the spiral of Archimedes, 
r = aO, between the points where 6 = 0 and 6 = jt. 

(Note . — The student should draw the curve.) 

9. Find the length of the curve of the hyperbolic spiral 
rO = a from 6 = J to 6 = 1. (For the integral see Ex. 28, 
No. 13.) 

10. Find the whole length of the curve of r = « sin® 

O 



CHAPTER XVI 


SOLIDS OF REVOLUTION. VOLUMES AND 
AREAS OF SURFACES 

166. Solids of revolution. 

It is obvious that the methods of integration which 
enabled us to find areas of plane figures may be extended 
to the determination of the volumes of regular solids. 

The solids with which we shall chiefly be concerned are 
those which are marked out in space when a regular curve 
or area is rotated about some axis. These are termed 
Solids of Revolution. For example, if a semi-circle is 
rotated about its diameter it will generate a sphere. 
Similarly, a rectangle rotated about one side will describe 
a cylinder in a complete rotation. 

167. Volume of a cone. 

The method employed for the determination of the 
volumes of solids or revolution can be illustrated by the 
example of a cone. If a right-angled triangle rotates com- 
pletely about one of the sides containing the right angle as 
an axis, the solid generated is a cone. 

Or, if a straight line, equation y = mx, is rotated about 
the x-axis (or y-axis) so that it makes a constant angle 
with the axis, it will generate a cone. Since the straight 
line passes through the origin, and is of undetermined 
length. 

(1) The volume will be undetermined. 

(2) The complete solid will be a double cone with the 
origin as a common apex. 

Incidentally, if the complete cone be cut by a plane 
parallel to the x-axis, the section will be a h 3 q)erbola. 
Hence it is that the curve as stated in § 161, Example 7, 
has two symmetrical branches. 

The volume becomes definite if an ordinate from a point 
on y = wx is also rotated to enclose a definite portion of 
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the cone. It is the volume of such a cone that we will pro- 
ceed to determine. 

In Fig. 62 let OA be the straight line y = mx, A being 

any point on it. 

Y1 . Let 6 be the angle 

made with OX. 

tan Q = tn. 
L^t OA rotate 
around OX so that 
the angle made with 
OX is always 6. 

Let OA^ be the 
position after half 
a complete rotation. 
Then A, and every 
other point on OA 
after a complete 
rotation, will de- 
scribe a circle, and 

a cone will be generated with apex at 0. 

Let AMA^ be the double ordinate joining A and AK It 
is also a diameter of the circle formed by the rotation of 
A — viz.fABAK 



Fig. 62. 


Let Y be the volume of the cone of which 0 is the vertex 
and the circle ABA^ the base. 

OM represents the height of the cone. Let this be h. 

Let P be any point on OA and its co-ordinates [x, y). 

Let X be increased by 8x so that the corresponding point 
Q on OA has co-ordinates (x -j- 8x, y -|- 8y). 

PQ, on rotating, describes a small slice of the cone of which 
the ends are the circles described by P and Q. 

The thickness of the slab is 8x. 

Its volume lies between the cylinders whose volumes are 
»^*Sx and w(y 8y)*8x. 

Let Q become infinitely dose to P, so that 8x tends to 
become infinitely small and in limit is represented by dx. 

Thus as 6x — > 0 the volume of the slice — > rry^ox. 

iry*</x Is therefore the element of volume. 

The volume of the cone is the sum of all such elements 
between the values x and x^h. 
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/•* 


But 


y — ( TyHx 
•'0 

[h 

= 1 C I (mx)*dx 

•fa 


.3. 


””’[U 


m = tan 6 = 


AM 


„ , AM\. 

V = in. -Ti- A* 


A* 

= inAM*A 

or, if AM =yi, the radius of the base 
V = iity,‘h 

or volume of cone = | (area of base x height). 


1 68 . General formula for volumes of solids of revolution. 

(A) Rotation around the x-axis. 

Let AB (Fig. 63) be part of a curve whose equation is 

y =/(*)• 



Let it rotate around OX, generating a solid which is 
depicted in the figure. 
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Let AMA^, BNB^ be double ordinates so that OM = a, 
ON = b. 

Let P (x, y) be any point on the curve. 

Let X be increased by 8x, so that Q, the corresponding 
point on the curve, is (x + S*. jV + ?>')• 

Then, the volume of the slab described by PQ on rotation 
lies between 7ty*Sx and n(y + 8y)*8x 
In the limit when Q is infinitely close to P, 

as 8x — >■ 0, and Sy — ^ 0, volume — > -Ky^ix. 

The volume of the whole solid is the sum of all such slabs 
between the limits x = d and x = h. Let V be this volume. 

V = f -rry^dx .... (I) 

Ja 

Since y = f[x) we can substitute for y in terms of x and 
integrate. 

B. Rotation around the / axis. 

Let AB (Fig. 64) be a portion of the curve ofy =/(x). 



Let it rotate around OY so that A and B describe circles 
as indicated, centres M and N, 

Let OM = a, ON ^ b. 
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Let P (x, y) be any point on the curve and Q another 
point with co-ordinates {x -f S*. y -{- 8y). 

Then, using the method of the previous example, the 
slab generated by PQ becomes, in the limit, 

irx*(/y. 

the volume of the whole solid is the sum of all such 
slabs between the limits y = a, y = b. 



From the equation y =f{x), x can be found in terms of 
y and substituted in the integral. 

169. Volume of a sphere. 

Let the equation of the 
circle in Fig. 65 be 

X* -f y* = a\ 

The centre is at the origin 
and radius OA = a. 

Let the quadrant OAB 
be rotated about OX. The 
volume described will be 
that of a hemi-sphere. 

Using formula (1) of the 
preceding section, and re- 
presenting the volume of the sphere by V, we have ; 

V = 2 X j nyHx 

= 2 I n(a‘ — x*)dx .... (A) 

= 2it ^a*x — Jx® J" 

= 2rt(a® — |a®) = 2n X |a* 

4 3 
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170. Volume of part of a sphere between two parallel 
planes. 

In Fig. 66 let the quadrant OCD of the circle *• -f = r* 



rotating around OX describe a hemi-sphere. Let two 
parallel planes whose distances from 0 are given by OA = a, 
OB = b, mark out the segment whose volume (V) is required. 
We may use equation (^) in the example above to express V. 

Then V = - x^)dx 

*= rt[(r>b - - (r*a - *«»)] 

= «{r*(6 - a) - - «»)} 

= ir (b - o){r* - i(b* + ob + b*)} 

If 6 = r the part of the sphere becomes = spherical cap. 

Then V = n(r — a){r* — |(r* + ar + a*)}. 

Note . — ^When in this result a = 0, the spherical cap 
becomes a hemi-sphere, and the result is one-half of 
the volume of the sphere found above. 
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171. Volume of an ellipsoid of revolution. 

This is the solid formed by the rotation of an ellipse 

(1) about its major axis, 
or (2) about its minor axis. 

(1) Rotation about the major axis. 

The rotation as shown in Fig. 67 is supposed to be about 
AA\ i.e.. OX. 



Consequently any section perpendicular to OX is a circle. 
Let the equation of the ellipse be 


a* + 6* 


Let V be the volume of the ellipsoid. 

Consider the volume marked out by the rotation of the 
quadrant OAB, the limits being o and a. 

Then, using formula (1) of § 168 


This volume 
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V = 2 j It («* — x*)dx 
= f(a^-x^)dx 


V = j-rrat®. 


Note . — If b — a, the ellipsoid becomes a sphere. 

(2) Rotation about the minor axis. 

Let the equation of the ellipse be ^ p = 1. 

In this case, as indicated in Fig. 68, the rotation being 



about OY, any point P {x, y) on the circumference of the 
ellipse will describe a circle radius x and centre on OY. 
The area of such a circle is wx*. 

Volume of slab between two such circles infinitely 
close together is 

nx*dy. 



SOLIDS OF REVOLUTION. VOLUMES AND AREAS 289 


/. Using formula (2) of § 168 and considering the half 
of the ellipsoid above OX, we have, the limits of y being 
b and 0 : 

Volume of half the ellipsoid 
rb 

nxHy 

Volume of whole ellipsoid 


f 



The solid formed by the rotation of the ellipse about 

(1) The major axis is called a prolate spheroid. 

(2) The minor „ an oblate spheroid. 

Xoie . — The solid, not of revolution, in which those 
sections which are perpendicular to the plane of 
XOY, as well as those which are parallel to it are all 
ellipses, is called an ellipsoid. 


172. Paraboloid of revolution. 

This is the solid generated by the rotation of a parabola 
about its axis. It is not a closed curve, consequently we 
can obtain only the solid generated by part of the curve. 
There are two cases. 

(1) When the axis of the parabola coincides with OX. 
The general form of the equation in this case is 
y* « 4ax* 


K (CAL.) 
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OP in Fig. 69 represents part of the curve. 

P is any point on the curve, its co-ordinates being (*, y), 
PA is the ordinate of P, and OA = c. OP rotates around 
OX, generating a solid, with a circular base PQR. 



As shown in § 167, the element of volume is ny^dx, and the 
limits of X are 0 and c. Let V be the volume. 


^ — j f^^dx — n I 4:axdx 
'o Jq 

= 2ir<Jc*. 


Note . — The cylinder indicated by the dotted lines in 
Fig. 69, having PRQ for one base, and a circle equal 
and parallel to it with O as centre, is the circum-- 
scribing cylinder of the paraboloid. 

The volume of this cylinder = x OA 

= Tc X 4«c X e 
= 4n-oc*. 


Volume of the paraboloid equals half that of the 
circumscribing cylinder. 

(2) When the axis of the parabola coincides with OY. 
In Fig. 70, QOP represents part of a parabola, the equation 
of which is 


Y — ax*. 
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Let P (x, y) be any point on the curve. 

Let PB be its abscissa, so that 
OB = b. 

The element of volume as shown in § 168 (B) is 

vtxHy. 

The limits of y are 0 and b. 
using formula (2) of § 168 



Noie . — Compare this with the volume of the circum- 
scribing cylinder. 


(3) Parabola whose equation Is y = fcx* rotating about 
OX. 


The parabola does not 
rotate about its own axis, 
which coincides with OY, 
but with the other axis. 

Let the curve OQP 
(Fig. 71) represent part 
of the curve of the func- 
tion between the origin 
and X = a, where PM is 
the ordinate of P and 
OM = a. 

Let V be the volume 
generated by OP as the 
curve rotates around OX, 



occupying the position Fig. 71. 

OQ^pi after a half rotation. 

Using formula (1) of § 168, the element of volume is 
^'dx, and the limits of x are 0 and 0 . 
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= 7t [ {kx^)^dx 

= 

If the part of the curve which is rotated is QP, where 
QN is the ordinate of Q and ON = b, then the volume 
generated is given by 

V = r^y^dx = iTTk*(ti® - b«). 

h 

173. Hyperboloid of Revolution. 

This is the solid generated by the rotation of a hyperbola. 
It may take different forms. 

(1) Rotation about OX of the curve whose equation is 

X* y _ I 
a* “ 6* ~ 

Since there are two symmetrical branches of the curve, 
as shown previously, there will be two corresponding solids, 
one of which is shown in Fig. 72. 




These two parts are called an hyperboloid of two sheets. 
Clearly, there will be no part of the solid between A 
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and A \ Also there is no enclosed solid, but the volume 
can be found between sections corresponding to two values 
of X. 

Let P be any point on the curve, and PM its ordinate. 
Let OM — c. 

Let V be the volume between the vertex A, where 
X = a and x = c. 

Then 

= (c® — 3a*c — a® + 3a®) 

= j^J(c»-3a*c + 2a®). 

(2) Rotation around OY. 

Let the equation be 

o» 6®-'* 

The solid formed will be as indicated in Fig, 73. 



Fig. 73. 


Since the two parts of the curve are sjonmetrical, any 
pomt P on the curve, after a half complete rotation, will 
coincide with the corresponding point P® on the other arm. 
This point, like every other point on the curve, will describe 
a circle. 
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*94 

The solid is therefore continuous, and is called a hyper* 
boloid of one sheet. It stretches out infinitely around the 
^-axis, and any volume which has to be determined will be 
bounded by sections corresponding to two values of y, 
say Vj and y,. 

This volume can be found as in former examples. 

(3) Rotation of rectangular hyperbola about its asymp- 
totes, which, as shown in § 151, Ex. 7, are the rectangular 
axes OX and OY. The equation of the curve is xy = c* 
and there are two parts of the solid, above and below OX. 

The part of the volume contained between two sections 
parallel to one of the axes can be found in the usual way. 
Thus, if P and Q are two points on the curve (Fig. 74), and 
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the corresponding values of y are y^ and y„ the volume 
would be given by 

r’trx'dy. 

Jti 

Note . — Only that sheet of the hjqjerboloid which is 
above OX is shown. There is a second similar sheet 
below. 

Exercise 36. 

1. Find the volume generated by the arc of the curve 
y — X* 

(1) when it rotates round the x-axis between x 0 
and X — 3; 

(2) when it rotates round the y-axis between x s 0 
and X =: 2. 
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2. Find the volume generated when an arc of the curve 
oty 

(1) rotates round the *-axis between * = 0 and 

(2) rotates round the ^-axis between x = 0 and 
X = 2. 

3. Find the volume of the cone formed by the rotation 
round the x-axis of that part of the line 2x —y + 1 =0, 
intercepted between the axes. 

4. The circle x* + y* = 9 rotates round a diameter which 
coincides with the *-axis. Find 

(1) the volume of the segment between the planes 
perpendicular to OX whose distances from the centre, 
and on the same side of it, are I and 2 ; 

(2) the volume of the spherical cap cut off by the 
plane whose distance from the centre is 2. 

6. Find the volume generated by the rotation of the 
ellipse X* + 4y* = 16, about its major axis. 

6. Find the volume generated by the rotation round the 
*-axis of the part of the curve y* = 4* between the origin 
and X = 4. 

7. Find the volume generated by rotating one branch of 
the hyperbola x* — y* = 0 * about OX, between the limits 
X = 0 and x = 2o. 

8. Find the volume of the solid generated by the rotation 
round the y-axis of that part of the curve of y* = x® which 
is contained between the origin and y = 8. 

9. Find the volume of the solid generated by the rotation 
about the x-axis of the pent of the curve of y = sin x, 
between x = 0 and x = «. 

10. Find the volume generated by the rotation round 
the x-axis of the part of the curve of y = x(x — 2) which lies 
below the x-axis. 

11. If the curve of xy = 1 be rotated about the x-axis, 
fin ‘ the volume generated by the part of the curve inter- 
cepted between x == 1, x = 4. 

12. The parabolas y* = 4x and x* = Ay intersect and the 
Mea included between the curves is rotated round the 
*-axis. Find the volume of the solid thus generated. 
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174. Simpson’s rule for volumes. 

Simpson’s rule for calculating the areas of irregular 
figures can be adapted to find the volume of an irregular 
solid. Thus, if the areas of the cross-sections of the solid 
at equal intervals are known, these can be plotted as 
ordinates of an irregular curve. For example, if in Fig. 68 
of Exercise 34, each of the ordinates represents the area of 
a cross-section of the irregular solid and / represents the 
distance between the cross-sections, then the sum of their 
products, which are represented by areas in Fig. 68, will 
represent the volume of the solid. Just as by applying 
Simpson’s rule in Example 34 we find the area of the irregular 
figure, so the products will now represent the volume of 
the irregular solid. In the particular example quoted the 
area was found to be 73*6 square feet, so, now, the volume 
of the irregular solid Is 73*5 cubic feet. 

Note . — ^When the values of the areas of sections are 
not known at equal intervals, those which are given 
should be drawn, the curve plotted and then the 
ordinates required should be drawn and measured. 

Examples can be found in books on practical 
mathematics, such as National Certificate Mathematics, 
Vol. II. 

Areas of surfaces of solids of revolution. 

175. Area of curved surface of right circular cone. 

The curved surface of a right circular cone, if unrolled, is 
the sector of a circle. The problem is therefore that of 
determining the area of this sector, and this can be found 
by previous methods. 

Let / = radius of the sector (*.«., the slant side of the 
cone). 

Let r = radius of circular base of cone. 

Let A — area of curved surface of the cone. 

Then it can readily be shown that 
A=-nrL 

Area of curved surface of a frustum of a cone. 

Let the cone (Fig. 76) be cut by a plane, CD, parallel to 
the base. 
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Then ABDC is a frustum of the cone. 

The curved surface of the frustum can be considered as 
the limit of a very large number of small trapeziums, such 
usPQRS. 



Fig. 76. Fig 76. 


Using the formula for the area of a trapezium, in the 
limit, this sum — i.e., the area of the curved surface of the 
frustum — ^is 

AC X i (sum of circumferences of circles AB and CD). 

.'. if r = radius of base {AB) 
and rj = radius of section (CD). 

Area = JAC x 2iT(ri + r) 

176. General formula for area of a surface of revolution. 

Let AB (Fig. 76) represent a portion of a curve which 
rotates round OX, generating a solid of revolution. We 
require to find an expression for the surface of this solid. 

Let PQ be a small part of the curve, which on rotating 
generates a portion (shaded) of the surface of the whole. 

Let PQ = Ss. 

P and Q, on rotation, describe circles, PP^, QQ^, with 
centres M and N on OX. 

Let PM = y. 

Then QN =y 8y. 
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If PQ be small the portion of the surface which it generates 
may be considered as surface of the frustum of a cone. 

as shown in § 176, its area is 2re x X 8s. 

If PQ becomes indefinitely small so that 8y — ^ 0. 
Then, in the limit, area of strip = 2nyds. 

It was shown in § 162 that 

" n/' 

if s be the total area of the surface. 

s = 2'^/y>y' • • • (1) 

or I + . dy ... (2) 

In particular problems limits are stated, and thus the 
definite integrals may be found. 

Note . — ^The form of the integral above may lead to 
complicated integration, consequently only simple 
examples will be given. 

Rotation round OY. The above formulae are used 
when rotation is round OX, If rotation be round OY, the 
following formulae may be used. 

s = 2itJx^I + . dx . . . (3) 

or s = 2uJ I + .dy . . . (4) 

177. Area of the surface of a sphere. 

Let X* 4- y* = 0 * be the equation of a circle which 

? :enerates a sphere by rotation about OX, on which there- 
ore lies a diameter. 

Since + y* = a* 

y =s — **. 

. (fy X 

" dx \/a* — X** 
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“ V «> — »• ■ 



The limits of the integral when a quadrant rotates are 
0 and < 7 , giving rise to a hemisphere. 

/. using formula (1) above, 

J ffl ^ 

y X - dx 

0 y 



adx 


= IttqK 


a 

0 


Area of surface of sphere = 4Tro*. 


Exercise 37. 

1. Find the area of the surface of the solid generated by 
the rotation of the straight line y = J* around the *-axis, 
between the values * = 0 and x = 3. 

2. Find the area of the surface generated by the rotation 
about OX of the curve of y = sin x, between * = 0 and 

^ = TT. 

3. That part of the curve of x* = which is intercepted 
between the origin and the liney = 8 is rotated around OY. 
Find the area of the surface of the solid which is generated. 

4. The curve of the function *1 + yl = a* rotates 
around OX. Find the area of the surface of the solid which 
is formed between * == 0 and x = a. 

6. Find the area of surface of the zone cut off from a 
sphere of radius r by two parallel planes, the distance 
between which is h. 

6. Find the area of the surface of the solid generated by 
rotating round OX the part of the curve y = 3(?, between 
* == 0 find * = 1. 



CHAPTER XVII 

USES OF INTEGRATION IN MECHANICS 

L Centre of Gravity. 

178. 

Integration, as a method of summation, can be applied 
to the solution of many problems in mechanics in which 
it is re(juired to find the sum of an infinite number of 
infinitesimally small products. Some of these are included 
in this chapter, but in a volume of this size and purpose 
only a few of the simpler examples can be given. 

179. The centre of gravity of a number of particles. 

It is shown in treatises on mechanics that if a series of 
parallel forces acts upon a body, the point through which 
their resultant can be considered as acting is called the 
Centre of Force ; also the resultant is the algebraical sum 
of these parallel forces {Mechanics, § 24). 

This can be otherwise expressed as follows: 

Let nil, ruj, rUg . . . be the masses of a number of particles. 
Let {x^,y 2 ), {X 2 »y^ ... be the co-ordinates of the 

positions of the particles with reference to two rectangular 
axes, OX, OY, 

Each of the particles is acted upon by the force of 
gravity, this force being termed the weight of the particle 
and being proportional to its mass. 

Since this force is always directed towards the centre of 
the earth, these forces, in a small system of particles, may 
be considered as a system of parallel forces, which can be 
denoted by 

• • • 

or w^, w^, . . . 

where w represents the weight of a particle. 

The centre of force of this system is the centre of gravity 
of the particles. 

Let the co-ordinates of the centre of gravity be {x, y). 
Let M be the sum of the masses of the particles. 

300 
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i.e., Af = + m* + wij + . . . 

or M=S(»t). 

The product of the mass and the distance of the particle 
from any point or axis, is called the moment of the force 
about that point or axis. 

It is established in mechanics that the moment about any 
axis of the resultant acting at the centre of force is equal to 
the sum of the moments of the particles about the same axis. 

considering the system of particles above and taking 
moments about OY 

Mgx — nijgXi + WagXa + m^gx^ — . . . 

or, dividing throughout by g 

Mx = m^x^ + WjXj + OT3X3 + 

with the usual algebraic notation 

V _ 

- 2(m) • 

Similarly, considering the moments about OX 
- _ Z (my) 

> - Z(m) • 

The point (x, y), the moments of which we have found, 
is the centre of mass of the system, or considering the masses 
as acted upon by the force of gravity, the centre of gravity 
(c.g.) of the system. 

180. The centre of gravity of a continuous body. 

In the above section we have considered the c.g. of a 
system of particles irrespective of their distances from one 
another. But a continuous solid body can be regarded as 
made up of an infinite number of infinitely small particles, 
and the centre of gravity of these is the centre of gravity 
of the body. 

As the moment of each of these particles about an axis 
is the product of its mass and its distance from the axis, the 
problem of finding the sum of these products at once 
suggests integration as the means of effecting it. The 
method of applying integration is most easily shown by 
examples, such as those which follow. 

It should be noted that c.g. of a body must clearly lie 
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upon any axis of S 5 nnmetry which the body possesses. For 
example, the c.g. of a solid of revolution must clearly lie 
on the axis about which the revolution takes place. This 
suggests that for the purpose of finding the c.g. it will 
generally be simpler to take the axis of revolution as a co- 
ordinate axis. 

181. To find the centre of gravity of a uniform semi- 
circular lamina. 

The c.g. evidently lies upon the radius which is perpen- 
dicular to the diameter of the semi-circle at its centre, i.e. 

on OA in Fig. 77. This line 
should therefore be taken as 
the *-axis and the diameter as 
the y-axis. 

If the radius of the circle is 
a its equation is 

**+>'*= <**• 

X Since the lamina is uniform, 
its mass, or that of any part of 
it, can be represented by its 
area. If m be the mass of 
unit area, it will occur on both 
sides of the equations found in 
§ 179, and so will cancel out. 

Let X be the distance of the 
c.g. from 0, along OX. 

If a narrow strip of width 6x be considered, at a distance 
X from OY, such as is indicated by PQ in Fig. 77, then 
area of the strip =2y .Sx 
and moment of the strip = 2ySx x x. 

In the limit when the width of each strip becomes 
indefinitely small. 

Sum of areas of strips, i.e., area of semicircle 



also sum of moments of these strips 

= r2ydx XX— l“2yxdx. 
•'0 ^0 
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by the principle of moments 

/. * X 2ydx — I 2xydx. 

Jq Jo 

x= r2xydx-r f 2ydx. 

Jq •'0 

But y = s/ a? — 

/. * = f 2xVa^—x*.dx~- I 2Va^—x^.dx 

Jq ^0 

= [— § (<** — (§ 151, Ex. 3) 

= §a® -r iita*. 

_ 4o 

^ “ 3Tr- 

182. Tofind the centre of gravity 
of a solid hemisphere. 

Let the semi-circle of the pre- 
ceding example rotate about OX, 
thus generating a hemi-sphere. 

The c.g. will lie on the axis of 
rotation, OX. 

Let X be its distance from 0. 

Equation of curve is 
X* +y* = <*>. 
radius of circle = a. 

The rectangle PQ of the pre- 
ceding example on rotating will 
generate a slab, which, when the width of the rectangle 
is very small can be considered as cylindrical. 

in the limit this volume = ly^dx. 

volume of heml-sphere = | vyHx 

Jo 

moment of cylindrical slab = i^Hx x x. 

sum of moments of all such slabs = j ityHdx. 

Jq 

Also moment of hemi-sphere == if x I ny'dx 

Jo 



Fig. 78. 
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But these are equal. 


.*. * X [ ityHx = I nyHdx. 

Jo Jo 

X = Tc f x(a^ — x^)dx -i- I (a® — x^)dx 
Jo Jo 


= 7t ia^x* — |7ra® 

= Jjta* §na® 

X = ifl. 


(§ 169) 


183. Centre of gravity of paraboloid generated by the 
rotation of the curve of y = x®, about OY. 

Let the limits of x be 0 and 2. When x = 2, _y = 4. 
Fig. 79 represents the solid generated by the rotation 

about OY of that part of the 
Y parabola y = x* between the 

— V. values X = 0 and x = 2 (see 

A'£- § 172). 

The c.g. lies on OY. 

\ / Let its distance from 0 bey. 

E=S::&4 represents a small 

** cylindrical slab, formed, as 

^ in the preceding example, by 

X*i.i-_jj ■" X the rotation of a rectangle 

Y* of very small width. 

Fig. 79. Let the co-ordinates of P 

be(x,y). 

In the limit when width of rectangle becomes infinitely 
small 

Volume of slab = ■nxHy. 

Moment of slab about OX = -KxHy x y 

sum ofmoments for all such slabs = j nx*dy xy (1) 

Jy~0 

Volume of the whole solid = j nx^dy. 

Jo ^ 

moment of whole solid = y x f nxHy (2) 

Ja 
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Equating (1) and (2) 

y X I TzxHy = f izx^ydy. 

Jq Jq 

• • y j “^y^dy j "^ydy (since = y) 

= (i X 43) - (I X 16) 

_ 8 
“3* 

the eg. Is I units from 0 along OY. 

Note . — This is f the height of the solid. 

184. Centre of gravity of a 
uniform circular arc. 

Let BAC (F ig. 80) represent 
a circular arc. 

Let r = radius of arc, centre 

0 . 

Let 2a = angle subtended at 
the centre. 

Draw OA bisecting this 
angle. 

Let OA be the *-axis. 

The c.g. of the arc must lie 
on 0A._ 

Let X = distance of c.g. from 

0 . 

Let P be the point {x, y), 
and PQ be a small arc sub- 
tending an angle 86 at 0. 

Then PQ = r . 80. 

The c.g. of all such arcs as PQ must lie on OA . 

moment of PQ about 0 = r80 x x and x = r cos 6. 
PQ O = r* cos 0 . 80. 

In the limit when PQ is taken infinitely small 
Moment of PQ — r* cos 0d6. 

Mass of arc BC — r x 2x 
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(representing mass by length as arc is uniform) 
moment of arc = i x r x 2a. 
Equating moments 

* X 2ra = 


* X 2fa = 


• X = 

• X = 

Exercise 38. 

1. Find the centre of gravity of the parabolic segment 
bounded by y* = 4ax and the line x — h. 

2. Find the centre of gravity of the segment of the para- 
bola y* = 8x, which is cut ott by the line x = 6 and the 
axis of the parabola. 

3. Find the centre of gravity of the area bounded by the 
curve y = **, they-axis, and the liney = 1. 

4. Find the c.g. of the parabolic segment of y = x*, 
which is contained by the curve, the y-axis, and the line 
y = 9. 

6. Find the c.g. of a quadrant of a circle, radius r. 

6. Find the c.g. of the area between the curve of y = sin x, 
and the x-axis from x = 0 to x = n. 

7. Find the c.g. of a thin uniform wire in the shape of a 
semi-circle, radius r. 

8. Find the c.g. of a thin uniform wire in the shape of a 
quadrant of a circle, radius r. 

9. Find the c.g. of the circular sector shown in Fig. 80 
as OBAC. 

10. Find the c.g. of the right circular cone formed by the 
rotation of the line y — mx about the origin to x = h. 

11. Find the c.g. of a quadrant of an ellipse whose 
diameters are 2a and 2b. 


f. 


r* cos 6 . dd 

—a 
a 


^0 


cos 6 dQ 


2r* 




2r^ sin a. 
2r* sin a 

r sin a 
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12. Find the c.g. of the area bounded by the hyperbola 
xy = K*, the *-axis, and the ordinates x — a, x — h. 

13. Find the c.g. of the solid formed by the rotation of 
y — X* about the *-axis between the origin and x = 3. 

14. If the portion of the curve of ay* = ** which is 
bounded by the curve, the ac-axis and the ordinate x = b, 
rotates about the x-axis, find the c.g. of the solid thus 
generated. 

MOMENTS OF INERTIA AND RADIUS OF 
GYRATION 

185. Moments of Inertia. 

Let nti, awj, m 3 , ... be the masses of a series of particles 
forming a system. 

Let f 1 , rj, fj, . . . be their distances from a given straight 
line or axis. 

Then the sum of the products 

mjrj*. Wjra*. mjra* ... or ^{mr*) 

is called the moment of inertia of the system, and is usually 
denoted by M.I. or I. 

It is also called the second moment of the system, while 
S(»tr), which was defined in § 179, is called the first moment. 

As was pointed out when considering centre of gravity 
(§ 179), a continuous rigid body can be regarded as a 
system of infinitely small particles which, with the usual 
notation, can be expressed by dm. 

The sum of the products or second moments then 
becomes ILr'dm. This sum, taken throughout the body, 

becomes in the limit the integral J r*dm. 

M.I. =/r*dm. 

The moment of inertia becomes of great importance 
when the body is rotating about an axis. 

Suppose a body of mass M to be moving in a straight line 
with velocity v. Then its 

Kinetic Energy = \Mv*. 

Thus the Kinetic Energy of any particle is \v*dm. 
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Now suppose a body of mass M to be rotating with 
angular velocity about an axis. 

^ Then a particle dm is moving at any given instant with 
linear velocity v where v = rco. 

Its kinetic energy is ^dmv^ 
i.e., 

the total kinetic energy of the body is 
K.E. = / / rHm 

= X M.l. 

Total kinetic energy = ^(moment of inertia) x co* 

186. Radius of gyration. 

If the moment of inertia be written in the form 
I =M k* 

so that K = Vl M. 

then K is called the radius of gyration of the body. 

From these statements it is clear that — 

The kinetic energy of a body and the moment of Inertia 
are the same as if the whole mass were supposed to be 
concentrated at a point whose distance from the axis of 
rotation is k . 

187. Worked examples. 

Example I. Find the moment of inertia and the radius of 
gyration of a uniform straight rod about an axis perpendicular 
to the rod at its centre. 

Let M be the mass of the rod. 

Let 2a be its length. 

Since the rod is uniform its mass may be represented by 
its length. 

M is represented by 2a. 

Let O (Fig. 81) be the centre of the rod and OY the 
perpendicular through 0. 

It is required to find the M.l. of the rod about OY. 

Let PQ be a small element of the rod, where the distance 
of P from O is x. 

Then PQ can be represented by 8*. 

M.l. about 0 of the element PQ = x*Sx. 
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Fig. 81. 


In the limit when this element becomes indefinitely small 
M.I. of the whole rod = / x^dx 


-M.. 

-jo* 

M = 2a. 
l = iMaK 
M/i* = iMa» 

■ k = -^ 

• VT 


Since 


Example 2. Fmd the Y 

M I. of a uniform reel- _ 

angular lamina of mass M, " 

about an axis which bisects p q 

two opposite sides. 

Let ABCD (Fig. 82) re- ^ 

present the rectangle. X'—— q ' ■ '"■X 

Let YOV^ be the axis 
about which the M.I. is to 
be found. 

Let AB — 2a. p i L 

Consider a thin strip 
PQ of mass M^. Y' 

By Example 1 its Fio. 82. 

M.I. = iMia*. 

The M.I. of the whole rectangle is equal to the sum of 
all such strips. 
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i.e., M.I. = + . . .) 

= 4 " 4 “ • • • 

= iMo«. 

Example 3. Find the M.I. of a uniform circular lamina 
of radius r and mass M, about an axis through its centre and 
perpendicular to the plane of the lamina. 




Fig. 83(i>). 


Fig. 83(a) represents the circle, centre 0, OY being the 
axis, perpendicular to the plane of the circle, about which 
it rotates. 

Fig. 83(6) represents the plan of the circle. A small 
circular band, rami * and x 4- 8x, represents the element of 
area 

M.I. of this band = (2nx . dx) x xK 
The sum of all such as this throughout the circle is the 
M.I. of the whole. 


M.I. = J' 2nx»dx = 2« [i*«T = iirf*. 

But M — w*. 

M.I. = 


Exercise 39. 


1. Find the moment of inertia and the radius of g 3 n:ation 
of a uniform straight rod, length /, about an axis perpen- 
Ocular to its length at one end of the rod. 

2. Find the M.I. of a uniform rectangular lamina of 
sides 2o and 2b about the side of length 2b. 
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3. Find the M.I. of a uniform circular lamina of radius r 
about a diameter. 

4. Find the M.I., about OX, of the ellipse whose equation 
is 



6. Find the M.I. of an isosceles triangle, height h about 
(11 its base; 

(2) an axis through its vertex parallel to the base. 

6. Find the M.I. of a right circular cone, radius of base r 
about its axis. 

7. Find the M.I. of a uniform circular cylinder, radius of 
base r, about its axis. 

8. Find the M.I. of a fine circular wire, radius o, about a 
diameter. 

9. Find the M.I. about OY of the area of the segment of 
the parabola y* = 4ax between the origin and the double 
ordinate corresponding to x — b. 

10. Find the M.I. and radius of gyration of a uniform 
sphere, radius r, about a diameter. 


188. Theorems on mo- 
ments of Inertia. 

The following theo- 
rems are helpful in the 
calculation of moments 
of inertia in certain 
cases. 

I. The moment of 
Inertia of a lamina 
about an axis OZ per- 
pendicular to its plane, 
Is equal to the sum of 
the moments of inertia 



about any pair of rect- Fic. 84. 

angular axes OX and 

OY In the plane of the lamina. 

Let P be a particle of mass m in the plane of OX, OY 
(Fig. 84). 
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Let its co-ordinates with regard to these axes be (x, v). 
Join OP. Let OP = r. 

Let OZ be an axis perpendicular to the plane XOY. 

Then POZ is a right angle. 

moment of inertia of particle at P about axis OZ = mr^. 
Let PM, PN be drawn perpendicular to OX, OY. 

Then OP* = OM* + MP* 

= X* +y* 

or r* = X* 4- y*. 

But M.L of mass m at P about OZ 


= mr* 

= m{x* -{-y*) 

= mx* my* 

= Ig + 

or Ig — Ig — |— ly. 

where ly, Ig are the moments of inertia of m about the 

areas OX, OY and OZ, respec- 
tively. 

This is true for all particles of 
a lamina of which the particle at 
P is a part, and is therefore 
true for the whole lamina. 

As an example let us consider 
the case of the circular lamina 
described in Exercise 39, ques- 
tion 3. 

Let ABC (Fig. 86) represent a 
circular lamina. 

Let XOX* be a diameter. 

If Ig be the M.I. about this 
diameter, then it was found in question 3, that 

Ig = IMr*. 



If YOy^ be another diameter at right angles to XOX*, 

then ly = \Mr* 

Ig + ry = \Mr* + lMr* 

= \Ma*. 

If OZ be an axis perpendicular to the lamina and therefore 
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perpendicular to OX and OY, then, it was shown in Example 
3, p. 310, that 

I, = iMrK 

Hence /, = /, + Ig. 

II. Theorem of parallel axes. 

Let If be the M.I. of a mass M about an axis through its 
centre of gravity ; let a be the distance of a parallel axis 
from the centre of gravity. Then 

M.I. = lc+ Ma*. 

This may be defined as follows: 

The moment of inertia of a body about any axis is equal 
to the sum of — 

(1) the moment of Inertia about a parallel axis, and 

(2) the product of the mass and the square of the 
distance of the axis from the centre of gravity. 

It is evident that (2), i.e., Ma*, is the same as the M.I. 
of the whole mass, collected at the centre of gravity, about 
the selected axis. 

189. Worked examples. 

Example I . Find the M. I, 
of a uniform circular lamina, 
radius a, about a tangent. 

In Fig. 86 the tangent to 
the circular lamina centre C 
is taken as OY. 

BC is an axis parallel to 
OY through C, which is, of 
course, the c.g. 

Then, by the above theo- 
rem 

M.I. about OY = M.I. about BC Ma*. 

But M.I. about BC = JAfa*. (Ex. 39, (3), and example 

on Theor. I.j 

M.I. about OY = JAfa* Afa* 

= |/Vlo*. 
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Example 2. Find the M.I. of a uniform lamina in the 
shape of an isosceles triangle, height h and vertical angle la, 
about — 

(1) An axis through the vertex parallel to the base. 

(2) A line through the c.g. parallel to the base. 

(3) The base. 

Arrange the triangle so 
that its axes of S 5 mimetry 
lies along OX (as in Fig. 
87). 

Then OC = h, AC =h 
tan a. 

Let P (*, y) be any point 
on OA. 

The strip FQ represents 
an element of area 

and y = X tan a. 

8x = width of strip 

(1) To find M.I. about OY. 

Let m = mass of unit area. 

M.I. of strip = 2my^x x x* 

in the limit, M.I. of triangle about 

OY — m {’* 2yxHx 

but y = x tan a. 

M.I. = m{ 2x* tan adx — 2m tan a f 
Jo Jo 

= 2m tan 

= JwA* tan a 

but mass of triangle, i.e., 

M =3 mh X h tan a 
= mh* tarn «. 

M.I. = 
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(2) M.I. about an axis through the centre of gravity and 
parallel to AB. 

Let le = M.I. about an axis through c.g. 

Let a = distance of c.g. from O. 

In this case a = §/t. 

Using I = Ie + Ma*, and substituting. 

I, = I- M{\hY 
= 

= 


(3) M.I. about the base. 

Distance of c.g. from base = 

By the theorem of parallel axes 
M.I. about base 

= (M.I. about axis through c.g.) + x ) 

= ^Mh* + Wh* 

Exercise 40. 

1. Find the M.I. of a uniform rod, length 2a, about an 
axis perpendicular to the rod through one extremity. 

2. Find the M.I. of a uniform square lamina about an 
axis perpendicular to the plane of the square, at one comer. 

3. Find the M.I. of a uniform lamina in the shape of an 
equilateral triangle of side a. 

(1) About a line parallel to the base through the 
centre of gravity. 

(2) About an axis through the centre of gravity and 
pe^ndicular to the plane of the triangle. 

(3) About a line perpendicular to the plane of the 
triangle and through a vertex. 

4. Find the M.I. of a uniform circular lamina of radius a 
about an axis perpendicular to the plane of the disc through 
a point on the circumference. 

6. Find the M.I. of a umform right circular cylinder 
about a line through the centre of the axis of the (ylinder 
and perpendicular to it. Length of cylinder is la and 
radius of base b. 

6. Find the M.I. of a uniform thin spherical shell, radius 
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a, about a diameter. [Hint — see problem of finding surface 
of a sphere (§ 177)]. 

7. Find the M.I. of a solid sphere, radius a, about a 
diameter. [Hint.— divide the sphere into thin con- 
centric shells and use the result of the previous question.] 

8. Find the M.I. of a right circular cone, height h, about 
an axis drawn through the vertex parallel to the base, the 
radius of which is r. 

9. Find the M.I. of an elliptic lamina, axes 2a and 2b, 
about an axis drawn through the centre of the ellipse and 
perpendicular to its plane. 

10. Find the M.I. of a uniform rectangular lamina, sides 
2a and 2b. 

(11 About a side. 

(2) About a diagonal. 

(3) About an axis perpendicular to the plane of the 
rectangle and passing through a comer. 



CHAPTER XVIII 

PARTIAL DIFFERENTIATION 


190. Functions of more than one variable. 

Thus far we have been concerned only with functions of 
one independent variable. It was pointed out, however, 
in § 12, that a quantity may be a function of two or more 
independent variables. Examples were given in illus- 
tration. 

We must now consider, very briefly, the problem of 
differentiation in such cases. An adequate treatment is 
not possible in an introductory book on the subject, but 
some simple aspects of the problem can be examined. 


191. Partial differentiation. 


We will begin with an example referred to in § 12, viz. 
that the volume of a gas is dependent upon both pressure 
and temperature. 

Let V represent the volume of a gas. 

„ p be the pressure on it. 

„ f be the absolute temperature. 

The law connecting these can be expressed by the formula 


P 

where k is a constant. 

(1) Suppose the temperature to vary, 


remaining constant. 
Then 


the pressure 


1 


or 


(2) Suppose the pressure to vary, the temperature 
remaining constant. 

dV_, t 

Thus the existence of two independent variables gives 
rise to two differential coefficients. 

317 


Then 


— A— 
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These are called Partial derivatives or Partial Differential 
coefficients. For the sake of simplicity the ordinary 
notation was employed above, but special S 3 nnbols are 
employed to indicate partial coefficients. Instead of the 
letter “ d,” the small Greek delta, 9, is employed. Thus 
the partial differential coefficients above would be written i 


( 1 ) 

(2) 


dV_. \ 


= -k. 


dV 

dp 




Thus, (1) indicates that V is differentiated with respect 
to t (hence 8t), while p is constant. Similarly, with (2). 

In general — if z be a function of x and y, the partial 
differential coefficients are written : 


(11 g. when X is variable and y constant. 

3z 

(2) when y is variable and x constant. 

Using the form referred to in § 33, of defining the 
differential coefficient, the partial difierential coefficients 
can be expressed thus: 

^ = Lt f(x + y) - f(*» y) 

dx tx 0 

It f(^. y + 8y) - fix, Y) 

9y 8y 


Examples. 

(1) 2=2**-}- 5 x * j > 

^ + 1 ®^ +y* 

^ = 6** + 2^ + 3y* 

(2) z = siny -f *• cosy + «*» 
8z 

^ = 2x cosy + 2c** 

8Z m . 

— =tcosy — x*smy 


(y constant) 
{x constant) 


(y constant) 
(x constant) 
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192. Graphical Illustration of partial derivatives. 

We have seen that a function with one independent 
variable can be represented by a plane curve. If, however, 
there are two independent variables, the dependent function 
can be represented by a surface, i.e., co-ordinates in three- 
dimensions are employed. This can be illustrated as 
follows. 

In Fig. 88, let XOY represent a plane with OX, OY as 
co-ordinate axis at right angles to one another. Values of 



two variables x and y can be represented along OX and OY 
as heretofore. This we call the xy plane. 

Draw OZ at right angles to the plane from 0. 

Thus the planes XOZ, YOZ, are perpendicular to the 
plane. XOZ is the (x, z) plane and YOZ is the (y, z) plane. 

Values of z, corresponding to values of x and y, are 
marked on OZ. 

Let P be a pioint in the plane of XOY with co-ordinates 

(*i» ^i)* 

Along OX mark OB — and alon^ OY, OA = y^. 

Then P is the position of the point m the plane XOY. 
From P draw PC parallel to OZ and equal to z^, where Zj 
is the value of z correspionding to Xj for x and y^ for y. 
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Then C represents the position of the point in space when 
the co-ordinates are {x^, y^, Zi). 

If other values of x and y are taken, with the corresponding 
values of z, we shall obtam an assemblage of points such as 
C, which will lie on a surface. 

(1) Let Y be constant and have the value y^. 

GCE will now represent the variations of z relative to x 
when y is constant. 

Consequently the partial differential coefficient ^ will 

represent the slope of the tangent to the curve, corresponding 
to any assigned value of x. For example, when x = x^, 
C is the corresponding point on the curve and the tangent 

dz 

to the curve GCE at C represents the value of — when 
* = * 1 . 

(2) Let X be constant and have the value Xj. 

Then the curve of DCF represents the variations of z toy. 
The tangent to the curve at any point on it represents 

— for corresponding values of y and z. 


193. Higher Partial Derivatives. 

The partial derivatives are themselves functions of the 
variables concerned, and thus may have their partial 
derivatives. 

(1) Thus if ^ be differentiated with respect to * 

9 /dz\ 

(y being constant), this is indicated by ^ ^ j and 
denoted by 

(2) Since it is also a function of y, it can be differ- 
entiated with respect toy, x being constant. Thus we 
have; 


Ty(M) ^x* 


(3) Similarly ^ can be difierentiated with respect 
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to X and y, so that when it is differentiated with respect 
to X, y being constant, we have : 

Kap Txdy- 

(4) When differentiated with respect to y, x being 
constant, we have : 

I'd) '=>' p- 

It will be seen that (2) and (3) are the same, except for 
the order of the differentials in the denominators. These 
indicate the order of differentiation. 

In (2) we differentiate with respect to y first and 
then X. 

In (3) we differentiate with respect to x first and 
then y. 

It can be shown that these are commutative — i.e., the 
order of differentiation is immaterial — i.e,, the result is the 
same 

d^z fz 

dydx dxdy* 

Similarly there may be third and higher derivatives. 


194. Total differential. 

When a function of a single variable such as y = /(x) is 
differentiated, the result is expressed by 

t 

If this be written in the form 


dy = f'{x)dx 

tlie differential dy of the dependent variable y is thus 
expressed in terms of the differential dx of the independent 
variable x (see § 33). 

We now proceed to find a similar expression, when z is a 
function of the independent variables x and y; i.e., wo 
require to obtain the relation between dz, dx, and dy. 

Let z = f(x, y) (1) 

Let X receive an increment Bx. 

L (cal.) 
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Let Y receive an increment 

And z receive a corresponding increment Sz. 

Then z + 6z = f(x + 5x, y + 8y) . . (2) 

Subtracting (1) from (2), 

5z = f(x + 6x, y + 8y) — f(x. y) . . (A) 

If y only varies, and is increased by 6y, the result can be 
expressed by 

fix. y + 5y) (3) 

If X only varies and is increased by 6x. the result can be 
expressed by 

f(x + 6x, y) (4) 

If (3) be added to and subtracted from (A) 

8z = {/(x + 8x,y + Sy) —f(x,y + Sy) } + {/(x,y + Sy) — /(x, y) } 

• Sz = {/(x + 8^. y + ^ y) -f ix, y + 8y)}Sx 

• • Sx 

^ if jx.y + ^y)^-/ix.y)}By 

(1) Considering the first part of B, 

If 8x and 8y tend to become zero, then 

/(x + ax,y + Sy) —f(x,y + By) 

8x 

in the limit becomes the partial differential coefficient of 
/(x.y + 8y), when x alone varies and y remains constant. 

But in this expression 8y ultimately vanishes, and thus 
it takes the form 

/(x + Sx.y) -/(x.y) 

8x 

Thus it becomes the partial differential coefficient of 
/(x,y), when x varies and y b constant, 


(2) Considering the second part of B. 

In the limit this represents the partial differential coeffi- 
cient of /(x,y), when y alone varies, 

0z 
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Also, in the limit, with the usual notation, 8x, By, Bz, 
become the differentials dx, dy, dz. 

substituting for the corresponding parts of {B) they 
become 

* = li’'" + ly”')' •••(C) 

This is called the total differential of z, where z is a 
function of the variables x and y. 

A similar expression may be obtained when z is a function 
of three variables. 

195. Total differential coefficient. 

Let X andy, and consequently z, be functions of a variable 

t. 

In equation (B) above, divide throughout by SL 

On proceeding to limits in the same way as was adopted 
above with (B), then in the limit we reach the result ; 

dz _ dz dx , dz dy 

dt~ dx' dt'^ dy‘di * * ^ ^ 

This is termed the total difFerential coefficient of z with 
regard to x and y, these being variables dependent on t. 

If y is a function of x, and the total differential coefi&cient 
of dz is found by replacing t by x in the above, we get i 

dx ~ 9x 0y ■ dx’ 

This may be obtained independently in the same way 
as the above. 

196. A geometrical Illustration. 

The following geometrical illustration will probably be 
helpful to many students in ’■ealising the meaning and 
significance of the above results. 

The area of a rectangle is a function of two variables, the 
lengths of its two unequal sides. 

Fig. 89 represents a rectangle, with sides x and y. 

Let il be its area. 

Then 


A — xy. 
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Let X be variable and receive an increment Sx, while y 
remains constant. 

Then A +SA = (x + Sx}y. 

H Subtracting 8^4 =ySx, i.e., 
rectangle CGHD. 

The rate of increase of A 
with regard to x, y being 
constant, is the partial differ- 
ential coefficient i.e., 

8 



dx 


(xy) = y. 


Similarly, if y be variable, 
X being constant 

8^ = the rectangle BEFC = x8y 


and rate of increase = ~ = ^ (xy) = x. 

dy 8y^ 

If both X and y vary, then by formula C the total differential 
increase, in the limit, when Sx and Sy proceed to zero, is 



dx + ^dy. 


Substituting the values of the partial difierential coeffi- 
cients, we get J 

dA = ydx + xdy. 

Comparing with Fig. 89, it is seen that the total increase 
in area, due to small increases of x and y, is rectangle 
BEFC -+- rectangle CGHD -f- the small rectangle CF KG, 
i.e., in the limit 

ydx xdy -)- dxdy. 

But dxdy is the product of two Infinitesimals and is 
called an infinitesimal of the second order. It can be 
disregarded in comparison with ydx and xdy, which are 
infinitesimals of the first order. 

total differential Increase of area is ydx xdy. 


Total differential coefficient. 

Now suppose y = 8 in., and at a given infant is increasing 
at the rate of 2 tn. per sec. 
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Also let X — 5 in., and be increasing at the same instant 
at 3 in. per sec. 

At what rate is A increasing at the given instant ? 

In this problem another variable, time {t), is introduced, 
so that X and y, and consequently A, vary with time. 

The rate of increase of A is clearly given by the total 
differential coefficient as stated in formula (D). 

This becomes 

dA BA dx , BA dy 


We know that 


substituting 


dA ^ dx , BA dy 

dt ~ 8x ‘ dt ' By ’ cU‘ 

BA o 

BA - 

dx 

dt~'^ 

^ -9 

dt 

^ = (8 X 3) + (5 X 2) 

= 34 square Inches per second. 


197. Worked examples. 

If z = tdLn-^-,find the total differential dz. 

X 


z 

= tan-* •2^ 



X 


dz 

1 


dx 


\ **, 


- ** x( 

_ 



*V 

dz 

1 

1 



X 


x^ 


1 

X - = - 

X X 


X 
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Substituting in formula D 


dz = ■ . dx + -i-T — •‘fy 

_ xdy — ydx 
- x» + y> • 

198. Implicit functions. 

Partial derivatives will, no doubt, have reminded 
students of the method of differentiating implicit functions 
as described in § 48. The connection will be made clear 
by a modification of formula (C), § 194. 

Let z = /(x, y) = a. constant, say c. 

Then its differentiatials equ^ zero. 

.*. Formula (C) becomes 


, dz j , 8z j ^ 
dz = -dx + -dy=0. 


dz 


dy^y-—dx^^ 


dy 

dx 


dx 

dy 


It will be noted that though the total differential co- 
efficient of « is zero, this was not the case with the partial 
differential coefficients. 

Referring to § 48 it will be seen that the results are, in 
principle, identical. 

Worked example. If z = 4z* — xy* -1-^=0, find 

From above 

dx ~ \dx ■ dy) 

^ =12z*-y* 
dx •' 


^ = -2xy+3^. 


but 
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substituting 

dy 12a ; * — 

dx — 2a:^ + 3y* 

- - y * 

2xy — 3y*‘ 


Exercise 41. 

A. Find the 
questions I to 

l.z = X». 2. 2 = cos (ar» +jy*). 3. 2 = " t T vi ’ 

4. ;2f = -f 6xy^ + 23^- ^ ^ 

6. 2 = sin-1 6. 2 = tan-i 1. z = 

>' y Bz Bz y 

8. If 2 = log (<!* + CV), show that ^ ^ = 1* 

B. Find the total differentials In questions 9 to 14. 

9. * = * = «**-!- 26a:y -f cy*. 

11. 2 = log X*. 12. 2 = **y + 

13. 2 = c*!'. 14. 2 = 


partial differential coefficients 


az dz 
ax' ay’ 


15. If u = 2x* + 3y*, find du, when x = 1, ^ = 3, 

da; = 0-01, and dy = 0-02. ^ 

16. If the law of a perfect gas be ^ — p' where V 

represents the volume, p the pressure, and t the absolute 


temperature, find the relation between dV, dt, and dp. 

17. If « = x*y — sin V, find and show that it is 

18. In the solid representing 2 = a* — x* — 2y* what 
is the slope at a point of the curve along a section for 
which y is constant ? What is the slope at a point along a 
section for which x is constant ? 


19. The radius of the base of a right cylinder is increasing 
at a given instant at the rate of an inch per sec., while the 
height is increasing at 2 inches per second. At the same 
instant the height is 10 inches, and the radius of the base 
6 inches. At what rate is the volume increasing? 



CHAPTER XIX 
SERIES. 

TAYLOR’S AND MACLAURIN’S THEOREMS 
199. Infinite series. 

When stud3dng algebra the student has become ac- 
quainted with certain " series,” as, for example, geometric 
progression or series, arithmetical progression, and the 
binomial series. 

In the first of these he will have considered the impor- 
tant problem of the sum of the series, when the number 
of terms b increased without limit, i.e., becomes “ Infinite." 

Two cases arise: 

(1) When the common ratio r is numerically greater 
than unity, as the number of terms increases the terms 
increase individually and so does their sum. If the 
number of terms becomes infinitely great, their sum 
also becomes infinite, i.e., if S„ represent the sum of n 
terms, then, when n — oo , Sn — >• oo . 

(2) If, however, the common ratio be less than unity, 
the terms continually decrease and the question of 
what happens to Sn when n becomes infinitely great 
is a matter for investigation. 

In this case it is readily shown that when n — >- oo , 
Sn approaches a finite limit. 

200. Convergent and divergent series. 

In general when considering any kind of series, it becomes 
a problem to be investigated as to whether 

(11 Sn approaches a finite limit when n — > oo , or 

(2) Sn approaches infinity when n — >■ oo . 

If a series is of the first kind it is said to be convergent’ 
if of the second, it is called divergent [Algebra, § 270, § 282). 

There is also a third type of series called oscillating, but 
we shall not consider it in this chapter. ^ 

For theoretical and practical purposes it b very important 
to know whether a given series b convergent or divergent. 

3*8 
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There is no universal method of determining this, but there 
are various tests which can be applied for certain kinds of 
series. A consideration of such tests is, however, beyond 
the scope of this volume. Students who desire, or need to 
study, this important matter, should consult a book on 
Higher Algebra. 

In this brief treatment of infinite series by the use of the 
Calculus, the series considered will be assumed, without 
proof, to be convergent. 

201. Taylor’s theorem. 

In the binomial theorem it is stated that the function 
{x + a)“ can be expanded in a series of descending powers 
of X and ascending powers of a. Many other functions can 
be similarly expanded, and various methods are employed 
for this purpose. In this chapter, however, it is proposed 
to investigate a genera] method of expanding functions in 
series. 

Briefly, we shall see that fix +h) can, in general, be 
expanded in a series of ascending powers of h. Such an 
expansion is not possible for all functions, and there are 
limitations to the application of the theorem which defines 
the form of the expansion. 

We will begin by stating the theorem which is known as 
Taylor’s Theorem, and proceed afterwards to demonstrate 
the truth of it. 

Taylor’s Theorem. 
f(x + h) = f(x) + hm + *V'(x) 

+ + • • • + -j — r”(^) + • • • inf. 

LL l!L 

The following assumptions will be made : 

(1) That any function which will he considered is 
capable of being expanded in this form. 

(2) That subject to certain conditions in some cases, 
the series is convergent. 

(3) That the successive differential coefficients^ 

. . . Mx) all exist. 
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In accordance with (1) we will assume that f{x -|- h) can 
be expanded in ascending powers of /i as follows : 

f’(x + /i) = Aj + Ajh + Ajh* A 3 / 1 ® + . . . (B) 

where the coefficients A^, A^, A . . . are fimctions of x 
but do not contain h. 

Since this is to be true for all values of h 

let /I = 0. 


Then on substitution in (1), we have 1 
^0 =/{*)• 

Since the series {B) is an identity, it may be assumed that ' 
if both sides be differentiated with respect to h, keeping x 
constant, the result in each case will be another identity. 

Repeating the process, we get: 

(1) /i(x + h)=A, + (A, X 2h) 

+ (A, X 3A*) + (^* X 4A®) + . . . 
since Ax) = 0, where x is constant. 

Similarly: 

(2) /“(x + A) = 2A, + (3.2^ ,A) + (4.3^***) + . . . 

(3) /™(x + A) = 3.2.U, + 4.3.2Ath + . . . 

and so for higher differential coefficients. 

In all of these results put h = 0. 

Then from 


/t(x) =Ai. 

/n(x) =2.M,. 
/m(x) = 3.2.1A,. 
f^{x) =4.3.2.1A^. 


t.e.. 




A, 




An— and so on. 

[n 

Substituting for these in (B) we obtain the theorem, viz.. 
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/(* H- A) =/(.v) + hp(x) + f^{x) 


+ * 


202. Application to the binomial theorem. 

To expand (x + A)" (by Taylor's theorem). 

/(X + A) = (* + A)» . , ,3 

=/(*) +Ay^(*) +^/^(x)+~/^(x) + . . . 

When A = 0, 


= 


!(*) = n(x — 1)*"-* 
in(*) = n(n - l)(n - 2)*»-» 


Substituting in Taylor’s expansion 

ht 

(* -b A)" = X" + A . nx^-^ + 

+ ^n{n — 1)(« — 2)x"-* + . . . 

Ll 

or with the usual arrangement 

■I- - Ofr - S x.-,/,. H- . . . 


(x + /i)" == X" + nx^-^h + 


203. Maclaurln's theorem (or Stirling's theorem). 

This is another form of Taylor's theorem. It is obtained 
by putting * = 0, and for convenience replacing h by x. 
This is possible since Taylor's theorem is true for all values 
of X and A. 

let X = 0, and h = x. 

Then Taylor’s theorem becomes 

fw = m + «f (0) + ^r(o) + . . . + |^r(o) . . . 

In this form f''(0) means that In the n*** differential 
coefficient of f(x), x is replaced by 0 . 
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204. Worked examples. 

Example!. Expand log {1 x). 

Since f{x) = log (1 + *) ; /(O) — log (1) = 0. 

••• = * 

= — I — ' 

■^<*1 = ir ^’ /“<"> ” 

•^<*1 = - ( rfV *’ 

• ••••• 

/n(x) = (- /«(0) = (- 1)»- Mn-1. 

Substituting these values in Maclaurin's series, viz. 

/(X) = log (1 + X) =/(0) + xr(0) + -g/iMO) + . . . 
we have i 

log (I +x) = x-y+y-^ + ... +(- l)»-ix» + ... 

It should be remembered that the base employed 
throughout has been e. Cons^uently the above series 
may be used to calculate logarithms to that base. From 
these the logs to any other base, such as 10, can be 
obtained. 

Example 2. Expand sin x in a series involving powers 
of X. 

f(x) = sin X. /(O) = 0 

f^{x) =cosx = sin ^x + /i(0) = 1 

/«(%)=- sin X. .'. /“(O) =0 

/”(*) = — cosx = sin^* 4-^^. /™(0) = — 1 

• ••••• 

/«(*) = sin (* + y). /»(0) = sin 
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Substituting in Maclaurin's series we have : 


sinx = X — 




+ 


35“ sm 


nn 


+ 


2 

IT"' 


In this series x is measured in radians. 

If now we put * = 1, we may readily calculate the value 
of a radian to as great a degree of accuracy as may be 
desired, by taking sufficient terms of the series. It will 
be noted that the terms decrease rather rapidly, or the 
series is said to converge rapidly. 

It should be further noted that the series contains only 
odd powers of x, i.e., it is an odd function. The series for 
cos X will be found to contain only even powers of x, i.e., 
it is an even function. 


Example 3. Expand c* in a series involving powers of x. 
We have f{x) = c*. /(O) = 1. 

P{x) = e*. .-. /i{0) = 1. 

/ii(x) = e*. .-. /«(0) = 1. 

Substituting in Maclaurin’s series we get J 

v3 

e* = I + X + pj;- + r-j + 7-7 + • • • 

11 'A LI 

Compare § 83. 

205. Expansion by the differentiation and Integration of 
known series. 

The method may be illustrated by the following example: 
By division. 

= 1 -**+*• -**+.. . 

It may be proved that when a function is represented 
by a senes, and the function and the series are integrated 
throughout, the results are equal. 




tan'^ X = X 


1 5 


+ 
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This is known as Gregory's series. It is convergent 
and can be used to calculate the value of n. 

Thus, in the series let * = 1. 

Then tan-i (1) = J. 


Substituting in Gregory’s series 



I 

5 



Hence, by taking sufficient terms, the value of n can be 
foimd to any required degree of accuracy. It converges 
slowly, however, and consequently other series which 
converge rapidly are employed for the calculation. 


Exercise 42. 

Expand the following functions in powers of xt 


1. (a) sin (a + x) ; (b) 

2 . 

4. log (1 + sin x). 

6. tanx. 

8. a*. 

10 . 

12. log sec X. 

14. log (1 — x]. 

16. tf»sinx. 


cos {a + x). 

3. tan-* (x + h), 

6. cos X. 

7. log (1 + e*). 
9. r-**. 

11. secx. 

13. sin-*x. 

15. sinhx. 

17. tanhx. 



CHAPTER XX 

ELEMENTARY DIFFERENTIAL EQUATIONS 


206. Meaning of a differential equation 

A differential equation is one which involves an independent 
variable, a dependent variable and one or more of their 
differential coefficients. 

These equations are of great importance in Physics, 
Engineering of all kinds, and other applications of Mathe- 
matics. Although it is not possible in this volume to give 
more than a very brief introauction to what is a big subject, 
the elementary forms which are dealt with in this chapter 
may prove valuable to many students. 

Examples of differential equations have already appeared 
in this book, as, for example, questions 49-54 in Exercise 16. 

Again, as illustrated in § 100 



or dy = 2xdx .... (2) 

we obtain by integration the relation : 

jy = »« + C . . . . (3) 

(1) and (2) are differential equations, and (3) is their 
solution. Thus a differential equation is solved when, by 
integration, we find the relations between the two variables 
X and y. 

This process involves the introduction of an undeter- 
mined constant. Thus the solution (3) is the general 
equation, or the relation between y and x for the whole 
family of curves represented in Fig. 28. 


207. Formation of differential equations. 

Differential equations arise or may be derived in a variety 
of ways. 

For example, it is shown in mechanics that if s be the 
distance passed over in time t by a body moving with 
uniform acceleration, a, then 



( 1 ) 


335 
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By integration 

^ -j- Cj . . . . (2) 

Integrating again s = Jai* + + Cj . . (3) 

Of these (1) contains a second derivative, (2) the first 
derivative, while (3) is the general solution of (1) and (2). 

Differential equations may also be formed by direct 
differentiation. Thus, let 

x^ + lx^ + Sx + 1 . . . (a) 

3x^ + Ux + 3 . . . . ( 6 ) 

6^1: + 14 (c) 

6 {d) 

(a) is called the complete primitive of (d). 

208. Kinds of differential equations. 

(A) There are two main typ)es of differential equations : 

(IJ Ordinary differential equations, involving only 
one independent variable. 

(2) Partial differential equations, which involve 
more than one independent variable. 

In this chapter we shall concern ourselves with (1) only. 

(B) Orders. Differential equations of both types are 
classified according to the highest derivative which occurs 
in them. Thus of the differential equations (6), (c), {d) 
in §207: 

(6) is of the first order, having only the first deriva- 
tive. 

(c) is of the second order. 

(d) is of the third order. 

(C) Degree. The degree of a differential equation is 
that of the highest power of the highest differential which 
the equation contains after it has been simplified by 
clearing radicals and fractions. 
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Thus the equation + 3^^ = 0 is of the second 

order and third degree ; s = V 1 + (§ 162) is of 

the first order and second degree. 

209. Solutions of a differential equation. 

A solution which is complete or general must contain a 
number of arbitrary constants which is equal to the order of 
the equation. Thus in § 207 (3) contains two arbitrary 
constants and is the solution of (1), an equation of the second 
order. 

Solutions which are obtained by assigning particular 
values to the constants, as in Exercise 16, question 54, are 
called particular solutions. 

This chapter will be concerned only with equations of 
the first order and first degree. 

Differential equations of the first order and 
first degree. 

210. Since solutions of differential equations involve inte- 
gration, it is not possible in consequence to formulate rules, 
as with differentiation, which will apply to any type of 
equation. Some indeed it is not possible to solve. But a 
large number of equations, including very many of practical 
importance, can be classified into various types, solutions 
for which can be found by established methods. Some of 
these types we will proceed to consider. 


211. I. One variable absent. 


There may be two forms : 
(1) When y Is absent. 

The general form is 

and the solution is 


dy == f(x)dx 
y = Jf(x)<fx. 


This requires ordinary integration for its solution. 

Example. Solve the equation 

dy = (x* 4- sin x)dx. 
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Then y = j(x* + sin x)dx. 

y = — cos X + c. 

(2) When x Is absent. 

The general form is 

l=/w 

r dy =f(y)dx. 

This may be written in the form i 
dx _ I 
dy f(y) 

r dx-^ 

' -f(y) 


when 




The solution is then obtained by direct integration. 
Example. Solve the equation ^ = tany. 

TT dx \ 

Hence 3- = ? 

dy tan y 

dx = 

tany 

hx=('‘^-2. 

“7 } smy 

.*. X = log sin y + c. 


212. 11. Variables separable. 

If it is possible to re-arrange the terms of the equation in 
two groups, each containing only one variable, the variables 
are said to be separable. Then the equation takes the form 
F(x)dx -I- f{y)dy = 0 

in which F(x) is a function of x only, and /(y) a function of 
y only. 

The general solution then is j 

Jf(x)</x -f- Jf(y)dy = c. 
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213. Worked examples. 

Example I. Solve the differential equation 
xdy + ydx = 0, 

To separate the variables divide throughout by xy. 

Then f+t = 0- 

••• /f +/$ = '•■ 

logy + log X = Cl- 

If the constant be written in the form log c 

Then logy + log x = log c 

whence xy = c. 

The factor used to multiply throughout to separate 
xy 

the variables is called an Integrating factor. 

Example 2. Solve the equation 

(1 -f- x)ydx + (1 — y)xdy = 0. 

Multiplying throughout by we get i 

l + _** + ijZLS’j, = 0. 

/(i+ O'** 

.*. log X 4- X + logy — y = c. 
or log xy + (x — y) = c. 


Exercise 43. 

Solve the following differential equations: 

4. fl + y)dx — (1 — x)<fy = 0. 

6. \x 4* l)<iy — ydx = 0. 

6. sin X cos ydx = siny cos xdy. 


2 ^ -y 

dx ~ a' 


3. 


d2 

dx X 
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7. {y* — x*)dy + 2xydx = 0, 

^dx x' + 1 ' 

9. 2ydx = x{y — l)dy. 

10. + sin 2* . ^ = 1. 

11 1+y _dy j2 ^ = **v 

(1 + x^)xy dx' ‘ dx 

13. *\/y* — \dx —yVx^ — Idy — 0. 

16. The slope of a family of curves is — 
equation of the set ? * 




What is the 


214. III. Linear equations. 

An equation of the form 


dx 


+ Py=Q. 


where P and Q are constants, or functions of x only, is called 
a linear differential equation. 

It is so called because y and its derivatives are of the 
first degree. 

It has been discovered that if such an equation is multi- 
plied throughout by the Integrating factor ej*’*, an equation 
IS obtained which can be solved. 

When multiplied by this factor, the equation becomes : 


It may now be seen that the integral of the left-hand side 
is yef'’*. This is evident on differentiating yej^^. There- 
fore the solution is : 

ye/'’*'' = J Qe/'’‘'*</x . . . (A) 

The procedure in solving this type of differential equation 

is to begin by finding the integral jPdx, then substitute in 
(A). 

Examples will illustrate the method more clearly. 
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215. Worked examples. 

Example I. Solve the equation 

(1 _ *2)^ -xy = \. 

Transforming this to the general form, viz., 
we get 

dy _ X _ 1 

dx I — x^ ~ I — it*' 

Since the integrating factor is efi^, we proceed first to 
find j Pdx in this case, noticing that P = Q — ^ 

Comparing with the equation above we have, 

fpdx = -fj^,dx 

= J log (!_-*=*) 

“ log -y /l — xK 

.*, integrating factor = = i/i — xK 

Using the form (A) in § 214, we have j 

yVl — X* = J - g X Vl — x^dx 



= sin-1 X -i- c. 


the solution is : 

yV I — X* = sin-1 X + c. 
Example 2. Solve the equation 

cosx^ -fysinx = 1. 
Dividing by cos x, 

^ + 3 ^ tan * = sec X 
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Comparing with the type equation 
P == tan X. 

/. jpdx = j tan xdx = log sec x. 

= sec X. 

Using formula (A) and substituting 
y sec X j sec x sec xdx 

= j sec^ xdx 
== tan X + c. 

/. the solution is j 

y = cos X tan x + c cos x 
or y == sin X + c cos x. 

Example 3. Solve the equation 

^ -h = 1 + 2**. 

Comparing with the type equation 

P = 2* ; ^ = 1 -{■ 2a;*. 

Jp^iAf = J 2xdx — X*. 

.*. integrating factor is c**. 

using formula (A) and substituting 

yc** = j {1 2x*)^dx 

= j{e^ + 2x*^dx 

= + c. 

the solution is : 

y tf** = *«** + c 

or y = X -f ce-^. 

EXAMPLE 44. 

Solve the following differential equations! 

l-^-2^ = 2x. 2. *^ + x+y 
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X. 


4- t + *>- = »• 




^ dy _ay ^ 
dx X 


X 1 


6 . 


8 . 


|+3.tan, = I. 

+^- 


9. e*dy == (1 — ^y)dx. 10. xdy — aydx = {x \)dx. 

11. cos* * • ^ + >' = t3.n X. 

12. ** . ^ +xy + 1=0. 


216. IV. Homogeneous equations. 

These equations are of the form 

where P and Q are homogeneous functions of the same 
degree in x and y. 

JP V 

Then 7 «i is a function of 
V ^ 

Such equations can be solved by using the substitution 

y 

ri. = v or y =^vx. 

Thus the two variables x and v are separable, and the 
solution can be foui^d as before. 

When the solution has been found, using these variables 

substitute ~ for v and so reach the final solution. 

X 

217. Worked examples. 

Example I. Solve the differential equation 

(* +y) + * • ^ = 

In this example P and Q, i.e., x + y and x, are each 
functions of the first degree throughout in * and y. 

i!- =z V or V = vx. 

X •' 

dy = vdx 4 xdv (d.c. of a product) 


Let 

Then 
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Substituting in equation above 

(*+»)+, 

(* -|- vx)dx + x{vdx + xdv) = 0 
and xdx + 2vxdx + xHv = 0. 


Separating the variables 


Integrating, 


(1 + 2v)dx + xdv — 0. 

. _ ^ u — n 

* • r + 2 j; 


I log (1 + 2v) 4- log ac = Cl 
and log (1 4- 2i;) 4- 2 log x = Cj. 

a :*(1 4 - 2 d ) = c . 


Substituting ar* ^1 + 2^j = c. 
solution is x® 4* 2xy = c. 


Example 2. Solve the equation 

(x* — y*)dy = 2xydx. 

Put y — vx 

then dy = vdx 4- xdv. 

Substituting 

(** — v*x*) {vdx 4- xdv) = 2vx*dx. 
Dividing by x* 

(1 — w*) {vdx 4- xdv) = 2vdx 
whence (1 — v*)xdv = d(1 4- v')dx. 

Separating variables 

1 — V* j _dx 

v(l 4-t'*) “ 

by partial fractions 



2w 

1 +v 
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Integrating 


log V — log (1 + V*) = log * + Cj. 

= log * + log c. 

V 

cx 


replacing v by ^ 


whence 

and the solution is 


== cx 


1 + v* 

y 

X 


xy 

"5~r — < = 

** -\-y' 

X* + y* = cy. 


Exercise 45. 

Solve the following equations: 

1. (x + y)dx + xdy = 0. 

2. \x -j- y]dx — xdy = 0. 

3. (x -i-y)dx + (y — x)dy = 0. 

4. {x — 2y)d,x -^ydy — 0. 

6, (x* -f ^2) = 2xy^^. 

6. V* — x*^ = 0 

dx 

7. (y* — 2xy)dx — (x* — 2xy)dy. 

8. x^dy + y^dx + xydy = 0. 

9. y^dx + (x* — xy)dy = 0. 

10. y^dx -j- (xy + x*)<iy = 0. 

11. {x — 2y)rfy 4- xdx = 0. 
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218 . V. Exact differential equations. 

The equation Mdx + Ndy = 0 
is called an exact differential equation, when it is formed 
from its complete primitive by simple differentiation. 
Thus, if the complete primitive be 

x» + 3x*y + y» = c . . . . (A) 

Then, on differentiation 

(3x* + 6xy)dx + (3x* + 3y*)<j!y =0 (§ 198) 
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This is an exact differential equation. Consequently 

(1) (3x* + 6xy) is the partial differential coefficient and 

cx 

(2) (3x* — Zy*) is the partial differential coefficient 

The first is obtained by differentiating ^A) with x variable 
and Y constant, the second by differentiating with y variable 
and X constant. 

In general the result is of the form 

T.^’‘ + %^y=o 

Comparing with the form 

Mdx + Ndy = 0 

it is evident that M = ^ 

OX 



219. Test for an exact differential equation. 

In § 193 it was shown that if be the first partial 

differential coefficients, that of the second derivatives are 


d /du\ j d fdu\ 

dxV^}’ 

These are denoted by 

8*u 

dydx dxly' 

It was further shown that these are equal. 

Consequently, if the equation Mdx -f- Ndy = 0 is an 
exact differential equation 

^ (M) = I, (N). 

if the function M be differentiated on the assumption 
that y is variable and x constant, and N be differentiated 
with X variable and y constant 

the results are equal. 
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Thus, in the example above 

(3** + Qxy)dx + (3x* + Zy*)dy — 0 
^ (3x* + ^xy) = 

4(3x« + 3y)=6x 
Hence the equation is exact. 

220. Solution of an exact differential equation. 

The integral jMdx, i.e., M, integrated assuming x 

variable and y constant, will contain those terms in Ndy 
which contain x. Hence the following rule: 

(1) Integrate j Mdx, assuming y is constant. 

(2) „ jNdy „ X 

Add the results, but the terms common to both are written 
down once only. 

Thus in the above example 

J (3** + Qxy)dx = X* + 3x^ 

j (3x* + Zy^)dy = 3x^ + jy®. 

Since 3x^ occurs in each, it is written down once only, 
the solution is 

X® + 3x®y + y® = c (see § 218) 

221. Integrating factors. 

Equations which are not exact may often be made so by 
multiplying throughout by a suitable function of x and y. 
Such a factor is an integrating factor (see § 213). 

It represents common factors which have been cancelled 
out during the process by which the equation was obtained 
from its primitive. This factor is not always easily 
obtained. In some cases it may be found by inspection; 
sometimes by the method of trial ; in others there are rules 
for obtaining it. The work in this chapter will be confined 
to the simpler cases only. 
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222. Worked examples. 

Example I. Solve the differential equation 
{x +y)dx + (* + 3y)dy = 0. 

^plyin^ the test of § 219, the second partial differential 
coefficient m each case is 1. 

.*. the equation is exact. 

Appl3dng the rule of § 220 

/(* + = i** + xy 

j{x + 3y)dy = xy + iy* 

the solution is 

i** + xy + f y = Cl 

or X* +2xy + 3y* = c. 

Example 2. Solve the differential equation 

(6x* — lOxy + 3y^)dx + ( — 5x* + 3xy — 3y'^dy = 0. 

Testing 

^ {Qx* - lOxy + Sy) = - lOx + 

^ (— 6x> + 3xy — 3y^) = — lOr + 

Hence the equation is exact. 

Solving by method of § 220 

j (6** — lOxy + 3y*)dx = 2*® — 6*^ + 3xy*. 

j (— 6x* + 6)^ — 3y^dy = — Sx^y + 3xy* — y*. 

Writing down the common terms 3xy* and — Bx*y once 
only the solution is 

2x* — 5x*y 4- 3xy* — y» = c. 

Example 3. Solve the differential equation 
2ydx 4- xdy — 0. 

Applying the test, it is seen that this is not an exact 
equation. ^ 

Multiply throughout by the integrating factor — . 

%y 

4- = 0* 

X y '' 


Then 
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This is exact. 

/ 2 

-dx = 21og X = log x^ 
fj^dy=logy. 

/. the solution is 

log** + logy — c* 
or = log 

or x*y = = c. 


Exercise 46. 


Solve the differential equations. 

1. (x + y)dx + (* + 4y)dy = 0. 

2. (2x + y + l)dx + (x -f-2y — l)dy = 0. 

3. 2xdy -f ydy = 3x*dx. 

4. (** — y)dx -j- (x — y*)dy = 0. 

6. (2xy —y^ + 2x)dx + (x* — 3xy + 3y)dy = 0. 

6. ydx — (* ■\-y‘‘‘)dy = 0 ^Integrating factor 


7. xdy —ydx = xHx, 

8 . *(1 —^)dy -\-ydx = 0 . 

9. (*• — y'‘)dx -I- xydy — 0. 

10. (j'* — x^)dy + 2xydx = 0. 

11 . xdy -{-ydx = x^dy. 


^Integrating factor 



INTEGRALS OF STANDARD FORMS AND 
OTHER USEFUL INTEGRALS 

I. Algebraic functions. 

( 1 ) jx"dx = ^-jX^^\ 

(2) =log.*. 

(3) I a*dx = a* X log* e. 

(4) je*dx — c*. 
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II. 


III. 
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Trigonometric functions. 


(6)^ 

j sin xdx = — cos x. 



j sin axdx 

1 

= COS ax. 

a 

(6) 

j cos xdx = sin x. 



1 cos axdx 

1 . 

= - sin ax. 

a 

(7) 

1 tan xdx = — log cos x = log sec x. 

1 y* 

J 

j tan axdx 

= - log sec ax. 

(8)^ 

1 cot xdx = log sin x. 



j log cot axdx 

= - log sin ax. 
a ® 

Hyperbolic functions. 


(9) 

1 sinh xdx = cosh x. 



j sinh axdx 

= i cosh ax. 

d 

(10) 

1 cosh xdx = sinh x. 



j cosh axdx 

= i sinh ax. 
a 

(11) 

1 tanh xdx — log cosh x. 



j tanh axdx 

= i log cosh a*. 

(12) 

l^cothxdx = log sinh*. 



j coth axdx 

= i log sinh a*. 


Inverse trigonometrical functions. 

dx • 1 * 

' ' J Va* — X* a 




(W) /; 


dx 
xVx* — 




1 ^ 

COS“^ 

a 

i tan-^ - or — i cot"^ -. 
a a a a 

1 ,* 

- cosec"^ 
a a 


1 . , * 
: - sec-* - 
a a 


or 
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V. Inverse hyperbolic functions. 

= sinh-i ^ or log {x + Vx^ + a*}. 

(18) I = cosh-i I or log {a; + Vi* — "o^}. 

(19) =itanh-i^ or ~ log^^* 

' w « « 2a ^ a — ;c 

(20) = _icoth-i- or Alog?^. 

' w a a 2a ^ ^ + a 




1 /« + 'V^«* + ** 


**’ V i 

(22) f — = — icosech-^- or 
' ' J xVa^ +x* a a 

= j log {ft* + Vft*** + a*}. 

(18) (a) f =icosh-*- 

JVb'x* — a* b a 

— j log + Vft*** — a*}. 


= J.iog£+i? 
2 fta^°®a - ft* 


= J.iog£+i? 
2 fta^°®a - ft* 


1 i.1. tbx 

j— coth-^ — 
fta a 


^ , bx — a 

~ 2ba ft* + a 
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(21)(a) f 


= _ 1 sech-i - 

xVa* — b*x* a “ a 


= fa + Va*-6*x*i 


i-».( 


= _ i w f g + Va* + iV 

« ^ I 6* 

Squares of the circular functions. 


«* + b^x*'\ 
bx /• 


(23) j sin^xdx 

= i(^ — i sin 2 a:). 

(24) j cos* xdx 

= Ha; + i sin 2a:). 

(25) j tan* xdx 

= tan X — X. 

(26) j coi^ xdx 

= — (cot X + x). 

(27) j sec^xdx 

— tan X 

(28) j cosec* 
Other useful Integrals, 

= — cot X. 

(29) jv a® — xHx 

= 2 ^ + ixVa* - a:®. 

(30) JVx*~a* 

= ixVx^ — a*-% cosh-i ^ 

2 a 

a y — =r-- — — 

or ixVx^ _ a® - % log “ « 

^ a 

(31) y VaT* + a*^:v 

= ixVx^ + a® + 1 sinh-i - 
A a 

or ^Ajv'a:® + «* + “ log * + + «*. 

(32) j sec xdx 

r 

= log tan 4- 0 

or log (sec x + tan a:). 

(33) / cosec ari* 

= log tan |. 

(34) j log xdx 

= X (log x — 1), 
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p. 17. Exercise I. 

1. - 1. 1. 1. 17, 2a* - 4a + 1. 2{x + Sa)* - 4(;r + a^r) + 1. 

2. 7. 0. - 6. o(a + 6), o. 

3. 0. 1. J. - 1. 

4. 9, 9-61, 9 0601, 9 006001, 6 001. 

6. 1, 2, 8. 1-414 . . . 

7 O 11 I Qif , 1 7 

1. 3(1 + 80* + 6(1 + SO - 1. 8. '2;r . S;r + 2 . 8;r + (Sa)*. 

9. (1) a* + 3;r* . 8;r + 3a(Sar)* + (S;>r)». 

(2) Zx* . tx + 3;r(8;;r)* + (S;r)*. 

(3) 3a* + 3a(Sa) + (8a)*. 

10. (1) 2a* + 4Aa + 2A*. (2) 4Aa + 2A*. 

(3) 4a + 2A. 

p. 31. Exercise 2. 

1. (a) 0 ; (6) values less than 1 ; 

c) 1, 1-25, 2, 6, 10, - 2, - 1, - J, - J; 

(<0 infinity 

(e) the graph is a h 5 rperbola similar to that of Fig. 3, but 
the y axis is at a = 1. 

2. (a) 3-1, 3 01, 3-001, 3 000001; (b) 3; 

3. (a) 6; (6) infinity. 

4. (a) 11, 6. 3, 2-6, 2-1, 2-01; (6) 2. 

6. 1. 6. 2. 7. 3a*. 8. J. 9. t- 


p. 43. Exercise 3. 

1 . 1 - 6 ; 1 - 2 . 

2. (a) 2-6; (6) - 0-8; 

3. y = l-2a + 4. 

4. Ss = 32f X (80 + 16(80*; 

(1) 67-2; (2) 66-6; 

(4)64-016; 64 ft. per sec. 

6 . 6 . 

6. 8y = 3a*(8a) + 3a(8a)* + (8a)*; 
^ = 3a* + 3a(8a) + (8a)*; 

7. r.- . sy L 


(6) - 0-8; 


= 32f+ 16(80: 
(3) 64-16; 


K = 3a* + 3a(8a) + (8a)*; 12. 

7. r.- . sy L_. g 

^ a* +a&a* & a*+»8*’ 

slope n 136°. 

8. (1) 2; (2) 2. 9. (1) 12; 

M (CAI.) 


gradient = — 1 ; 
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p. 56. Exercise 4. 

1. 7x*; 6; J; 0 06; fx*; 60x*; 4-6;r*; 32;r. 

2. 4b}^-, apx>-^; 2ax--^; 2(26+ l)Ar**; Snx. 

3. 6; 0'64; — 3; p. *"+» x- 

4. ix*; l^r*; -^x*; ^x*; 


6. a. 


6 . 20 /. 


•*•+ 1 jf 4 

n"+T 2a + 1 ' 

7. 27ur. 8. 47W'*. 


9 _ s. _ A. A_. }*/2 

2\/i’ 2;r*' 3^’ *Vi* 


1ft ll®- _ ^■®- ~ 

11. 19-2;r* *; - A, 12, 

» ^ 2.5 ^03 


14. 24. 

17. X:=^ 1. 

p. 60. 

1. 12;r + 5. 
4. ^ f 


7. 6-- 2x + 9;*;*. 

10. 6 + 32^. 

2 


P 

40 
vr 

2 . - 8 . 


AT®- 

16. ~ 0*02, - 0-6. 

18. xx= 19. ;r = 20. x = 


13. 1-5; 0. 

2 

3 * 


16. 


13. 2x - 




V3 
Exercise 5. 

2. Oat* + 1. 

6. -4 + 4. 

AT* 

11. 6/ -4. 

1 


3. 16;r» + 6;r - 1. 
4 4 

6- -^ + 5- 

9. M + ft. 

12. 3a;ir* + 2bx + 1, 
16. 3(1 + x)K 


16. 2nx*’‘~^ — 2nx. 

18. 3;«- t. 

20. 2. - 1, 2. 

p. 62. 

1. 124? + 6. 

4. 84?» + 104?. 

7. 3;r*. 

10. 4;r* — 24? + 2. 

13. 

16. (204? + h){px + ?) + p{ax* + 64? + c) 

16. r^(24? - 1)(4?* + 4? + 1) + 2V^x' + 4? + 1) 

_ + 'v/?i?(24? — 

17. 3Vi(Vi + 2)('V/* — 1) + 4?(2V* + !)• 


2y/-x 3-^^* ?r*- 

19. 4? = + 2 or — 2. 

21. 4? — + 1 or 4? - - 1. 

Exercise 6. 

2. f4?* + 24? + J. 3. 9;r* + 24? — 10. 
6. 124?* + 334?* — 84?. 6. 3?r*. 

8. 44?* + 124?* + 64? - 8. 9. 4;r*. 

11. Zx*. 12. 24?r* + Zx* — 22;r - 3. 
14. 184?* + 264? + 9. 


l)(2;r + 1)* 



p. 65. 


1 . 


3. 


5. 


7. 


9. 

11 . 


13. 


16. 


17. 


19. 


- 6 

{2x -- !)*• 
2 

{X + 2)r 

11 

(2x + 3)*' 
26 

\x + 6)*- 
- Sx 
{x^ - 4)*- 
X - I 

2xi • 

6x^ 


(^ + 1)^* 


6x* - lOAf 


+ x^ 1)** 
4;r»(2a* — x^) 
(aa-^a)a * 
X* ^ 4x + 2 
;r* — 4;r + 4* 
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Exercise 7. 


2 . 

4. 


6. 


8. 


10 . 


12 . 


14. 


16. 


18. 


20 . 


6;r 

(1 - 3;r*)*- 
1 

ix + 2 )*“ 

~ 26 
(X - 6)a- 
x^ — 8;r 
{X - 4)a- 

2\/^(^ + 1)** 
— 1 

V^iVx - 1 )*’ 

— 2x* + 2 
(x* — X + 1)*' 
X* — \ 

X* • 

— 6 

(2 - 3x)*’ 

- {X + 3xi) 
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p. 71. 


Exercise 8. 


1. i(2x + 6); - 20(1 - 5x)*; (3x + 7)-|. 

VCT- 

3. 10x(x* - 4)*; - 3;rVr^; 

4x — 2Af 1 — 2;ra 


(1 - 2;r*)*' VriTlF** 
1 . 1.2 
(4-^)*' 2(4 - x)i’ (4 - x)>- 
*“*• 2x ^ 1 

(** - 1)** {x* - 1)*' (1 + X*)*’ 

X . 1 - 1 


(1 - ;ir*)** 2V'{^r(l - a?)*}' (i 4. _ ;y)»* 

8 I — x — x* . 2x X —x 

(1 + x)-y/'i _ x^’ i(x* + 1)1’ " Va* + X*’ (a* +;r*)i* 
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„ x(2a*-x*), „/ iw iv 

“ * - (I +») 


12 . 


14. 


16. 


16. 


18. — 


20 . 


- 3** 

2(1 + *»)*' xWTTti' 

— 4x + 3 4x — 5x* 
2{2x* — Zx + 4)1’ 2\/l — X 
1 . B(x + 1) 

(1 - x)Vi - «•’ Vix+T 

— 6.r — 7y 
7x + ISy • 

-- y 


13. 


— 1 


17. 

19. 


(1 +;r*)*' xWr+n*' 


2x{x* + y*) — X 

■ 2y{x* + y*) + y 

■ yn-V 


dx 


Exercise 9. 


p. 76. 

1. x(3x - 2) ; 2(3;r - 1) ; 6. 

2. 2bx>»-^; 26(26 - l);r»-*; 26(26 - 1)(26 - 2)4r*»-». 

3. 20;r* — 9x* + 4x — 1; 60x* — 18;r + 4; 120;r — 18. 

4. 60;ir* - 12;«r* + 6; 200jr» - 24Ar; 60Qir* — 24. 

B_i.2. 6 «1. 13 


7. 


X*’ 

— 1 


6 . 


3 


2xi’ 4xi’ 3x*' 


V2x + 1’ VpiTl?' V(2x + 1)‘" 

“6 24 


®’ “ X*‘ X*’ X*' 


9. 


12 ={ 1 
2a \(<* - * 


4* 


* 1 (~ t)* I 

L(a — ^ (a + x)"+^J 

10. — 6 ; the lowest point on the curve. 

11. - 7; 2; 0 and Y- 

12. X ^ 3, X 2; 2-5*— 0*26 (the lowest point on the curve). 


p. 100. Exercise 10. 

1. ^ s= 2;r — 2; — 4, — 2, 0, 2, 4; ^ = 1; ^ is ix)sitive; 

®^point is a minimum. ^ 

2. ^ s=s 3 — 2;r; 3, 1, — 1, — 3; 1’6; negative; maximum. 

3. m X i; minimum. (2) x s=s maximum. 

(3) ;r « — 2; minimum. (4) ^ minimum. 

4. (1) Min. value — 16, ;r » 2; max. value + 10, ;ir « — 2. 
(2) Max. value ^ » 1 ; min. value 4, x ^ 2. 
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f3) Max. value 12, x = 0; min. value — 20, ;r = 4. 

(4) Max. value 41, a? = — 2; min. value 9J, ;»? == 

(6) Max. value 2, = 3 ; min. value — 2, = 1. 

6. Max. value 4, a; = 0 ; min. value 0, x = 2. 

6. Max. value — 4, at = — J ; min. value 4, ;r == 

7. 6, 6. 8. 6*29. 9. height = diameter. 

10. 2-62 ft.; depth 1*26 ft. 11. s == 3 + 4-8< — 1-6/*; 6-6. 
12. 4*6. 13. 4*42 in. (approx.). 

14. 1*6 ft. deep, 0*6 ft. broad. 

16. (1) X = - 3. (2) = 2. (3) = - J. 

16. Max. + 0*386; min. = — 0*386; gradient = — L 

17. X « 0. 18. 226 ft. ; SJ secs. 

19. Centre of beam. 


p. 108 . 


Exercise 11. 


1. 3cos;r. 

3. — J sm g. 

6 . 0*6 sec 0*6x tan 0*6;»f. 

7. 2(cos 24r — sin 2;r). 

9. sec 4r(tan x -f sec x). 

11. — J sin JO + i cos iO. 

13. sin (Stt — x). 

15. 3 sin* X cos x, 

17. — 6 cos* (2;r ) sin (2x). 

10 -sec*(vr-^) 

~ 2V i -x '• 

21. asin;r. 

23. - 2 sin (2x + . 

25. 2x + ^ cos ^x. 

27. sin + X cos x. 


29. 

31. 

33. 

35. 

37. 

39. 


X sec* X + tan x. 

X sec* X — tan x 

X* 

— 6x cos* (x*) sin (;r*). 

— 6 cosec* {5x + 1). 
s m X 

2V^S^ 

0 . 


2. 3 cos 3x. 

4. i sec.* 

^ X x 
6.-4 cosec 3 cot 

DO 

8. 3(cos 3x + sin 3x). 

10. 4 cos 44? — 6 sin 6x, 

12. 2 cos i^x + 

14. J cosec (a — ix) cot (a — Jx). 
16. 34r*cos;r*. 

18. 24? sec (4?*) tan ( 4 ?*). 


20 . 

22 . 


24. 

26. 

28. 


30. 

32. 

34. 

36. 


n{a cos nx ^ b sin n4?). 



2 sec* 24? — 2 tan 4 ? sec*4r. 

a . a 
-5 sin -. 

4?* 4? 

sin 4? — 4 ? cos 4 ? 
sin* 4 ? 

tan 4 ? — • 4 ? sec* 4 ? 
tan* 4 ? 

2 cos 24? + 84 ? cos (24?)*. 

24? tan 4? + 4?* sec* 4?. 

— 6 cot 34? cosec* 34?. 


38. 2(cos* 24? — sin* 24?). 


40. 4 sin 4 ? cos 4 ?. 
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sin X 
(T + cos 
sin X 2x cos x 

2VJ' sin *x 
2Ar(cos 2x + X sin 2x) 
cos* 2x 

2 sinx + X cos x 

2a/ sin X 
sec* X 


(1 ^ tan ;r)*- 

p. 116. 


AO ^sin^f 

' (1 + cosx)** 

44. 2x{ cos 2;v — ;r sin 2;r). 

46. sin ^ + cos x. 

sin X cos x(2 + sin ;r) 

(1 + sin;r)* * 

60. sec x{2 sec* x — cosec* x). 


Exercise 12. 


1. Max., AT = ^ ; min., ;i; = — 2. Max., at = 2 - 


3. Max., A? == g. 


4. Max., ^ 

6. Max., AT = g or sin"* J. 


6. Max., = tan** 2. 6. Max., at = g or sin"* J 

7. Max. l*6\/3 when ir = 1?^; min. — l*6\/3 when ^s=s ^tc. 

8. Max, when sin a? = + V f ; niin. when at = — \/|. 


9. 33® 42' (approx.). 


10. Min. — 1, when x = 


p. 123. 

1. (a) 


Exercise 13. 


3- (») a* + jr*' 

«. (a)/'W = sin-»^r+^ 
®' \/ftnr — 9;»* ’ 

*^'+'2F+2' 

*' 2(2-7)V1-*' 

** ;itV 28 ** — l’ 


vr=T.* 

vr^.- 

1 + (a — ;»)** 
2V;r - ;r*‘ 

(&) 2;r tan-» ;»+!. 

2 
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(a) 1; ^ 

W rb*: 

(«) rTT»* 


(5) jVi + cosec 

2VS(1 + xS 

(') .-Mn- 

VCT- 


(a) /'W = tan-*x + (^) sec» a; sin-» ar + 


Exercise 14. 


(a) 6e**. 

(a) - 2c-**. 
(a) — /)«-'*. 


(6) ic*. 

(6) - 5e~ 


(c) — b=cV. 

' ' 2V^ 

(c) - 2e»-»». 


(a) (6) (c) 24rc«‘. 

(a) (;«r + l)e». (6) (1 - Ar)c-». (c) xe-*(2 - x). 

{a) e*{x + 5). {b) e* (sin at + cos at). (c) lOe*, 

o V 10^ 

(a) 2* log, 2. (b) o-434 r‘ X 

(a) ;«r"-*a*(M + x log a). (6) 2a**+* log a. 

(c) — sin AT . 6®°**. 


(a) 2bxa^* log a. 
(c) sec* AT. 

(«) I- 
{«)|. 

(a) 1 + log x. 
(a) cotar. 

Wsrl?^ 

(a) -J^. 

' ' SlUAT 


(b) (a + 6)* log (a + b). 

(b) + ^ 

ax* + bx + e' 

.-^3* 

“■> ?A-,- 

(6) — tanar. 

/h\ ^ 

X.V 1 


2(1 + VxY 


(«>) JF 


+ 1 * 
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17. (a) 

18. (<z) 

19. (a) 

20. (a) 

21. (a) 

22 . (a) 

23. (a) 

24. (a) 
(6) 

W 

25. (a) 

26. (a) 

(b) 

W 
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2^re««(l + 2x). 

e”{2ax — 1) 

2x* * 

*•(1 + log^). 

1 

l + e^l 
Va 

•\/x{a — x)’ 

Qx . a**" log a. 

1 

xy/l — (log i)»* 

e“{a cos (6af + c) — 6 sin (6;(r + c)}. 

— «■“{« cos + 3 sin Zx). 

— sin ^nx + |) — « cos ^ ^ j-. 

{b) 


(6) — ake -** (sin kx — cos kx). 
{b) icotx. 

(*•) 2Vx^' 

(b) cos X {1 + log sin x). 

(6) sin x{2 cos ;r + a sin ;r). 

{b) ^ 


(b) 


(e» + «-*)*■ 

g- 

Vi — 


— g 


g* + g^ 


o*g“, a»g“, a*g“, a«g“. 

a*e~**, — d?e~**, a*e~**, ( — l)*a"g"*'. 

1 1x2 1x2x3 (— l)**'^! w — 1 

x^’ X* ‘ X* ’ X" 


p. 149. 

1. (a) 

2. ia) 

h 

3. (a) 

4. (a) 
c) 

6 . (a) 

6. (a) 

MS 

8. (a) 


Exercise 15. 


} cosh gg 


(b) 2 cosh 2;*?. (c) J sinh 


9. W 

10. (a) sec;re 


a sech* a;r. (&) J sech* ' 

a(cosh ax + sinh ax). 

— ^cosh~. (b) sinh 2Ar. 

a cosh {ax + b). 
na sinh*“^ ax cosh ax. 
cosh 2;!?. (b) 2 sinh 2x. 

abSB- (»)*“»>>»• 

Zx* sinh Zx + 3^^ cosh Zx. 
cosh xe’**^*. 

-^2^. (6) 2. 

2vsinh;if 

\/x* + 4’ — 25 


(c) 3 cosh* ;r sinh ;r. 
(5) 4x sinh 2xK 

(c) 2 tanh x sech* x, 
(c) tanh^. 

(b) 1. 


(5) sech^r. 



{c) secx. 
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2 

11, (a) sechx (6) sec^. (c) 

V2;«'(2;f + 1)' Vr+T*' + 2)' 

2 

13- («) I _ W Isec^. (c) Jsech^. 

U. w log (*-±^fS3}. ,i, log { »+ ,. V^« }. 

W iog( g £ ± J ^ _i+ j }. (g) i^{ 3. + vynr, | 

W i>»s|iy 


16 . (o) 


1 


(h) 



(c) 


a 


Q% — 


p. 160. Exercise 16. 

In order to save space the constant of integration is not 
shown in the following answers after the first twelve. 


1. %x* + C. 

2. tx* + C. 

3 . lx* + C. 

4. 0 08 + C. 

6. ix» + C. 

6. 5(* + C. 

7* ix C. 

8. 0 + C. 9. + ^ + C. 

Rx* 

10. |;r» - 5^ + C. 

11 . ix* 

- + C. 

12. ^x^ + ^jf* + C. 

13. — 9x. 

14. f4?» + lx* - 12x. 

17. _? 

0-4*«*’ 

15. - 

X 

16. - 

18. lx*. 

19. Vx. 

20. Sar». , 

21. + Zx*. 

22. + 3;v*. 

23. 

1 iV2;r 

24. — 10;f® ». 

25, gt. 26. - 

2P + - +logar-a. 

27. |/t. 

28. jr — lx* — 

29. l’4 1og;r. 

30. log {x + 3). 

31. ^ log (aar + 6). 

32 loe 

32- log _ 2)*- 

33. log {x* + 4), 

34, - i log (3 - 2x). Z5. X + Z logx. 

36. — 7 log X. 

37. log + ^ — 2 ^. 38. (ax + 6)*. 

39. i(air + 3)*. 

40 . 4(1 + 3 *. 

41. ^ Vax + b. 
a 

42. - 2 V 1 - X. 


jt* x^ x^ 

^^•1+3+1+ 6- 

45. 1 log {x* — 1). 

46. — i log (1 + cos ax). 
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47. i log {«*» + 6). 48. } log {2x + sin 2x). 

49. y=ix* + C^x + C,. 60. y = 2x* + 3. 

61. y — fx* + 2x — 62. y — 2x* — Sx + 6. 

63. y = 3x* — 6x* + 4tx + i. 64. s = + 8/ + 10. 


p. 164. 

1. fe**. 

3. i(c** - (5-**) + 22:. 

6. 2{e--e~-). 

7. i(«** + «*** log, e). 
9. il0»*log„tf. 

11. i«**. 

13. — J cos 3 a?. 

16. — 2 cos 1 ( 2 : + g)- 


Exercise 17. 

2 . 

4. ae». 

6 . 

8. 2*log2^. 

10. (a* — a-*) log^ e. 

12 . — 

14. i sin 6 a?. 

16. J sin (2 a? + a). 


17. — 3 cos Ja?. 

19. - sin aA? — T cos 6 a?. 

a ^ X 

21. J sin 3a? + 3 cos k. 

23. I sin ♦a?. ^ 

26. i log sec + g log sin bA?. 

27. i sinh 2 a?. 

29. I log cosh 3 a?. 30. 

31. ie^ + 4<J^— 2e^K 
33. 3tan~. 

35. log (1 4- tan a?). 


18. i cos (a — 3Ar). 

20. — ^ cos 2ax. 

22. log (a? + sin a?). 

24. 

26. log (1 + sin* A?). 

28. - cosh ~ A?. 

2 a 2 

f {sin (a — 6 a?) — cos (a + 6a?)}. 
32. I log sec y. 

34. log (1 + O. 

36. f(sinA?)^ 


p. 168. Exercise 18. 

1. (a) sin-*g; (6) cosh"^ | or log (a? + Va?* — 9}. 

(c) sinh'^l or log {a? + Va?* + 9}. 

'2. (a) i tan-i (6) * tanh-i J or * log 

(c) — Jcoth-i| or ilog|^-?. 

3. (a) sin-»|. (61 itanh-»j or ilog|-^. 
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4. (a) cosh"^ j or log {x + ■\/x* — 16}. 

(6) - i coth-i I or i log 

5. (a) sinh-^ | or log {x + + 16}. (6) Jtan-»|. 

6. (a) ism-i-g-. 

(6) 1 cosh-^ -g- or J log {Sx + ^9x* — 26}. 

(c) J sinh-i g- or J log {3 t + V^x*+ 26}. 

7. (a) i tan-i (6) i tanh-« or * log 

(,) _*coth-2-orAlog^. 

8. (a) i taii-» y. (6) \ sinh-^ ^ o*" i {3;r + \/'9x* + 4). 

(c) J cosh'i ^ or i log {3;r + -s/^x*^ — 4}. 

9. (a) f sinh-r ^ or 4 log {lx + V'49;r* +25). 

1 o 1 

^ V^l • or log {x-v/2 + ^/2x* + 6). 

10. (a) sin-r (6)*sin-r^ 

11. (a) J sinh-r or J log [2x + \/6 + ix% 

(6) Jtanh-r^. 

12- («) sinh-r or log {-s/T x + -y/ Tx* + 36). 

(fc) — cosech-r x or — log | ^ 1. 

13 . (a) isec-if. ^ 


X f 

(6) — i cosech*^ ^ or -- i log -j 


2 + V^M^l 


14. (a) — ^ sech'! ~ or — i log | 
(6) cosh'* g + i sec-* 

P- 172. Exercise 

!• i{x — sin x). 2, 

3. 2tan | — jr. 4. 


2 4- — X* 


Exercise 19. 

2. 4- sin x). 

4. i + sin 2x + J sin 44r|. 
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6 . 

7. 

9. 

11 . 

13. 

15. 

16. 

17. 

19. 

21 . 

23. 

P- 

1 . 

3. 

5. 

6 . 
7. 
9. 

10 . 

12 . 

14. 

16. 

17. 

19. 

21 . 

23. 
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i — sin 2 . 1 ; + J sin 4;r j. 6 . — (} cot 2x + x). 

— i sin 4x. 8 . + A sin 6x. 

4 sin 2{ax + b). 10. - Jcos ;r+ A cos 2x. 

^2 sin dx + i sin x. 

J(sin 2;»? + J sin 4x). 

— (Acos i cos 

i/cos {a + h)x , cos (a — 5);r| 

a + b a -.6 7* 

— J cos 20. 18. \{x — i sin 4Ar). 

tan — cot x. 20. 2 tan ;r — x. 

i tan* X — log sec x. 22. — A (i sin® 2^? — at + J sin 4;r). 

2\/2sin 


12. i(sin AT — J sin Sat). 

14. — J(cos 2a? + J cos 6a?). 


2 ’ 


183 . 


24. tan a? + J tan® a?. 
Exercise 20. 




i. ^ sin-* g -i- 


6 ^ 2 

i sin-i 24? •+• hVI - 44 :*. 4. f sin< ~ + ?V9 - 4**. 

- V log * ^5* ~ 

ixV A?* + 49 + ^ sinh“^ 8. Ja?Va?* + 5 + f sinh~^ . 

* V 6 

J sinh-i ^ + ix\/25x^ + 16. 
iA?\/i^^ - ^3 cosh-i 1 1. - 
^A?\/l + ^ i sinh’i A?. 13. sinh~i x - 


Vl + 


V a" + 

a*A? 


15. sin-1 ;r. 

Vl — 


formulae. Trigonometry, § 83). 

2 log tan j. 18. 2 log tan (j + j) • 


J log tan Y* 
tan|. 

tan A? + sec A?. 


20. log tan A?. 

22. tan at — sec a?. 

24. log r L . 

® 1 — sin 4 ? 
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25. J tan“^ tan 
27. ^ tanh“^ ^tan g^. 


26. J tan“^ ^2 tan . 



p. 187. 


1. J sin 


3, Vl + 
6.-2 cos Vi. 


7. ilog 


1 + 2 cos 


Exercise 21. 

2 . ilogj-^- 2 ^- (-Algebra, p. 211 .) 

4. - §\/2 - 6x. 

6. |Vl+^». 

8. J (log ^)*. 


9. i(6 + **)1. 10. tan-i^*. 

11. - 2)''(6^ + 2). 12. log (;r + 1) + 3^+^- 

13. f{* + 2 )Vx^. 14. ^g( 3 x + 2 )(x- 1)1. 

16 . - \/6 - a:*, 16. i(Ar» + 2 ) Vat* - 1. 

17. Mx - 2)1 (2;r + 3). 

18. i(2A^ + 3 ;^! + Cat - 11) + log {x - IJ. 

19. i^(3Ar* 4- l)(Ar* - 2),. _ 20. 2 {Vx + 3 log {Vx - 3)). 

21. 2{iAr -yx + log (Vat + 1)}. 

22. 2{^^ _ f + Vi - log (Vx + 1)}. 

23. J cos* X — \ cos* X, 24. J sin* x — % cos* x + ^^sin’;r. 

26. i(x* - Z){x* + l)t. 26. _ I + i log (e* - 2). 


27. (1 + 2Ar»)5(3A’» - 1). 28. — 

2®- — 30. 1(1 + log AT)!. 


p. 193. Exercise 22. 

1. sin X -- X cos X, 2. J sin ^x — Zx cos 3;r. 

3. (4r* — 2) sin AT + 2;i; cos x. 

4. x{x^ — 6) sin x + Z{x^ — 2) cos .y. 6. (log x — J). 

6 . ^ (log AT - J. 7. ^ (log AT - i). 

8. |a: 1 (log AT - f). 9. e*(*-l). 

10. (/"(x* - 2 x + 2). 11. - «■“(“*+-)• 
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12. Jtf*(cos 2;ir + 2 sin 2x). 13. x cos“^ x — VT^ x^, 

14. X tan’^ ;r — J log (1 + ;r*). 16. i{x^ + 1) tan~i x — ^x. 

16. (sin X ~ cos x). 17. \x^ — ix sin 2x ^ i cos 2x. 

18. — cos 2x + ^ sin 2;r. 19. x tan ;r — log sec x, 

20. ;r cosh x — sinh ;ir. 21. ~ sin"^ ;r + Vl — 

22. ^{(log^r)*- Jlog^+i)}. 


p. 195. Exercise 23. 

1. * — 2 log {x + 2). 2, — {;r + log (1 — x)}. 

3. ^{a + bx — alog (a + bx)). 4. x + 2 log {x — 1). 

6. — * + 2 log (a; + 1). 6. ;if — 2 log {2x + 3). 

7. — 2;r + 4 log {x + 2). 8. — — \x* — log (1 — x). 

»• i {^* + ■» + i log {3x - 1)|. 

10. + bx)* — 2a(a + bx) + a* log (a + 

11. S{ix* — ar* + 4* — 8 log (;r + 2)}. 

12. + iA;* + AT + log {x — 1). 


p. 200. Exercise 24. 

1 nlll+AT 

2. ilogj^. 

3. AT + log 4. A log ^^- 3 . 

6. 3 log (at + 2) — 2 log (at + 4). 

6. 2 log (Af + 3) + log (at — 2). 

7. log (2Ar + 6) + 3 log {x — 7). 

8. f log (at — 1) — A log (3 a? + 2). 

9. 3 log (A? + 1) - f log (4Af - 1). 10. log (1 - A?) + 


2 


1 - A* 


11. 2 log (A? + 2) + 12. i log (2a + 3) + 

13. A + 2 log (a — 4) — log (a + 3). 

14. X + i log (A — 2) — t fog (a + 1). 

16. A* 4- 2 log (a + 2) — log (a — 3). 

16. ix* — 2a + 2 log (a + 1) — log (a — 1). 


p. 203. Exercise 25. 

1. — log A + J log (A + 1) + i log (A — 1). 

2. iUog (A + 2) — log A} — i. 
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3. — } log ^ J log (* — 1) — i log (x + 2). 

4, i log (;r — 1) + J log (at — 2) + A log {x + 3). 

6. - Alog (a? + 2) + log (AT — 3) — g^~-gy* 

«• - 2(fVt) - 1) — + !)}• 

7. - log AT + 21og {x-l)- 

8. log AT - J log (AT* + 1). 

9- iflog (^ — 2) — i log {x* 4- 1)} — f tan-» x. 

10. A {log (at* + 4) — 2 log {x 4- 1)} + I tan-i 

11. A {log (X* + 4) - 2 log (1 -x)}-i tan-i 

12. J{log (Af 4- 1) 4- log (a; — 1) — log {x* 4- 1)} 4- 

13. i{log (AT — 1) — log (x + 1)} 4- i tan-» x. 

14. log X + 2 tan'i x. 


p. 209. 

1 1 i. -1^ + 3 

1 . — 7 -= tclll * •• m 

Vs vs 

n 1 a. , 4? -j- 2 

3. —pz tan~^ — p=r - . 

V2 V2 


Exercise 26. 


2 . 


;log 


(at 4- 3) - Vl3 


4. 


2V13 (at 4- 3 ) 4- Vis’ 
1 ^ , 2Ar 4- 1 

Trs**" -w 


2;v - 1 


6. - i log (3Ar* 4 - 4Ar 4- 2) 4- tan'^ 

6. 2 log (Ar* - 2Ar - 1) - log j 

7. log {x^ + 4x + 6 ) + tan"^ {x + 2). i 

8. J log (AT 4- 1) - i log {x*-x+ 1 ) + ^ tan-» 

9. A? — 2 log {x^ + 2;if + 2) -4- 3 tan~^ {x + 1). 

10. _}log(:_2»-».)+2v'5log^|3.j[^j. 

V35 


11. Jlog(3Ar*4-^ + 3)4-^ 

12. I log (Af 4- 1) 4- J log (AT* — AT 4- 1) 4- 


1 

V3 


tan*^ 


2x- I 
V3 • 


p. 213. Exercise 27. 

1. smh-» {x 4- 3) or log {(at + 3) 4- Vx* 4- fir 4- 10}. 

2. or log {(at + 1) + Vat* 4- 2a: 4- 4). 
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.X-2 


3. cosh-i 

j * t “1“ ^ 

4. sm-^ — 7^. 

Vs 


or log {(x — 2) + Vx* — 4x + 2}. 


6. sin“' 


;r - 2 


8. V^* + 1 + sinh"^ X. 


7. Var* + 1, 
9. Vx* — 1 


1 + cosh-^ ;ir. 


10. *- ;r + 1 + J sinh”^ — 

V3 

11. 2 Vx'^ - + 5 - sinh-i^-^. 


12. - 3 sin-i ^-4^ — SVS - 

^ 

13. 2V ** + ^ + 1 + 2 sinh"^ 


■ 4kX — X*. 
2;r + 1 

V3 ’ 


14. Vx* + 2X-1 + cosh-i?;^. 


p. 215. 


Exercise 28. 


1. Vx* — 4 + 2 cosh-i |. 2. iV^* - 9 + | cosh-i : 

3. Vx{x + 3) — f cosh-i ^ 

4. iV2x* -X -3 + j^cosh-^ 

6. 4a?* — ixV A?* — 1 + 4 cosh“i X. 


8. — cosh*^ { 

10. — cosech"* X or log 




11. Vl+x* + log 


Vl + ;r» — 1 


{X + 1)V2] 

VT+H* 


13. log [x + Vl+ X*) - 

14. ixVl + x* — ilog(A f + Vl + X*). ViTl - 1 

«• - r '• “• ^ + 2 + 1 - 


17. log 


Vx +1 — 1 

VxTl+i' 
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p. 224. Exercise 29. 


1. 

3-+1 — 1 
« + 1 ' 

2. 

4}. 

3. 

if- 

4. 

9. 

6. 

2-926. 

6. 

¥. 

7. 


8. 

i- 

9. 

0 . 

10. 

0 . 

11. 

2-16 (approx.). 



12. 

2(« - 1) 

= 3*436 (approx.). 

13. 

iTW-*, 

14. 

8npa^ 

15 • 

15. 

|.(c» _ e^). 

16. 

TT 

4* 

17. 

log V 2. 

18. 

1. 

19. 

-i- 

^20. 

9* 

21. 

- - 1 

2 

22. 

j- 41 og 2 . 

23. 

TT 

2‘ 

24. 

I (7V7 - 8). 

25. 


26. 

4 — 2 log 3. 27. 

n 

2‘ 

28. 

TT 

4fl‘ 

29. 

TC 

2* 

30. 

1. 

31. 

log (2 + VS), 

32. 

•9379. 

33. 

1 

2 

34. 

1 

4* 

35. 

siii“^ i — 

sin*^ J. 

36. 7c. 

37. 

— liis- 


p. 232. Exercise 30. 

Note. — ^The omission of an answer indicates that no finite 
value of the integral exists. 

2.1. 3. J 4. i log 3. 6.1. 

7. J. 9. 1 - log 2. 10. log 2 - i. 12. J 

13. n. 14. - i. 16. 2. 17. - 1. 

18. 2. 20. 0. 


p. 258. Exercise 31. 

1. 162^. 2. 36}. 3. 4‘047 (approx.). 

4. J. 6. 26|. 6. 47c. 

7. 6-199 and 3-628 (both approx.). 8. 12jt. 

9. 4-982. 10. 4 log 2. 11. A. 

12. «» — 1. 13. 4}. 14. 26f. 

16. f — log 2. 

16. Between — 2 and 0, area = 6J ; between 0 and 3 area = 15}. 

17. 341}. 18. }. 19. 2-3604. 

20. 40. 21. 
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p. 265. 

Exercise 32. 


1 37ta* 

1. 2 . 

m 

1 

3. ia*; 2. 

. 4a*7t* 

4. 3 . 

4a* 

6. -H- (for the integral see Example 19) 

6. 



p. 267. 

Exercise 33. 


1. 0*637 (approx.). 

2. 0-6. 

r 

3. 0-266. 

4. 

6. *. 
a 

6. -4r. 

7r\/2 

7. 

00 


7C 



p. 272. 

Exercise 34. 


1. 260 sq. ins. 

2. 6*24 sq. ins. 

3. 60*7 sq. ins. 

4. 1426 sq. ins. 

6. 73*6 sq. units. 

p. 280. 

Exercise 35. 



1. V6 + i log (2 + V6). 2. 2V5 + log (2 + Vs). 


3. W. 


4. i(tf - ~ 

). 

6 . (V 6 -V 2 )+log;^J|^. 

* V > 

6 . 1-732. 


7. 27ua. 


8 . 6 *la. 


9. a|{V6 - 

V 2 ) + log (1 + V 2 ) _ log 

10 . 2 ^. 




p. 294. 

Exercise 36. 


- f . 2437C, 

1 . («) 5 : 

( 6 ) 8n. 

2 . («) 

; ( 6 )^. 

3 " 

3. g. 


4. (1)^; 

( 2 ) 1 ^. 

- 64rt 

6. -g-. 

6 . 32n. 

7. fira®. 

Q 38475 
8 . 7 - 

u. 2 * 

10 — 
iO. jg. 

11 . 5 . 

12 . 



ANSWERS 


371 


p. 299. 

, 1367C 

16 * 

_ 2087C 
3. - 3 -. 


6. ^(ViooO - 1). 


Exercise 37. 

2. 271 {a/ 2 log ('v/2 -f" 1)}. 


6. 27C)'A. 


2. ^ = 3 ; y = fV 10. 
4. ^ = S; y = 


p. 306. Exercise 38. 

1. £ = y = 0. 2. 5F = 3; y = iVTO. 

3--*^=|:y = f- 4. ^ = f;y = %^. 

2 

5. — o — from the centre along the middle radius. 

2' ^ 8' 

7. — from centre along radius at right angles to diameter. 

^ 5 2r - 2r ^ „ r sin cx 

8. ^=-;y = -. 9. S.-— . 

10. JA. 11. i = |?;y = ^. 


b — a 

log 6 — log a ’ 


13. 2-6; y = 0. 


3jt' ^ 

A«(& - a) 

2 a6 (log b — log a)‘ 
14. from 0. 


p. 310. 

l. JMl"; 

4. iM6*. 

6. ^Afr*. 

9. ?Af6*. 

p. 315. 

1. ^Ma*. 

3. (1) -hMa*', 

4. fMa*. 

7. |Ma*. 


Exercise 39. 

2. |Ma*. 3. IMrK 

6. (1) iMA*; (2) iMA*. 

7. iMr*. _ 8. \Ma\ 

10. fMr*; rVf. 


Exercise 40. 

2. |Ma*. 

(2) ^Ma*-. (3) ^Afa*. 

6. Af(j + ^). 

8. ^Af(r* + 4A*). 


10. (1) ^ab*; (2) I (3) ¥«*(«* + &*). 


6. |Afa*. 

9. iM{a* + &*), 
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p. 327. Exercise 41. 

2. 2;r sin + y *) ; — 2y sin (x* + y*)- 

y . ^ 

X* 4- V* * X* + y*‘ 

4 . 3x* + 6xy + 6y* ; 3x* + l^xy + 6y*. ^ ^ 

, » 9. 3:^1^. 

10 . 2(a* + by)dx + 2(6^ + cy)dy. W.^dx + \ogxdy. 

12. (22ry + y*)dx + {x* + 32y*)dy. 13. e*>'(yi2f + *dy). 

14. a*^*^ (log a(i;r + 1^- (approx.). 

16. dF = ^dt - 

18. — 2;r; — 4y.^ 1®* 1®®”^ ^ ®®°* 


p. 334. 


Exercise 42. 


1. (a) sin a + 2r cos a — ^ sin a — cos a + . . 

ip) cos a — ar sin a — -^ cos a + -^ sin a + . . 

2. c*(l + * + -ra + ^ + • • ')• 

F" 1 — 3^* ^ j. 

3. tan-^ 2f + Yif-p ” (1 + x*)* (1 + x*)^ ’ 3 

4. X — + if* — • • • _ „ 

6- + 2- 

6. 2f + i** + A** + • 

7. log 2 + + i^* “ 192 + * * * 

X* aoK a)* . 24 (log o)* 

8. l+^log«+^-^t2 * * * 

9. l-A* + qi2 [T'*’ *•* 

10. l+2f+-2-"'8‘^ *•* 

X* 6x*‘ . 612;* , 

11. H--^ + -j£+ + 
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12- -2 + i2 + 46 + • • * 

14. - (ar + ^ + -j + j + . . 

X^ x^ x^ 

i«-^ + -£+^ + tt+ ••• 

, , , 2x» 2*3?* 2‘x* 

16. x + x + -^ 

17 . X — ^x^ + — . . . 


13. *^ + %+fo + 


p. 339. 


Exercise 43. 


h ; 

1. y = ^ + 0. 2. y — ce‘. 


3. y = cx. 

4. (1 + y)(l -x) = c. 

6. 

y _ ^ 

X + \ 

6. sec X = c sec y. 

7. 

x^ + y^ cy =i 0. 

8. (1 + y*)(l + «*) = cx*. 

9. 

log — y = c. 


10. ^ = c tan X. 

1—y 

12. y = c***+*. 


14. ^ + log ^ ^ ^ = c. 15. y= ce 


11. (1 + y*)(l + X*) = cx\ 
13. - Vy* — 1 == 0. 

IK 


16. xy = c. 
p. 342. 

1. y + 1 = CX^, 

3. 3' = ^ + H 


Exercise 44. 


2. ;r* + 2;rv = o, 
- *• 

4. y = ~ a + 1. 


Z. y ^ X ^ I + ce*. 4:. y =: ce a + i. 

6.y = ^i + «— . 

6. y sec ;r = log (sec x + tan x) + c. 

1. y = cx* + — -• 8. y + 1 == c sin ;r. 

9. ye' == X + c. 10. y = j-~ - ^ + ex'. 

11. y = tan x — 1 + c« 12. xy + log x — c. 


p. 345. 

1. X* + 2;«y = 0. 


Exercise 45. 

2. y = x(k>g X + c). 


3. log Vx* + y* — tan-*^ = c. 4. ^ ~y = log 


y-» 

0 
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6. X* — y* ^ cx. 

7. xy(x — y) = c. 

f 

9. as Ctf*. 

11. X* + Zx*y — 4cy* = o. 


^ y 

8. = c{x + 2y). 

10. xy* = c(x + 2y). 


'. 349. Exercise 46. 


1 . X* + 2xy + 4^* — e. 

3. 2xy — = c. 

6. x*y — xy* + x* + y* e. 

7. y = x(x + c). 

9. log;y + = 0 . 

11. log^y — ^ = fl. 


2. X* + xy + y* + x — y 
4. ** 4- y® — 3;ty = c. 



8. log Ay — = e. 

10. X* + y* — cy 0. 
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HYPERBOLIC FUNCTIONS 


sinh jpicosh x 


sinh X Icosh x 


•OO I foooo 11*0000 
1*0X01 I *9900 
i*oaoa I *9802 
•9704 
*9608 
•951a 
•9418 
*93*4 
9*3* 

•9*39 

*9048 
•895» 
8869 
8781 

8694 

8607 
8531 
•8437 

i*X97* I *8353 
1*2093 I *8270 
* *8x87 



•60 
•61 I 

•62 I 

•63 

foxxs I *65 
xxixaS I *66 
1^145 I *67 

KX1163 
x*ox8x 
K* 020 X 
x>a 3 X 
0243 
• 03 ^ 

•0289 

•03*4 
•0340 
0367 

*0395 

• 04*3 
•0453 *80 

•0484 *81 

•0516 <82 

•0549 -83 

x>584 *84 
*06x9 *86 

•0655 *86 

•0693 *87 

•073* -SS 

x»770 <88 

*o8xx *90 
•085a *01 

^>895 *02 

^39 -OS 
*0984 *94 
•1030 »*95 
•X077 ■96 

•**a5 *97 
•1x74 *96 

• 1**5 •OO 
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HYPERBOLIC FUNCTIONS 









